STOCHASTIC LANDAU-LIFSHITZ-GILBERT EQUATIONS FOR FRUSTRATED MAGNETS
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ABSTRACT. We examine a stochastic Landau-Lifshitz-Gilbert equation for a frustrated ferromagnet with com-
peting first and second order exchange interactions exposed to deterministic and random spin transfer torques
in form of transport noise. We prove existence and pathwise uniqueness of weak martingale solutions in the
energy space. The result ensures the persistence of topological patterns, occurring in such magnetic systems,
under the influence of a fluctuating spin current.
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1. INTRODUCTION

Magnetic systems with higher order exchange interactions are known to host topological pattern in form
of skyrmions and hopfions in dimension d = 2,3, respectively, occurring as isolated solitons or condensed
in a regular lattice [23]. This can be seen as an emergent phenomenon arising from competing exchange
interactions beyond nearest neighbours on the atomic scale, including the case of geometric frustration with
alternating (anti-)ferromagnetic coupling [1]. The controlled manipulation and transport of such structures
by means of external currents is at the core of possible applications in future information technologies and
a key challenge for the mathematical theory [21]. A decisive aspect on the level of such nanostructure
is stability with respect to fluctuations coming from external sources. The mathematical description of
random effects in magnetism is generally based on stochastic Landau-Lifshitz-Gilbert equations (SLLG)
for a governing micromagnetic energy and a noise. The existence of weak martingale solutions of the
SLLG with heat-bath noise in dimension d < 3 and pathwise uniqueness in dimension d = 1 have been
studied in [2, 3, 13].

The conventional mathematical theory of Landau-Lifshitz-Gilbert equations (LLG) is based on the Dirich-
let energy arising from classical Heisenberg interaction of neighbouring spins. A crucial mathematical
feature is the possibility of finite time singularities in spatial dimensions greater than one. Global regu-
larity is only expected for small initial date, so that weak solution concepts become unavoidable. In the
energy critical dimension d = 2, the blow-up scenario of dissipative harmonic flows including LLG is
well-understood [12, 14, 22]. The bubbling analysis singles out a suitable notion of energy decreasing
weak solutions, so-called Struwe solutions, that are unique in this class. Corresponding existence and
uniqueness results in the stochastic cases are just starting to emerge [15]. The occurrence of topological
singularities, however, goes hand in hand with the collapse of topological patterns. Bubbling analysis ex-
tend to models for chiral skyrmions [8, 16], which are lower order perturbations of the classical theory,
while the prediction of global regularity versus finite time blow-up remains a major open problem.

Higher order bi-harmonic exchange interaction exclude topological singularities in spatial dimensions d <
3 by means of an infinite energy barrier. Global existence of topological patterns coupled to a Vlasov-
Maxwell equation for the electron distributions function of an interacting current has been confirmed in [7].
In this work, we develop a stochastic framework for a LLG system with higher order exchange interactions
and fluctuating currents and provide conditions under which topological patterns will persists almost surely.
The models under consideration are based on interaction energies of the form

1
E(M) =5 [ (1AMP +2|VMP + {1~ e3P) d

for magnetization fields M : R? — S? C R® where d = 2,3 with A € R, h > 0 and e3 := (0,0, 1). By scaling
we can assume A = 1. The case we are focusing on is A = —1 corresponding to a frustrated magnet. In
this case the usual stability condition for the ferromagnetic state m = e3 is h > 1/4 which implies coercivity
E(M) > [|V>M|?> +|M — e3|*. The unperturbed Landau-Lifshitz-Gilbert equation reads

oM =—-MxHM)—oMxMxH(M)
where o0 > 0 is the damping constant and
H(M) = — [A*M + AM — he;3]

the effective field, i.e., minus the L energy gradient. The dissipative nature implies a uniform bound of M —
e3 in H? in terms of initial conditions. Here we are interested in the LLG dynamics driven by a fluctuating
current. The mathematical description of such non-variational effects requires careful considerations about
the specific formulation of dissipation in the style of Landau-Lifshitz or Gilbert, respectively. The so-called
adiabatic spin transfer torque induced by a spin velocity field v is introduced by adding the convection term
(v- V)M to the micromagnetic torque M x H(M) in LLG (note that this gives rise to two distinct terms). The
phenomenological non-adiabatic spin transfer torque is induced by subtracting a perpendicular counterpart
BM x (v-V)M. The full torque becomes

T(M) = M x [H(M) = B(v-V)M] + (v-V)M
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so that
oM =—T(M)— oM x T(M).

In the special case o = f3, referred to as the Galilean invariant case, the interaction reduces, in the above
formulation of LLG, to a single term (1 + ?)(v- V)M. It is known that in general the non-Galilean model
is required for an adequate description of current driven magnetic microstructures, e.g. domain walls and
vortices [17, 18]. We decompose the fluctuating spin current vgy. = v+ & into a deterministic temporally
homogeneous part v and a space-time noise & = W that is formally the generalised time derivative (in the
framework of Stratonovich calculus) of a Wiener process W with values in a vectorial Sobolev space to be
specified below. We shall treat the deterministic part of the spin transfer torque in its general form including
adiabatic and non-adiabatic terms without any balancing conditions. For the random part we focus on the
Galilean invariant case, i.e., we drop stochastic terms of the form M x (& - V)M and leave only a linear
transport term (& - V)M, which has been studied in models of stochastic Euler and Navier-Stokes equations
[4, 20]. Therefore, the stochastic equation that we study in this paper is in the form

OM=-MxHM)—oMx (MxH(M))

(I.D —(1+af)v-VIM—(a—B)M x (v-VIM —(E-V)M,

where the noise is understood in the Stratonovich sense to ensure M takes values in the unit sphere (norm
constraint). This equation is written formally later in (2.3) along with a precise definition of W.

For (1.1), the corresponding Stratonovich correction is in the form %(é -V)?M, which has a lower order
than the leading bi-Laplacian term that arises from the dissipation

oM x (M x A°M) = —aA*M + a (M, A*M)M

under the norm constraint. Intuitively, in view of semigroup theory for mild solutions, this suggests that
the noise does not need to be small or of a scale comparable to o to guarantee existence of a solution. This
is indeed the case, since in energy estimates, [t6’s formula leads to cancellations between Stratonovich and
1td corrections which reduce the order of norm required to estimate these noise-related terms. They can be
bounded by the energy norm of M with boundedness but not smallness conditions of the noise.

Small noises are of an independent interest in literature. Recent studies [9, 11] showed that certain non-
linear PDEs perturbed by spatially divergence free linear transport noises (satisfying suitable L and L?
conditions), converge weakly to parabolic deterministic equations. In these works, the noise (martingale)
part vanishes but Stratonovich correction (in the form AM) stays and acts as an additional dissipation in
the limit under suitable scaling, which can delay blow-ups. It is not known whether a similar result holds
for the conventional LLG model (without bi-harmonic interaction) or for our LLG model in higher dimen-
sions.

In addition, to the best of our knowledge, nonlinear transport noise of the form M x (& - V)M (which
we dropped) has not been widely explored. For our model, it is inconclusive whether cancellations of
highest-order terms can be achieved for Stratonovich and It6 corrections related to this kind of nonlinear
noise. Those highest-order terms consist of cross products of mixed derivatives, which seem to require H>-
estimates in dimension d > 2, i.e., the energy norm is not sufficient. It is therefore another open question
regarding the existence of solution when the random part is also in the general non-Galilean form.

In this paper, we show that under certain (spatial) regularity of the noise, there exists a pathwise unique
solution of a stochastic LLG equation in the form (1.1) for frustrated magnets, with H>-moment estimates.
We formulate the formal stochastic LLG equation (2.3) in Section 2.1 and provide the main results (The-
orem 2.1 and Corollary 2.2) in Section 2.2. The rest of the paper is devoted to the proof of Theorem 2.1.
We first construct an approximating equation in Section 3.1 using standard mollifiers and a suitable cut-off
function. The latter allows us to estimate certain nonlinear terms in the absence of norm constraint, i.e.,
when the approximation does not necessarily take values in the unit sphere. This becomes clear as we
derive H?-uniform estimates of the approximation in Section 3.2, where the norm constraint is narrowly
violated due to mollifications. Applying Skorohod theorem and compactness embedding results, we de-
duce strong (resp., weak) convergence in a weighted H! (resp., H?) space in Section 4. Subsequently, we
verify that the limit takes values in the unit sphere (Section 4.1) and prove convergences of the drift and
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the diffusion terms of the equation separately (Section 4.3). In Section 5, we show that the limit is indeed a
pathwise unique solution of our stochastic LLG, concluding the proof. For the ease of reading, we collect
in Appendix A some preliminary estimates used for Section 3.2. Similar arguments hold for the equation
on the torus, for which we give a brief description in Appendix B.

2. PROBLEM FORMULATION AND RESULTS

2.1. Notation and the equation. We denote by S? C R? the unit sphere. Let d = 2,3. Let S(RY) and

D(RY) denote the Schwartz space of functions and the space of tempered distributions on R?, respectively.

As usual, we denote by IL” and WC” the Lebesgue and Sobolev spaces L” (R%;R3) and W (R?; R3), with
9 := W92, For the weight function p : R? 3 x+ (1 + |x|?)~2 € (0, 1],

(2.1) o~ dipl=+1p " dijplL <c, Vij=1,....d,

for some constant c. Then we define weighted spaces:

]L{,’::{f:RdaR3 : ‘fp%

<) pelle),
= {reL} : vreL3}.

For normed spaces E; and E,, we write E; — E; if Ej is continuously embedded in E;, and E| € E; if E
is compactly embedded in E>. We will use the notation V, for the operator V,¢ = g-V¢.

Let 2 > 0 and let v € W>*(R?;R¥) be a divergence-free spin velocity field, i.e., div(v) = 0. Let W be an
H*(R4;R¢)-valued Wiener process with finite trace-class covariance Q, in the form

W(r) = i GWi (1) fies
k=1

where {W;} is a family of real-valued independent Brownian motions, {f;} is a complete orthonormal
system in H*(R?;R?) consisting of eigenvectors of Q such that Qf; = q,% fx for some bounded real g, and
Tr(Q) =Y, q% < oo, For every k > 1, let g; := gy fr. We assume that

(2.2) q = Z |83 ety = Z 4 <.

Recall (1.1), for simplicity we write v instead of (1 + af8)v and let y:= % Now we write down the

I+o
formal stochastic LLG equation. Let 7' € (0,e0). We will prove the existence of a pathwise unique solution

M :[0,T] x R? — S? (see Theorem 2.1) to the following equation:
dM (1) = M x (AM + A’M — he3) dt + oM x (M x (AM + A*M — hes)) dt
7(V M+ yM x V,m) dt

Z o )*M dt — ];lvngde()

(2.3)

where M (0) = My : RY — S? and VM, € H'. For simplicity, we define drift and diffusion coefficients
F(u) := ux (Au+Au—hes) + o x (ux (Au+Au—hey)) —yux Vu,
F(u) :=F(u)—V,u,
Sk(1) := (Vg ) u,
Gi(u) == =Vgu,
for any u € H?, where the bi-Laplacian terms are identified via their weak forms. More explicitly,
(WX Au, @) = (A, AQ x w+ @ x Aw+2V @ x Vw) 2,
24 (wx(wx Au), @)= (WX Au, @ X Aw+AQ X w+2VQ X Vw) 12+ (Au, (@ X w) X Aw)
+2(VwxAu, Vo xw+ @ x Vw) 2.

for u,w, ¢ € H2.
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2.2. Main results. In this section, we state the main theorem for the existence and uniqueness of solution,
and prove the preservation of homotopy type as a corollary.

Definition 2.1. Given T € (0,), we say that (2.3) has a martingale solution if there exists a filtered
probability space (Q,F, (Ft)ic(o,1), P) defined on which an H*(RY;RY)-valued Wiener process and a (F;)-
progressively measurable process M such that

(i) |M(t,x)| =1, a.e.-(t,x), P-a.s. and M € C([O,T];le)) satisfies
E {|VM(I)|%DQ(07T;H1) LM x A2M|i2(O,T;Lz)} < oo,

(ii) for everyt € [0,T], the following equality holds P-a.s. in L’%
t N t
2.5) M) =M+ [ FMM) ds+ Y [ Giva(s)o awi(o)
k=1
where the first Bochner integral and the Stratonovich integral are well-defined in 1.

Theorem 2.1. There exists a pathwise unique martingale solution (Q, F,(F);c(0,7], P, W, M) to (2.3) in
the sense of Definition 2.1, such that for p € [1,),

E ||VM|* gy + M A*M[? < oo,

L=(0,T;
and M — e3 € C°([0,T];L?) P-a.s. for 6 € (0, 3).

L2(0,T;L2)

The bounds in Theorem 2.1 and a simple interpolation argument implies space-time Holder continuity
almost surely. Hence, M(t) defines a homotopy of maps from R¢. In fact, for % <T<2,

[M(s) =M (1) 3 < cM(s) = M(@)[22" IM(s) = M(1) | S [s =]
and by Sobolev embedding
_d
[M(5,%) = M(t,3)] < ¢ (IM(5) b= y17 + IM(s) = M) )
with constants ¢ independent of 0 < s <t < T and x,y € R,
Corollary 2.2. Trajectories are continuous in space and time and preserve the homotopy type of initial
data almost surely.
3. APPROXIMATING EQUATION

Since our desired solution M is not a function in L2, it is more convenient to define m := M — e3 and to
study the following equation for m in 1.2, as in [7]:

3.1) dm(t) = F(m(t) + e3) dt—|—% iSk( dt—i—ZGk (1)) dWi(¢), m(0) = mgy € H>.
=1 =1

3.1. Mollification with cut-off. For (3.1), we construct an approximating equation using the modified
Galerkin method in [24, Chapter 15, Section 7] combined with a cut-off function which controls the vector
length of the approximation.

Let J; denote a Friedrich mollifier on R?, such that for u € S(R9),

1 xX—
Jeu(x) := (Je xu)( /]sx Y)u(y) dy = sd/RdJ(8y>u(y)dy,

where j € S(RY) is real-valued and compactly supported with [pa ji(y) dy = 1.

Fix R > 1. Let yg : [0,00) — [0, 1] be a smooth non-increasing cut-off function such that yg(y) =1 for
y € [0,R] and yg(y) =0 for y > R+ 1. Then for a sufficiently smooth function u : [0, T] x R — R,

%I/IR(|u(t,x)|2)|u(t,x)|2 <R, Y(t,x)€[0,T] xR
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Let () denote the i-th derivative of a smooth function f : R — R. We have

u\z) (u,Vuy,

1
S Vw(lul®) = v (
(3.2)

Sl = i () (9 + G ) + 202 () G, V)

Moreover, for p > 0 and any non-negative integer i, there exists ¢(R) = ¢(R, p) such that
v (e, ) ) (e, 017 < e(R),  ¥(1,x) € [0,T] xR,

which implies that on [0, 7] x R,

Vyr([ul)|ul” < c(R)|Vul,

(3.3)
AR (|u*)[ul” < ¢(R) (IVul* + |Aul) .

For £ > 0, consider the approximating equation:
= o
(3.4) dmeg (1) = FR(me(2)) dt + 3 Y Ste(me(t)) di+ ). Gre(me(r)) dWi(r), me(0) = Jemo,
k=1 k=1

where
FR(me) = Je (Wr(|Jeme + e3P)F (Jeme +e3) — Videme) ,
Sk,e(ms) = JeSi(Jeme),
Gre(me) = JeGi(Jeme).

The cut-off function Wy is only required to address the nonlinear term . For the linear terms, we integrate-
by-parts to obtain desired estimates as shown in the proof of Lemma 3.2.

3.2. Uniform estimates of m.. We first show that the approximating equation (3.4) admits a unique solu-
tion m, in Lemma 3.1, and then deduce uniform estimates of m, in Lemma 3.2. At the end of this section,
we estimate the deviation of m, + e3 from the unit sphere in Lemma 3.3.

Lemma 3.1. For every € > 0, there exists a unique solution mg of (3.4), where mg is a progressively
measurable process taking values in H?, such that

sup E [|me(t)[32] < oo,
t€(0,T]

and for every t € [0,T], the following equality holds P-a.s. in 1.>

t 1 N t N t
me(t) = Jemo+ [ FE(me(s) ds-+ 5 ) | Seetme(s)) ds+ )y | Gretme() awi(s)

Proof. Fix € > 0. We first verify that FX, S; ; and Gy . are locally Lipschitz on H?. Let u,w € H?. The
derivatives of j are in & (Rz), bounded, and in L.!. Thus, for any non-negative integer o,

VOIeulge = (VO je) * (u+ Vu+Au)|p 2
< [V ol i+ Var - Au,
< c(e)|ulge,
and similarly,
VoI (u—w)|p2 < c(€)|lu—wlpp.
Recall that H? < ™. Let f be a locally Lipschitz function on H? with £(0) = 0, then
ux f () =wx fw) | = [ —=w) X f () g2+ [w < (f () = () g2
S = wlge | £ ()2 + Wlg | f (1) = F (W) g2

Similar arguments follow for scalar products. Then with the Lipschitz property of J; and yg, it is clear that
FER, Gy.e and Sy ¢ are locally Lipschitz on H? for k > 1.
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Next, let £ denote the space of H?-valued progressively measurable processes, with the norm

uft = sup E[ju(r)3] .
t€(0,T]

Forn €N, let FR, Sy ¢ and Gy g, denote the Lipschitz modifications of FX, Sy ¢ and Gy ¢ on H?, respec-
tively. For example, we set

R .
FR (l/l) _ FE (u) if |M|IH12 S n,
e FE(s) i lulge > n.

LetA, : £ — & be given by

= m0—|—ln(l‘) +Mn(t)7

where I, M,, € £ by the Lipschitz continuity of an, Sken and Gy ,. In particular, M, is an HZ2-valued
continuous martingale. Once we verify the Lipschitz property of A, on £, standard arguments using Banach
fixed point theorem and localisation by stopping times show that there exists a unique solution m; in £ (the
limit over n) to the £-approximating equation (3.4). O

In the following lemma, we deduce an H?-estimate of m, which dominates the energy norm E (me + e3)
but allows us to directly apply Gronwall’s inequality to obtain desired estimates.

Lemma 3.2. Let |mo|pe < co. Then for p € [1,0), there exists a constant ¢ = ¢(co,p,T) independent of €
and R such that

E

sup Ims(t)lﬁzﬂ’él < ce™,
t€[0,7]

and for yR .= yg(|Jeme + e3 \2)

T P
E [(/ |(‘V§)%(Jsms +e3) x A2J£m£|i2(l‘) dl‘) ] < c(14RP)eR’.
0

Proof. Let ug := Jem, and note that (u,Jew);2 = (Jeu,w)p2 for any u,w € L2. Let l/;’(i) = l,l/,gi)(Ugmg +
e3)?). We divide the proof into several steps.

Step 1. Estimate 4 |me(1)|2,.

1 1
Ed\ms(t)hiz = <mg,F£R(mg)>]L2 dr + 52(<m875k,8(m8)>m + |Gk,£(me)|i2) dt
3

+ Z <m8a Gre (ms)>]Lz dW, (1)
k

1
=1, dt+ 5 ZIZ,k dt"‘ZIB‘,k AW, (r).
k k

The assumption divv = 0 and (A.3) yield (ug, Vyue)y2 = 0. Then for § € (0,1) and R > 1, we have
I, = <m£,F8R(m£)>]L2
= <Ms’ YEF (ue +e3) — Vvus>L2
= <ue, lllg(ug +e3) X (Aug + ot (ue + e3) X (Aug — he3))>L2
+ (e, WE (ue + e3) x (Aug + at(ug +e3) x A2u£)>L2
— }/<u8, wg(us +e3) X Vvu>]L2
— (ug, Vyltg)y 2
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1

< 8|(WE) 7 (ue + €3) X Auef > + c(8)Rluefp.-

The Stratonovich part has a similar term with opposite sign to the Itd correction. Integrating-by-parts,
<m875k~,8(m8)>n,2 = (e, (ng)2”€>ﬂ,2
— <ngu£ + (divgk)ug,ng%)]Lz
< *|ng“€|n%z + |gk\€vl,w(Rd;Rd>\“e|L2W“e\L27
where |Gy ¢ (mg)|i2 = |J5ngu£|]i2 < |ngug|i2, leaving
ZIZk Z |gk|wl (R4;RY) Jute |51 -
Similarly, for the diffusion term, by (A.3),

137k=—<u8,ngu5 L2 2/ (divgk) \u5| dx

< 5|gk|wl-w(Rd;Rd)|us|Lz7

and by the Burkholder-Davis-Gundy inequality, for p € [1,),

sup / 213 k de
AE[OI

P

— t p
] S Cpr (ngﬁvl,w(ﬂgd;Rd)‘/o ‘ugﬁ} ds)
k

[S1S]

<cb,E Sl[lp]|us |]L2 <Z|gklwl (R4;R4) / |u5‘1L2 ds)
sel0,

< 6’E

2
sup Iue(S)IL‘él

s€[0,1]

p t
570} <Z|gkévl,m<w;w>> B| [ sup ()2 d]
X rel0,s]

Step 2. Estimate §|Vime(t)|? -y

id(wmg@z +|Amefy) = (—Ame +A%me, Ff (me)), » dt

((—Ame, Sy e (me))y 2 +[VGie(me)[2) dr
k

Z (<A2m87Sk,€ (m8)>]]_,2 + |AGy ¢ (me) |]I242) dr

+

+

N = N =

k
+ <_Amg +A2mg,Gk’g (mg)>]L2 de(t)

~1

1
=:1I; dr + EZHZ’k dr +ZH3J‘ dWi ().
k k

We address each term in the following calculations (i) — (iii).
(i) Estimate II;.
I} = (—Ame + A%me, FR (me) ), »
= (—Aug + Aug, WRF (ue +e3) — vu8>L2
= (—Aug, Wf (ue +e3) X Aue )y » + (Aue, W (ue +€3) X Aug ), 5
+ ) (WR)? (e +€3) X Atte 22 + 0 (—Autg, W (ue + 3) x ((ue +e3) X Aue) )y

1

—a| ()2 (ue + e3) x A2u8|i2 + 00 (A%, W (ue + e3) x ((ue +e3) x Aue));
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+ <Aug — Azug,hl//g(ug +e3) X (—ue + (ue X 6‘3))>]L2
—|—}/<Au5 A? Ug, Yy (u +e3)xV u£>
+ <Au8 Aug, vu8>L2
< (0= 8)|(WE)? (e +e3) x A2uel?s +(8) (Juel?s + IVl gty Ve 22 + (14 R)|Awel )
+ <Aue Aug,V vug>L2,
where
(Aug,Vyue)y» < IV‘L""(Rd;Rd)‘VME‘]L2|AI"€|]L2’
and with divv = 0, we have (Aug, V,Aug)p2 =0 and
<A2u£,V\,u£>U = (Aug,AVyug)p2
d
= (Aug, VyAug + Ve 2 +2 'Zl (Autg,0;0;jue )y >
=
S ‘V‘Wzrm(Rd;Rd)‘vufJ'%ﬂl'
Thus,

I < —(0—8)|(W)2 (ue +e3) x A’uglt,
+c(8)(L+ V|2 (masray) (lue | + (14 R)|Auel7 ) -

(i1) Estimate II, .
I, = (* <Am575k,s (me)>L2 + ‘VGk,e(me)‘]iz) + (<A2m83Sk,8(m8)>]L2 + |AGk.£(me)|]i2)
= HZa,k + thJ(.
For the It6 corrections, note that J. commutes with V and A. We have
Mooy = — (Aug, (Vg ) tte )y 2 + [JeV(Vgte) |72
S |gk|‘%vl,oo<Rd;Rd)|Vu8|]%Il~
For Il , we first re-write the Stratonovich term:
<A2me,5k£ (me)>]L2 = <A2M£a (ng)2”e>]Lz .
Then we estimate the AGy ¢ part. By Lemma A.1 and (A.13), taking u = ue and f = g;, we obtain
|AGk.5(mg)|]L2 = |JgAVgAu8|]L2
S |Ang Ug ‘LZ
2
= (A°Vgue,Vgue),
= <ngA2ug +4T14(ue) + 2T (ue ) + Tlc(ug),ngug>L2
= — <A2ug, (ng)zl/lg>]L2 — <A2ug, (dngk)ngug>]L2
+ <4Tla(u8) + 2T1b(ue) +T1c(u8), ngue>L2
< - <A2ms,Sk,s(ms)>]L2 +C|gk|?.14(Rd;Rd) |Vu£|]12{| :
Thus,

ZHz,k S Z |gk|i14(Rd;Rd) |V“s|%11
k k

(iii) Estimate the diffusion part I3 .

M3 =— <Am87 Gk,s(me)>L2 + <A2m87 Gie (m£)>]L2
= H3a,k + H3b,k-

9
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We have
4 = <Au£,ngug>L2 < |gk|Loc(Rd;Rd)|AM8|]L2|VM8|]L2,
and
11317,/{ - <A2u87 ngM£>L2
= —(Aue,AVgue), ,
d
= <AM£7ngAMe +VAng£ L2 -2 Z <Au87ai8jaijus>u
i,j=1
< — <Au£, ngAu£>L2 + c|gkl w2 (RY:RY) (|Aug\]Lz [Vue |2 + |Aug|]L2)
where

— <Au£,ngAu£> <Au£, Vg, Aug + (divgk)Aue>L2

L2~

1 .
=3 (Aug, (divgr)Aug); 2

S 18kl reay [ Bte |72
Then by Burkholder-Davis-Gundy inequality, for p € [1,00),
P

; 2
] <cb,E </0 Z‘gk|€v2‘w(Rd;Rd)|Au€|i2‘vu8|ﬂzﬂl dS)
k

sup
s€[0,1]

/ ZH3 x AW (r

< 6PE l sup VME(S)@HPI]

s€(0.,1]

p
+ Caipbi <Zk: |gk|12/v2,w<Rd;Rd)> ]E

Step 3. Combine estimates of [m(r) 112412'

Recall the assumption (2.2). For R > 1, we have
2 R\ 2.2
me () |z +2(00 —268)[(We )2 (ue +e3) X A%ue 7 (1)

t
< Vel +c [ Rlue(s)2a ds+2 sup /Zl3k+n3k awe(r)|,

s€[0,t]

where ¢ depends on ||y« (ga,ray, Li |lgx|? ,6~1.T, but not on n or R.

HH(RERY)®
Let 8 € (0, §) be sufficiently small such that o —28 > %. Then since [ug|go < |me|po for any 6 > 0, we
have for p € [1,e0) that

| p
lsup |me (¢ |H2 (/ |(WEY2 (Jeme +33)XA2J8mg|i2(Z) dt) 1

t€[0,T]

<cE l|]€m0H2+ R” sup |me(s)|*h, di| +2767E
0

s€[0,]

2
sup Ims(t)IH’Zl 7
t€[0,7]

where 1 — 2767 > %, and then the last expectation term on the right-hand side can be absorbed into the
left-hand side. By Gronwall’s inequality,

E| sup |mg(t)‘]éf2 <cE [|mo\ﬂzfz} R’ < ceR”

t€[0,7]
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for some constant ¢ independent of n and R. As a result,

[(/ |(ve)?

concluding the proof. (]

P
(Jeme +e3) x A? ngg|L2( ) dt) ] < ¢(1+RP)eR

As aresult of Lemma 3.2, Ff (mg) + 5 ¥ Sk.e(me) € LP(Q;L7(0,T;1%)), and

14
2

T
SE (/0 Z|gk‘]2‘N(Rd;Rd>|vmg(l>|i2 dt) <¢(R),
h k

p

WG»P(O,T;JLZ)
for fixed R > 1, 6 € (0,%), p € [2,0). Thus, with the embedding W'2(0,T;1L2) — W°?(0,T;L?) for
0'—% < %,wehave

(3.5) E [Ime\’v’vg,p(oﬁT;LzJ <c(R).

Next we examine the vector length of M, := m¢ + e3. In Lemma 3.3, we show that although M, does not
take values in S?, its deviation from S? can be controlled by the strength of mollifications. The proof is
similar to that in [19] which starts from applying 1t6’s formula to

(3.6) ¢ (me) = 7\1 = |me +es?lf, = ,|1 — [Me[*|Z-

Here we work with mollified functions and weighted spaces. Thus, we first identify some remainder terms
which arise from the difference between the convolution of products and the product of convolutions, before
stating and proving Lemma 3.3. Again, let ue := Jeme, and de(f) := Jef — f forany f:[0,T] x RY — R
or R3. Then

pe(me) :=Je ((1—|m£+e3| )(me +e3)p) — (1= [Jeme + e3]*) (Jeme +e3)p
(3.7 =Je ((1—\Me p) 17|u8+€3| Y(ue +e3)p
=de((1— M) )Mep) — (1 — |ug + e3|*)de (me)p + (de (me) ,me + ue + 2e3) Mep.

Since |de (f(1))]12 S| (¢)]y2 forany ¢ € [0, T], using Lemma 3.2 and the continuous embeddings H? — L
and H' < IL*, we have that for any ¢ € [0,T] and p € [1,0),

| [ Ipetme) 2 o]

1 ) 2p
SE /0 <|M8|]L123+|M8|]L“|M8|]Lé+(1+‘u8|L”)|m8|L2+|MS|L°"(‘m8|L“|m€+“8|L2+‘m8|L2)) ds

SE| [ ((+Imele)ime + a2y 4 (-4 bl el + 1+ el (e + ) o]

< ¢(R).
In addition,
(38) de(£)ltg S |f1Relde(N)IE3 S 1/ lde (D2 lde(Plyy < 1flelde ()3
For remainders of higher-order terms,

(1= ue +e3*)> = (1 [Me +de (me ) [*)?
= (1= M%) + (|de(me) > +2(de (me), Me))*
+2(|me|* +2 (me, e3)) (|de (me ) |* + 2(de (me), M) ,
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Thus,
[ 1= + e3P [5 S [1= M5 +Ide(me)
+ (|Me |2 + |me| e + |me|i) |dg(VHS)|]i’2)
G + (|me|i4 + |m8|L2)|M8‘L°°‘d8(m€)|L’2,
S 1= IMe P75 + (1 me o) e (me ) 5
where the last inequality holds by (3.8) and (A.5).

Lemma 3.3. There exist constants ¢c; = c1(R,T) > 0 and ¢y = c2(T) > 0, both independent of €, such that

1
1 2
E [“ - |m6(f)+€3|2|i%,} Scre? (1 - \Jem0+€3‘2‘1[24§, +E {/0 Ae(me(s)) ds} ) ,

Sforanyt € [0,T], where
(3.10) Ag(me) == \de(mes)ﬁﬂ‘l’ +Z,|‘1’«9(ngf«€m£)|]12“’2) + |Ps(me)\]iz-
k

Proof. Recall ¢(mg) from (3.6). We have ¢(mg) < c(|m£|§:4 + |m€|i2) and
(p/(m£)u = <(1 - |M€|2)M€’M>L% )

o (me) w) = = (1= Meuw) 2 [ (Me.u) () () e
By Itd’s formula,

1 212
Zd1 = M), =

~

(1— |M8|2)M£,F8R(Mg)>]L% dt

<(1 - |M£‘2)M87Sk,e(me>>% dr
k

- <(1_|Ms‘ )er(ms) er(me)>]L2 dr

(3.11) ,
/Rd Me, G e(me)) p(x) du dr

_|_

(1— M, [? MeaGks(ms)>]L2 dw;

»M»M = N =

1
= U, dr— 3 Y (Usx+Usp—2Usy) de =) Usy dW,.
k k

For the diffusion term Us g,

Usy = —((1 - |Me|2)M£»Gk,£(””£)>L%
SI- |M8|2|L,% |M8|L°°|Vm8|JL,%
S (|me\ﬁt4 + |me‘i2) (14 [me|g2) [Vme|y 2.

Since mg € L*(Q;L=(0,T;H?)) for p € [1,00), Usy € L?’(Q;L*(0,T)). Then the Itd integral is well-
defined, thus ) ; Us  dW; has zero expectation.

For U;, we have
Ui = = (Je (1= |Me[*)Mep) , WEF (ue +€3) —Viylte )
— (1= lue +e3?) (ue +e3), YEF (ue +€3)>L’g
(1= e+ e3[2) (e +3), Vil +€3)y 5
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- <P8 (me), llng(ue +e3) — Vvue>L2
=:Ujg+Up+ Uy,

where Uy, is equal to 0 by the cross-product structure of F. For Uy,, since div(v) = 0 and vp vanishes at
infinity, we have div(vp) = (v,Vp) and [psdiv(vp) dx = 0. Then by (A.4),

1 1
Ulb:f/ div(vp)(1—|ug—|—63|2)2dx—f/ div(vp) dx
4 Jrd 4 Jrd
1 _
ZZ/Rd@,p V) (1= [ue +e3]?)2p dx
— 2
S Wlslp ™' Vplus 1~ fue +esl 5

where |p~!Vp|r~ = 1. Thus, by (3.9) and the estimates in Lemma 3.2, for any ¢ € [0, 77,
1 1 2 !
]E[/O U, ds} gEUO JRTAGEN ds+/0 (1+ |mel3n) de (me)1 5 ds}

t _
S8 [ Ipelme) V(e +x) ~ Vel
1

<cE [/Ot |1— |M€|2|12L,2; ds] +c¢(R)E M (|d€(mg)|%L% + |pg(mg)|i2) ds] ’

For U2,k’

Uy = <Js ((1 - ‘Ms‘z)Msp) 7Sk(ue)>L2
= <(1 - |”€ + e3|2)(u8 + 63)7 (ng)2u8>]L‘2) + <p8(m£)7 (ng)2u8>]Lz
=:Uzuk +U2pi,

where by (2.2) and the estimates in Lemma 3.2,

E lzk"/ot Ul dsl <E lzk‘ﬂgk%vhw(u@d;w)/ot |pe(me)|12| Ve i dsl
: 3
< E[ [ lpetmoftz 0]
For Uy, t, integrating-by-parts,
Unase = (1= |ue + e3]*) (ue +e3), (ng)2“£>]L,2,
= (1= |ue +e3]*) (ue +€3), Vg, Veyte) >
= [ (1=l eaP) Ve P dr+2 [ (et ea, Vi) p dx
— (div(gep) (1 — |ue +e3]*) (ue +e3), Ve, (e +e3)) 2
= —63,/( +2Ugy + Voak

where —IAJg,k + 264,,( is in a similar form to —Uj  + 2Uy ;. For the remainder V, , by (A.4),

1 o _ 2 .
Vaui= = [ v @iv(ap)ep |1 lue-+ P p as— [ aiv(aivtapa) ar)
where the fact p and Vp vanish at infinity implies [+ div(div(gip)gk) dx = 0, and by (2.1),

div (div(gep)ge) p " = (divgr)* + (Vg 8k +2gkdivge, p ' Vp) + Vg, divgr + (gi.p ' Vg, V)

2
f, |gk|W2,w(Rd;Rd>-
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Then by (2.2) and (3.9), we are left with

1
/Z\Vza,k\ds
0 %%

1

B < e[ [ =Py o] + e | [ detmely 0]

Now we estimate U3 ; and Uy . Note that Gy ¢ (me) — Vg, ue = de(Vg ue). We have
Uz =((1— |Ms\2)Gk,s(ms)7Gk,s(ms)>L%
= <(1 — |ue +e3|2)vgk”£’vgk”8>Lf,
+ <<dg(m8),mg +ug +2e3) Gy g (me), Gk,s(ms)>]1‘;2,
+ (1= |ug +e3])de (Vg ute), Gy e (me) + ngu£>]L’%

=Us g+ Vi,
and thus
t !
E\Y [ Vol ds| SE (¥ [eufE sy | delme)lys (el +1) [V ds
x x
!
+E Z|gk‘L°°(]Rd;Rd)/0 |d8(ngu£)|L% (Imelf + [me|r=) [Vmely2 ds]
x
1
f 2
< ¢(R)E /0 <|d8(mg)§%+2de(vgku8)i%> ds] :
x
Similarly,

<Me,Gk,£(me)> - <’/le +@37ngus> = <”e +@37d8(vgk“s)> - <de(me)7Gk,s(me)> =iT4k.
By (3.8) and (A.5),

2 2 2 2 2 Lo
raslly (14 meleePlde(Vigtte) P + 84l o o) [ Vel de (me)p*

S (14l ooy (1 Ime ) + g e g Ime s ) (1de(me)l 3 +1de(Vige) 1)

Then for Uy, we have

Ugp = /]Rd <M£7Gk7£(me)>zp dx

= /Rd <u8+e3,ngug>2p der/Rd (}"i’k+2<u8+€3,ngug>r4’k)p dx

264,k+v4,k7
where
t t
E\Y [ Vaslds| SE|E [ el +2lgclimquam (15 belus) Va7l ds]
3 3
3
! 1
<c¢(R)E /0 <|d8(m£)|ﬁ’2)+|d£(ms)P4|]2Lg+Zds(%ﬂS)ig) ds]
3
Note that

1 1 1
|d6(ms)P1|ig = |dg(mg)p7|i4 N ‘de(mS)Pﬂﬁl = |d£(m8)|%1’1)~

Hence, the main components of the Stratonovich and It6 corrections cancel with each other, leaving

—E Z (UZ,k + Uz — 2U4)k) dr
k

t
212
< cE Uﬂ 1= [Me(s)2, ds
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1

2

!
+e(RE| [ <|de<me>|§%+Z|de<vgkue>|§%+|pe<me>%Lz>ds] ,
k

Overall, we obtain

ot
B (1= e P ] < 11— oo s 3 | [ 1= el o]

+e(R)E {/0 Ac(me) ds} g

for any 7 € [0, T]. Then we apply Gronwall’s lemma to yield the desired result. O

4. CONVERGENCES FOR FIXED R

In this section, we fix R > 1, and employ Skorohod theorem and compactness argument to deduce conver-
gences of (functions of) new approximations 7. These convergences and subsequent regularity properties
of the limit 77 allow us to show that /71 + e3 is a martingale solution of (2.3) later in Section 5.

For Banach spaces By, B1,B> and B3 such that By, B; are reflexive and By € B; — B, € Bs, the following
embeddings follow from [10, Theorems 2.1 and 2.2]:

LP(0,T;By)NW?(0,T;B,) € L*(0,T;By),
WeP(0,T;B,) € C([0,T];B3),
for p € (1,0),0 € (0,1) and op > 1. We define
Eo:=L~(0,T;H*) W (0,T;1L?),
E:=L*(0,T;Hy)NC([0,T;H"),
for p € [2,%0), 6 € (0,1), G*% <1 andop > 1. Since L? <—>]LI2,,H2 @H}) <—>L[2, and H! @IL%) = (]Lf))* €
H~!, we have
Eoy = LP(0,T:H*) NW"(0,T;L)) € E.
By Lemma 3.2, m, takes values in Ey, P-a.s. for any € > 0. Hence, the set of laws {L(m¢)} on E is tight,
where for any 4 > 0, {|m¢|g, < A} is compact in E and
P (|jmelg, >A) <A’E [|mg|,250] <A2¢(R) =0, asA — oo

Since E is a separable metric space, by Skorohod theorem there exists a probability space (€2, ) and

(@, F.P
a sequence {(rg, We)} of E x C([0,T]; H*(R¢;R¢))-valued random variables defined on (Q,F,P) such
that

L((me,W)) = L((/e,We)) onE xC([0,T];H*(RY;R?)), Ve >0,
and there exists an E x C([0, T]; H*(R;R¢))-valued random variable (772, W) such that
4.1 fie = m inE, We—W inC([0,T];H*(R";R?)), P-as.

The space C([0,7];H?) is separable and complete. Then by Kuratowski’s theorem, {77} have the same
laws as {m,} on C([0,T]; H?), which implies that the estimates in Lemma 3.2 also hold for {si¢ }.

We can extend the definition of the HZ-norm to H~' by setting |u|y> = oo for u € H~'\ H?. Then using the
pointwise convergence (4.1) in C([0,7];H~") and the uniform integrability of s, in L2 (€;C([0,T]; H?)),
we deduce that

~ 12
“2) B[22 o )] <o YPE (%)
As aresult, by (4.1), (A.5) and (A.6), for p € [1,),
e —m  in LPP(Q:L%(0,T:Hy)),  Ame —Am  in L*(Q:L7(0,T;1L3)),

4.3) - 5 i 122 (6 2 H 5 A in L2P (O 12 1.2
Jerie —»m  in L7P(Q;L°(0,T,; p)), AJeiitg m  in L7 (Q;L°(0,T; p)).
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By Gagliardo-Nirenberg’s inequality,

1 - 1= - -
(4.4) ’(mg —m)pt| S Ve |} (\mg|{gﬂz n |m\g12) . re 2,0,

where 6 = ¢ — % € [0,1) for d = 2,3. The inequality (4.4) still holds with J¢7i, in place of /fig. Then by
the L=(0,7; Hz) estlmates of 7ite and 1,

@5) iep? = p? in 2(Q:19(0, T;L"))

' (Jeriig)p? — mp?  in L*(O;19(0,T;L7)),

for p € [1,0), ¢ < 125 and r € [2,].

4.1. Vector length of /7. Asin Lemma 3.3, let ¢ (77) ::|l—|n~1+e3|2|L% Sl s +[mfF, € L2 (Q;L7(0,T)).

Then
" r 22
o UO 1= i) + s dt]

_[ /T . 2
B | [ (111 +esP i + () +esf = ) s o

A

(4.6)

N

B | [ (11 mel0)+ x5+ e =m0 2 o)+ )2y + e 6) o)y )

A

[ rT
f /0 1= e 1) +es P 1 dt]Jr]E

sup (|ﬁzg(t) + i (t) %1;, - 1) /OT |rite () — () ;H;) dt] :

t€(0,7]

where the second expectation on the right-hand side converges to 0 by (4.2) and (4.3), thus we only need
to focus on the first expectation. Recall the definitions (3.7) and (3.10). For any g € [4,0), the following
maps are measurable:

L0, T;H?) > u s |1 — |u+e3|2|§% e L'(0,1),
L9(0,T;H?) 3 u— Ae(u) € L'(0,T).

Then since {2} has the same laws as {m,} on L4(0, T;H?), it holds by Lemma 3.3 that

T T T
E{/ |1 — e (1) + 32 dt] ]E[/ 1= me(r) + 3212 dt]
0 P 0 P

1
- t 2
S 11 Ve Py + B | [/ Acls) o
By the assumption that n1g is bounded in H? and the approximation property of Je,
2
|1 — |Jemo + €3|2|i% = ||mo + e3]* — |Jemo +€3|2|L%
S (1+ |m0|%12) |Jemg fmo\ﬂzdz —0, ase—0.
For the remainder A, (171, ), we first observe that by (4.3),
de (ie) = (Jefite — ) + (m— ) — 0 in L*P(Q:L7(0,T: Hy)).

Similarly,

Z|d€(vgl¢‘]€m£ L2 _Z’JE o (Jerhe — )+(J£ngm ngm)+vgk (m — Jerne) ‘IL%,
k

~ ;‘gkhw(ﬂgd;Rd)W(Jsm& ‘LZ +Z’J€ L ngm|]L2 )
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where the right-hand side converges to 0 in L*?(Q;L!(0,T)). Also, by the L=(0, T;H?)-estimate in (4.2),
the continuous embedding H? < L™ and Lemma 3.2,

1) {/OT (1= |rite +e3]%) (e +e3)p — (1 — |ﬁ1+e3‘2)(ﬁ1+e3)p|iz dt}

~ T - - - . - - - - - 2
<E [/0 (\mg—mhi%—|—|<m£—m,mg+m+263>(m5—|—63)+|m—|—63|2(m8—m)|L%> dr

T
SE [/ (1+ lite [ + Wh}tm) |7ite —771|£2 dt} —0, ase—0,
0 p

which implies de ((1— |1ite +e3|*) (ite +e3)p) — 0in L*(€; L?(0, T;1.?)). Thus for p, givenin (3.7),

f@ [ [ peeris dt] <E [ [ e~ et s+ ) dr]

+E

sup (1 + [iie (1)| =)
t€[0,T]

where the right-hand side converges to 0 as € — 0. Then

£—0

~ T ~
limE [/ Ag(ig) dt] = limE
0 £—0

T
/0 |de(’7le)P\]iz df] )

T
/ <d8<ms>|§ﬂg, + X e (Vo Jeie) +|pg<mg>iz> dz] =0,
k

Therefore, the right-hand side of (4.6) converges to 0 as € — 0, yielding

T
- 212
E[/O 1= pi(r) + e dr| <0,

where p > 0. In other words,

4.7

|ﬁ’l(l‘,x)—|-63‘ = 17

ae-(t,x) € [0,T] xR?, P-as.

4.2. Convergence of cut-off function. Recall (3.2). We define y=") := 1111(;)(|ng8 +e3/?) and PR =
1111({) (| + e3|?), for any non-negative integer i. We simply write ¥ and ¥® when i = 0. In particular, with

R>1,by (4.7),
4.8)

TR0 1,x) =y (e, 2) + esl) = v (1)

=0, Vi>1,

and thus VR (r,x) = AP (t,x) = 0 for a.e.-(t,x) € [0,T] x R?, P-a.s.

Now we derive some convergence results for /X. By the mean value theorem, we have

[CARERARITE

< | Cerie — i)p?

1 1
S |Werie +-esp? —in+-es o

H

]LI‘

-0
& \Jgiite — m|Ss [Jerite + i+ 23]

< |Jere —m\i" <|n~18|1J§9 + |50 + 1) ;

H

for any non-negative integer i, where 6 = % - % for r € [2,00]. Thus, by (4.3),
g p2 > gR0pT in 12(G;19(0,T; 1Y),

for p € [1,), g < 125 and r € [2,09] as in (4.5). In particular, yif — §* in L?(Q;L*(0,T;L3)). For the
gradient of y7§, by (3.2) and (4.8),

4.9)

v (7~ )5 <

IN

A

(g

(gt

BI—=

—gRW)p

_ Rt
Aol W

L

. | (Jerite + €3, Veiite) | 2
+ W’R’(]) Lo [{(Jeite + €3, Vehitg) — (i + e3, Vi) \L},
(|rite | + 1) [Vritg |2

(|Vm£‘]12ﬂ| + |Viie|2)
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where the right-hand side converges to 0 in L?”(€Q;L*(0,T)) since st € LP(Q;L=(0,T;H?)) for all &€ > 0
and (4.9) holds for i = 1. Similarly, for the Laplacian of ¥,

- - - - 1
AR = )l < |00 - g )
PR || Viere |2 — |Vi? + (Jerie + €3, Aleiiie) — <m+e3,Am>\L%

)

L ||VJ8’7~18‘2 + (Jerite + €3, Adefite) |]L2

_ . 1 - .
+ (l//‘f’ — @2 | Vet +e3, Vi)
L 1.2

PR | et + 3, Viere) = G+ e, Vi)’

2
Lp

_ R, ~ 1
< \(wf“) —yR)p2
o)

L~ (|V”~78|§u1 + (|rite L= + 1) | Arie . 2)

|ite L= + 1)° |V’718|12H11 )

R, R, 1
+ (@D - g O)pt|
where the right-hand side converges to 0 in L?”(Q;L*(0,T)). Hence, despite the fact that we only have

weak convergence for Arite in JLIZ), we obtain strong convergence for the cut-off function in H?:
(4.10) gRp2 = §Rp3 in L2(Q:L2(0,T:H2)),

4.3. Convergence of drift and diffusion coefficients. Using results in previous sections, we prove in
Lemma 4.1 weak convergences for the drift coefficients FX and Sk.¢, and strong convergence for the diffu-
sion coefficient Gy ¢.

Lemma 4.1. For p € [1,%0) and ¢ € L*(Q;L*(0,T;C(RY))),

g%fE [(/OT <Ff(rh£)—F(ﬁ1+e3)7(p>]L% (1) dt)p} =0,
li_r)rg)]E (/()Tzkak,s(ﬁis) —Sk(nﬁ),(p>]L’2] (t) df) p] =0,

and

e—0

r p
nmIEK/O ;|Gk78(ﬁ18)—Gk(m)|ig(t) dt> ]:o.

Proof. Let i := Je.ime. We have
(Fe'(e) = F (1 + €3),0); 2 = (Je (W F (e + €3)) = F (it + €3) = (Je Viite = Vi), 0p); »
where fR = 1, a.e.-(t,x) € [0,T] x R, P-a.s. and
(Je (WEF (e +e3)) — F(i+e3),0p) > = (F (e +e3), (W — ") op)y»
+ (F(ite +e3) — F (i +e3), 0p) 2
+ <‘I7§F(’Z£ +33)7d8((Pp)>L2
=lort+liFtlF
Similarly, we define {1, v,,Io v, }, {115, 12,5, } with V,, Sy in place of F and 1 in place of ¥¥, for k > 1.
Convergence of FX.
(1) Forly s, let fe = (lflg — l/?R) @p. Thus,
(F(iie +e3), fe)12 = (Die + t(ile + €3) X Adle, fe X (i1e +€3))2
—h{e3+ aie X €3, fe X (e +€3))12
+ (i + €3) X Alg, Afe)p> +2 (Aflg, Ve x Vil )2
+ & ((fe +e3) X All, fe X Alle + Afe X (ile +e3) +2V fe X Vile); 2
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+20 (Vitg X Allg, V fe % (il +€3) + fe X Viig) 2
— ¥{(fe +e3) X Vo, fe)y 2
< (lite + e3|L + 0l e + €3]~ ) |Ade 12| fel .2
+ 1 ([ite |2+ otlite]f ) | fel2
+ |de + e3|u=|Ame|p 2 |Afe |2 + 2| Adte | 2 | Vite |4V fe s
+ it + e3|L= |Ade|{ o fe L= + Ol + €37 [Ade | 2| Afe |2
+4alite + €31 Adte |y 2| Vite | 4|V fel s + 20t At 2| Vit |} 4] fel
+ | VY] (ma;ra) | e + €3] Vite 2| fe |12
S (14 |rite g2 + |”~1£|12m2 + |’7~18|H3412) | fe|m2
S (1+|’7~18|%12)|f8|H2~
Then by (4.9) with i = 0, (4.10), and that ¢ € L7 (Q;L*(0,T;H?)),
el = (9~ 9 09
SIWE =P | @l + [(FE = 0o VOl + |V (W = F)p) |14 [VOlia
—0 inL*’(Q;L'(0,7)).

~ T p . T p
EH/O Iop dt ]S]E[(/O (1+|”~18|§H2)|fe|H2 dt> ]
3 23
<I~E[sup (1+|n~1£|ﬂéﬂg>1 E </OT|fe|H2 dl) p] =0,

t€[0,T]
where the first expectation in the last inequality is finite for all € > 0 since i7¢ has the same L (0, T;IHIZ)—
estimate as m.

This implies

(i) For I, 7, we focus on the difference F (iie +e3) — F (/i +e3):

F(iig +e3) — F (i + e3)

= —[(iie — 1) X (hes + Quiie X hes) + (i + e3) x ((iig — 1) X hes)]
—y[(fe — ) X Vyug + (i + e3) X V(g —m)]
+ [(fie — 1) x (Adig + 0t(ile + e3) X Ailg) + ot (i + e3) X ((fle — 1) x Aile )]
+ (7 +e3) X (A(dle — 1) + 001+ e3) x A(dle — i)
+ (itg — 1) x (A%l + (il + €3) x Ailg )
+ o+ e3) x ((iie — ) x A%iig)
+ (M +e3) x (A% (e — 1) + ot(i+ e3) x A (iig — 1) )

For i = 1,2,3, we deduce fOT (H;, 0p)y2 df — 0 in LP(Q) from (4.3), (4.7) and the moment estimates of
g, i in L7 (Q; L= (0, T;H?)).

For i =4, similarly fj (Hs,@p);2 df — 0 in LP(Q) since Arig — Asit in L?(€;L2(0,T;1L3)) and thanks to
“.7,

@ x (M +e3) +a (@ x (+e3)) x (i+e3) € LP(Q:L7(0,T;1L2)),

Now we estimate Hs, Hg and H7.

<H57 (P>]L12) = <(ﬁ8 - ’/h) X AzﬁEa (p>[L’2)
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+ ot {iie — 1, WE (i + e3) x A%ilg) x (p>]L’2)
o (e =, (P = ) (e + e3) x A’fie) < @)
=: Hs, + aHs, — aHs,.
For Hs,, integrating-by-parts,
Hsq = (A(ite —m), A X @p)2 + (il — i, Aile X A(Qp))y2 +2(Vilg — 1, Aile X V(QP))1 2
< (At — 1), At x @)1 2 + | (ite — )= Adie| 2| A(@p)p ™' |12
+¢|V (e —)pls|Adely2 [V (p)p " s
where A x @ € L?P(Q;L*(0,T;1L?)) and

d

1-3
2

Lp

d d ~
@i Ve mphs S - mit (b sl ) b0 @),

Then, the convergence fOT Hs, dt — 0 in LP(Q) follows from (2.1), (4.3) and (4.5). Moreover,

el - L Rl
Hs;, < [(W) 2 (il + €3) x A%dle]y 2 |le _m|Lf,|(‘I’§)2‘P|L°°7

where by Lemma 3.2 and (4.3), fOT Hs, dr — 0 in LP(Q). For Hs,, recall fe = (y& — yR)@p from part (i),
where fe — 0 € L?(Q;L'(0,T;H?)). Then,
Hs, = (iie — 1, (il +e3) x A%fig) X fe )y,
= ((ile +e3) X Ailg, Afe X (iie —1it) + fe X Afle — 1) +2V fe X V (il — 1)) 2
+2(Viig X Ait, V fe X (fie — 1) + fe X V(i — 1))y 2
< (1 [delv=) |Ade[ 2 (|ite — |L=[Afelp2 + [A(de — )| 2| felL= + 2|V (e — ) |14V felps)
+2|Vite|p4|Adie |2 (|V felps|die — il + | felL=|V (e — 1) [14) .
Since iig,m € L*P(Q;L>(0,T;H?)), fOT Hs. dt — 0 in LP(Q) by the convergence of f; as in part (i).
For Hg, recall (4.7). Then,
o' (He, @p)i2 = (Aiie, (@p x (M +€3)) X (e = 1) ), 5
= (e — ), Atte x (A(@p) x (M +e€3) +2V(9p) x Vi) 2
+ ((dig — ), Adg x (@ X Aﬁz))L’z)
(Al — ), A (9 (7 +e3)))y 5
2V (e — 1), Aife % (V(9p) X (71-+ €3) + pp x Vi),
< (e —m)pli~|Adiely2 (|A(@P)P ™[ + [Viitla|V(9p)p " |14)
+ [(de —m)p|L|Ade [y 2 |Art] 2| @[ g2
+ (A(iie — ), A X (@ % (ﬁ1+e3)))L’z)
+ [V (e —m)p|La| Al |V (@p)P ™ s + Vil @lee)
where the third term on the right-hand side converges by the weak convergence in (4.3) and the fact Az x

(@ x (i +e3)) € L (Q;L%(0,T;1L2)). Thus, f; (He,@p)2 dr — 0 in LP(Q) holds by (2.1), (4.5) and
4.11).

For H7, we have
(Hy,@p)p> = (A*(ite — 1), @p x (17 + e3) + ot(it+ e3) X (171 +e3) X @p)); 2
= (A(ite — 1), A(@p x (i + e3) + (i + e3) x (1 +€3) X @P)) P~ ")y 2

where A(@p X (7fi+e3) + a(if+e3) x ((+e3) x op))p " € L2(€;L2(0,T;1L?)). Then f; (H7, pp)y2 dr —
0in LP(Q) follows from the weak convergence in (4.3) .
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Therefore, as € — 0, for p € [1,00),
_ T P 7 T
E H/O Ly pde } S)YE H/O (Hi,pp)y» dt
(iii) For I, p, recall that for any p € [1, o),
. T R\ 5 2 p
supE{(/ ’(lflg)f(ﬁg—l—a)xA ig| (1) dt) ] < oo,
>0 0 L
Then it is clear from (4.2) that
. T oa ) P
supE [(/ |W8F(ﬁg+e3)|L2 (1) dt) } < oo,
>0 0

Since I, < |WRF (iic + e3)| 2 |de (@p) |2, by the approximation property of Je, we have de(@p) — 0 in
L2 (Q;L2(0,7;12)) and thus [ L, 7 df — 0in LP ().

Moreover, since WX (iie +e3) x A%iie and WX (ie +e3) x ((fie +e3) x A%iig) are in L2P(Q; L?(0,T;1L?)), there
exist measurable processes Y,Z € L?”(Q;L?(0,T;1L?)) such that

R (e +e3) x A%l — Y in L2P(Q;L%(0,T:1L%)),
VR (i +e3) x ((dle +e3) x A%lig) = Z  in L (Q;L%(0,T;L%)).

By the arguments in previous steps and the uniqueness of weak limit, we have ¥ = (71 + e3) x A% and
Z = (+e3) x ((+e3) x A%i) in L*P(Q; L%(0,T;1L?)) in the weak sense (2.4).

(iv) Similar calculations hold for I} vy, and I, v,. By the uniform integrability and strong convergence of

e in L2P (Q; L*(0, T;H}))) and properties of Je,

[T [T
& { /O (Vilite ). 9) dt} <E { /O oty | (e = ) 1302 dt] ~o0,

1 1
E {/OT (Vyile,de(0p))12 df} < Ve sray (i‘iIO’E [|Vﬁ8|iw(o,r;Lz)}) ’ E {/OT |de((PP)\]iz df} 2 —0,
as € — 0. The same arguments follow for convergence in LP(Q), p € (1,).
Convergence of Sy .
For Iy g,,
L5, = (Sk(ite) — Sk(m), ‘P>Lg,

= ((Vg,)* (e —11),0P); »

= — (Vg (le =), Vg, (0p) + (diver)9p ), »

S 18kl (rasray [V (e — )P 12 (IV(ep)p "2+ 10lr2) -
Then ¥ fy Iis, df — 0in LP() by (2.1), (2.2) and (4.3).

As in the case of I ¢, the convergence of Y I s, = Y4 (Sk (e ), de (@p)) 1.2 follows from (2.2), the L*(0, T H?)-
integrability of i and properties of Je.

Convergence of G ..
By (A.5),
|Gre(e) = Gr(m)| 3 < Ve(Gilite) — Gi()) |z + e G () — Gi () |
< ¢|Gr(@te) = Gi(m) |y + |de(Gr (1)) = Gy (1)) |2
Since Gy (i) = — Vg, € L*P(Q;L°(0,T;1L?)), and

|G (ite) — Gk(m”L% = |8k|L°°(Rd;Rd) V(e — m)|L%,
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we obtain convergence for Y |Gy ¢ (i1 ) — Gy (1) |112} in LP(Q; L' (0,T)) from (2.2), (4.3) and approximation
properties of Je. P (]

By the density of L*(0,7;C°(R)) in L*(0, T; IL[Q,), the weak convergences in Lemma 4.1 reduce to

1 1 . ~
F(ie) + 5 ) Sk (e) = F(i+e3) + 5 Y S(m) in L2P(Q3L7(0, T3 1L5))-
k k

5. PROOF OF THEOREM 2.1

5.1. Existence of martingale solution. As in [2, Section 5], we can show that the limit process (7iz, W) on
(Q,F,P) from Section 4 is a martingale solution of the equation

(5.1) m(t m0+/ (17 +e3)(s) ds+ Z/Skm ds—i—Z/Gk 5) dW(s).

We only outline the arguments here. Since {W, } have the same laws as W, the processes W, and thus W are
Wiener processes with covariance Q on (Q, F,P). Using the pointwise convergence (g, We ) — (i, W) in
E x C([0,T];H*(R?;R?)), Lemma 4.1 and the embedding ]LIZ, € H~!, we deduce from the uniqueness of
weak limit in L2(€; ™) that 7i(¢) satisfies (5.1) (in the weak sense) for every ¢ € [0, 7] and

~ - 12
[ |i(t) 2w gy + |0+ €3) A2m|L2(07T;LZ)} < oo,

with |/t +e3] = 1, ae. in [0,T] x R?, P-a.s. Thus, M := /i + e is a solution of (2.3) in the sense of
Definition 2.1.

Using Kolmogorov’s criterion, we deduce that /it = M — e3 has paths in C°([0,T];L?) P-a.s. Let 0 < s <
t <T and p € [1,0), we have

|([ e |der)2p]<|r—s|f’E[(/ FU)E o) |

Sz [( [ (9 + i+ ex) <o) ) ar) |

S |t_s|p7

2p " 2p
<Z/ ISk (m(r)) |2 dr> <E <;|gk‘2)yl.w<Rd;Rd)/s |Vin(r) dr)

<|r—sPE [\vm\

L= OT]HII):|
5 |tis|2pa

]
<;|gk|iw(Rd;Rd) [t \ﬁl(r)hlzﬂl dr) ]

Sle—sfP.

“|(x R

/ Gi(m(r)) dWi(r)

<E

Therefore,
= ~ 2
& [Jr) —m(s)72] S I =517,

proving the C° ([0, T];1L?)-regularity for ¢ € [0, %)
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5.2. Pathwise uniqueness. Let M| and M, be two martingale solutions of the equation (2.3) defined on
the same filtered probability space and with the same Wiener process (Q,F,(F;),P,W). As usual, we
set my := My —e3 and my := M — e3. Then, m; and m, are martingale solutions of (5.1). Note that in
distributional sense

M) x (M) X AM,) = —|VM1|2M1 —AM;y,
M] X (M] X A2M|) = <M1,A2M1>M1 7A2M1.
Lety:=My—M,=m; —my € L2. By the Gagliardo-Nirenberg’s inequality,

IVylta = = 0hAY) 2 < [yl |Ayle
SRt TIWERE
(52) |Vy‘IL4 S C|y|]L2 |Ay|]LZ )
R ITWE:
yle= < elylpL * 1Ayl
In addition, |y|r~ <2, y(0) = 0 and we have
dy =y x (AM} 4+ A*My) dt + M x (Ay+A?y) dr —y X he dt
—a ((Vy, V(M + M) My + VM) dt
+ 0 (v A°My) My + (Mo, A%y) My + (Mo, AM) y) dr
— o (yx (My x hez)+M x (y x he3)) dt
—yY(yx V,My +M, x V,y) dt

- (A2y+Ay) dr—V,ydt+ ;;(ng)zy dr — ;ngy dwg.
Applying Itd’s lemma to 3|y(r) |]i2,
SABOR: = (5.2 x (A +8%) — My x (v x ) i

— a3 (Vo VM + M) M)z dr—ar [ VMR e

+ o (y, (3, APMy ) My + My, A*y) My + (Mo, A*M) y), » dt

— Y (3, M2 x Voy)pa di+ o (|Vy[F> = [Ay[T5) dr

NG SEATARTES MRS
where (y,V,y);2 =0 and by (5.2),

Vylg2 <87yl + 1Ayl

for 6 € (0,1).

For the Stratonovich and Itd correction terms,

Y (0n (Ve )92 +Vedlia) = = Y (v (diven) Ve, )2
k k

S 5! Z |gk|€vl¢w(Rd;Rd) Miz + 5|V)"]i2
k
S M]iz +5|Ay|i2'

Also, for the diffusion term,

Y (0, (diver)y)ia

Z <y7 ngy>i2 =
k k

<

= =

. 2 2 2
Z |d1ng|]L2 |y|IL°° |y|L2
k
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< 22};, |gk|/%_]1(Rzl;Rd) Mih
where the right-hand side has finite expectation, implying that the It6 integral is a well-defined continuous
martingale.
We estimate the main drift part below.
(», My x Ay — aMy x (y X hez) — YM> x V,y); 2
= (1Mo x Ay)po — oy, Mo X (y x hes)) 2 — ¥ (3, M2 X Viy)p
< iz +68lAviE.,

and
(y,Mz x A%y), 5 = (y X AMp, Ay) > +2(Vy x VM, Ay)p 2
< |y|e|AMa | 2 |AY| 2 + 2| VY|4 | VM2 | 4| Ay|y 2

3,.d
7ty
L2

< M|yl ¥ AV (VM ) F )
< <|AM2ﬁ:d T IAM R + VM| ) b2+ 81
Similarly, for the o terms,
0y (Vo V(M) +M2)) My )2 < [y[Le | VY2 V(M1 + M) 2
< i 912 AV [V (M + M) 2

3.4 1.d
S I IAYIE V(M + M)l
8

S IVIMy +M2)|£Ed Miz + 5|Ay\i2,
and

(0, (0 A My )My ), = ((y- M1)y, A°My ) 5
= ((Ay-My)y+2(Vy-VMy)y+ (y-Mi)Ay, AMy); »

+2<(Vy~M1 +y~VM1)Vy,AM1>]L2 +/Rd (y,AM1>2 dx
< 2(|ylL=|Ay|e2 +[Vylia) [AM ]2
+4[y|L= VYl a | VM [ L4 |AM, [ 2 + [yIE-[AM |}

< 1ol d A Lk STNTEAS SEIINESS PN 2
Sl AV FIAM [+ { IvlEs 1AV * 4 Il P AV, ) VMg

32

< (|AM] 94 v, H) a4 81y,
(» <M2,A2M2>y>L2 = <|y|2M2,A2M2>L2
= [ IPIAM P 2 ((y- Ay + V3 )Mo+ 2(y- V) VAda, M )
<2 Iyl [Avl2 + V¥ + 20yl V31 VM) AV 2 + [y R |AMa 25

1, 3d
2%

-4, 1+4 2-¢, ., ¢ 33
<5 H ' |AM2|U+(|y|L2 vl iE ¥ )|VM2|H1|AM2|L2

32

_8 _32
< (lAleﬁz‘f n Vleﬂgf.”) 151y,
For the Azy term,
(0, (Mo, A°yYMy ), > = {(y- M) M2, A%Y),



STOCHASTIC LANDAU-LIFSHITZ-GILBERT EQUATIONS FOR FRUSTRATED MAGNETS UNDER FLUCTUATING CURRENTS 25

= [, (@) ay.aa)
+ <(y-AM1)M2 + (y-Ml)AMz +2(y~ VMl)VMz,Ay>]L2
+2((Vy-VM)M> + (Vy-M1)VM>, Ay); »

< [, (@) (8. 0r) ax
+ [yl [Ay[2 ([AM |2 + [AM: |2 + [VM | 14| VM2 4)
+2|Vylpa|Ay|p2 (VM |4 + VM2 4)

< [, () (a9, 01)
1-4 1+4
eyl Al T ([AM] 2 + |AM: | + VM [ [ VM|
1_d 3.4
+elylfs 1A * (VMg + VM)
< [, @) (a0} a3,
8
+e(871) (|AMi |2 + [AMa |2 + VM [gg1 VMo |z ) 57 |37
16
+e(871) (VMg + VMol )32 [y]7,
where

[, ) (e} ax =3 [ () (VM + (2, 000)) s

1
=5 [ (M) (IVM 4 (M1, AM)) dx

1
=5 |, (@5) (VM -+ (0o, 801)) i
1
+§/Rd (Ay, M2) ((V(M1 +M2), = Vy) + (M2, Ay) = (,AM)) dx
< S|l Yl (IVM[E + [AM: |2 +[AM:| )

1 1
3 |AY| 2| Vy[a |V (M) + M) s + 3 \Ayhiz

1-4 1+4
|A)’|i2 —|—c|y|L2 * |A)’|Lz N (|VM2|12HI1 + |AM, |12 + |AM2|JL2)

<
1-4 Ay 3H8
clylfs PAYlLs ¥ V(M1 +Mo) |

< |AJ’|]?‘2 + C5‘A)’|]iz

+ NI= A+ N= A+

_8 16
c(87h ((VMZ]%I. + [AM, |12 + [AM: |1 2) 57 4+ |V (M) +M2)I;11“’) |y\i2.

Thus,

1 1
SO <00bOR: a8 - 1) Ok &= K (Vo). b
k

for some constant c¢; and

0(r) = c(h,57") (1+ VM1 [%, +[VM]E, ).

for some ¢ € [2,%0) depending on d. Since VM, VM, in L*(Q;L=(0,T;H")), we have [j ¢(r) dr < oo,
P-a.s. Let d be sufficiently small such that ¢; 6 — % < 0.
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If divgy = O for all k, then applying Gronwall’s inequality directly and using the fact y(0) = 0,

T
YO < [y(0)F2l0 ¢4 =0, Pas.

Otherwise, let X (¢) := 3 |y(t) |ize’2f5¢(3‘) 45, Then we have

1 D rsman 1 o

dx(’)=§<d|y(t)liz»e 2o d >+§<|Y(f)|iz,—2¢(t)e 2f0¢()d>
I o
+§<d|y(t)|]iz,de 2f0¢(‘)d>

< —e 2O EY (3 v y) AW,
k

where the process M(t) ==Y g e 2J00(s) ds (v, Vg, y dWy)y 2 is a martingale. Hence, E[X (r)] <E[M(r)] =0,
implying that

E[ly(t).] =0, tel0,T].

This proves the pathwise uniqueness of the solution of (2.3), concluding the proof of Theorem 2.1.
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APPENDIX A. PRELIMINARY ESTIMATES
A.1. Useful formulae. Let u,w € H? and f,g € H'(R%;R?), d = 2,3. Then

(Vo)(uxw) =Vauxw+uxVgw,

d d
(Vg)zu = Zg%&iqur Z gigjaiju + vagu,
i=1 i,j=1,i#]j

d
Vf(Vgu) = Z fl’gja,'ju-i-VVfgu.

ij=1
For u,w with suitable decay properties,
(A.]) (Vyuw)r = —(u,Vyw+ (divw), »,
d
(A.2) <Vfu,ng>L2 = — Z <ﬁgj8,-ju+8j(ﬁgj)8,-u,w>u .
ij=1
By (A.1), for f € W2=(R%;RY),
1 .
(A.3) <u,Vfu>L2 =—3 ((divf)u,u)y2
and
— <|u\2u,Vfu>L2 = <Vf(|u|2u) + (din)\u|2u,u>]L2
=3 <|u|2Vfu,u>L2 + <(divf)|u|2u, u>L2
1 .
= (@) ).
which imply
1 .
(1= P,V gy = 5 [ (@ivg) (ul* = 24uf)
(A.4) R

1 : 2y2 1 .
_Z/Rd(d1vf)(1—|u| ) dx—Z/Rddlvfdx,
where [psdivf dx = 0 if f vanishes at infinity.

27

Without loss of generality, assume that j is supported on the (open) unit ball. Let B (x) denote the open

ball of radius € > 0 centred at x € RY. Then for weighted L2-norm,

2
ety = [ plx) dx
< (L o 0 w) ([ il Ppo) @) plo) ax,
where p~!(y) = (14 |y[?)? is bounded from above by (1 + (|x| +€)?)? in Be(x), implying
[ dels=np  0p) dy < (1 (b + 2200 [ Gelx—n) dy
Be(x) Be(x)

s(x
(1+ (| +2)*)p(x)
c, Vxe RY.

/BS(X) Je(x—y)u(y) dy

<
Thus,

ey <c [ [ jete=yla)Pp(y) dy ds

(5) — [, (it @) ) Po0) @

2
= c\u|L‘2).
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Similarly,
<J6”7W>Lg = (u,Je(wp)) 2
(A6) = {uJew)yz + (i, Je (wp) = wp)po + (1w —Jew) 3
< <”7J8W>]Lg + |ulp2[Je (wp) —wplp2 + |M|L%, [Jew —wlr2,
where the last two terms converge to 0 as € — 0 for u,w € L2,

A.2. Estimates for mixed partial derivatives.

Lemma A.1. Let u:R? — R3 be a sufficiently smooth function with suitable decay properties. Then

(A7) fl |02ul?, < |Aul?, fl |0hjul? > < Aul?,.
i= ij=
Let f € W?=(R%R). Then fori,jc {1,...,d},
(A.8) (9, foju) > S 10ulfs +0%ul 2 + |dhjult 2,
(A.9) <8i23j2u,f8,-u>u < |9,~u|i2 + |3i2u|i2 + \3j2u|i2 + |9,-ju|i2,
(A.10) (97 9ju, fou) > S |0wult, +107uls 2 + |dijulf 2,
(A.11) <8i38ju,f8ju>L2 < |8ju|]i2 + |8i2u\i2 + |8j2u|%_2 + \8,-ju|i2.

Proof. For the inequalities in (A.7), we first observe that
|8,-ju|ﬁ2 = <8,»2u, 81»2u>]L2 .
Then we have
d d d
Z |8i2u|]12‘2 = |Au|i2 -2 Z <8i2u,8jzu>]Lz = |Au\i2 -2 Z |3,-ju|i2 < |Au|ﬁ2,
i=1 ij=1,i#j ij=1,i#j

and as a result,

d d d
1
2 212 212 2
X 19z <5 (Zl Rul, + 1|ajuy> < [Auf,.
ij= i= Jj=

In order to deduce the inequalities (A.8)-(A.11), we first observe that
(A12) (02, R 2 = — (07,0, f OPut fROu), . = —% (02,0, f P,
Then for (A.8),
<8i4u,f3ju>L2 = (0fu, 0} f dju+ fIrdju+20;f Oiji)y 2
= (0u, 07 f dju+20,f dju);» — % (97u,0;f otu)y»
S 10jults + 07 ulf + [yjulf»,
where the second equality holds by (A.12). Similarly, for (A.9),
(0707u, fu) , = (9u, 0} f Au+ fO;u+20:f dfu),
= (97u, 07 f du~+20,f 0}u),» — (9if dju,07u) , — (f 0id7u,du) ,
= <3j2u, O*f du+oif 8,-2u>]Lz — (O, 3j2 (fafu) >]L2
= (97u, 07 f du+0if 0fu)y » — (9,07 f 9Pu) , —2 (O, ;f 9;07u),
— <fc9,-u,(9,-25’jzu>]Lz

1
<c9]-2u,8,-2f a,‘u—|— 8,f 8l~2u>]L2 - E <8l-u, 8J2f 8,»2u>]L2 - <8,-u, 8Jf 8j8i2u>]L2

N =
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1 1
=3 <8,~u,<9,~2f a}u - (9j2f 3i2u>]Lz + 3 <aj~2u, aif 8,-2u>]L2 + <8j2f diu+0;f d;ju, 3i2u>]L2
S 10uulf > + 107 ulf > + 197 ul? > +19ijulfa,

where the fifth equality holds since the last term in the fourth equality is the negative counterpart of the
left-hand side. For (A.10),

<ai3aju7f8iu>]L2 = <a,-ju, 8i2(faiu)>L2
<aiju7ai2f 8,Lt—|—f c9,~3u+28,~f ai2u>]L2
<aij1/i; aizf &,u+29,f ai2u>]Lz - <ail/t, 8jf al.3u>]Lz — <aiu7f3,-3aju>u

= 3 Q.07 f Ot 2047 )y — 5 (33 )
= 3 @07 f )+ (e hf Oy 3 (331 Pt 3y S, 3P
N |ai”|ﬁz + |3i2'4\i2 + |3ij”|§_2~
For (A.11), the derivation is similar to that of (A.10) and we obtain
(300, )2 = 5 (A, 9P D)+ (e, hf A+ 5 (OhF Ot 0y f By )
S |aj“|]2L2 + \8,~2u|]i2 + |<9j2’4\2 + |9iju\iz7

concluding the proof. O

This lemma allows us to treat a higher-order term (A?(V su),V su). Note that
) d
A*(Vyu) =V p(A%u) +4 Z 0ifi0ij(Au)+2 ( Var(Au)+2 Y 0ijfidijku

i,j=1 i,jk=1
d
+(4)

= Vf(Azuu) +4T14(u) + 2T 15 (1) + T1c(u).

a,'(Afj)a,‘ju + VAzfu>
1

For f € H*(R%;R?), using Lemma A.1 we have
(T1a(w), Vyu) 2 =Y (9if;0:(Au), V )y o
i,J
,S |f|‘2)[/leo(Rd;Rd)|Vu|§ﬂl7
(T1p(u),Vpu)» = (Vap(Au),Vpuy , +2 Z (04 fic Oijku, V pu)y »

—(Au, vAffo(def)Vfu —2Y" (9iju, 0 (9 fiV su) )y 2
(A.13) ik

2 2
5 |f|W21°°ﬁW3~4(]Rd-Rd ‘VU|H17

<Tlc( ) Vfu L2 —42 Afj 3,114 Vfu> +<VAzfu,Vfu>L2
i,j

2 2
S |f|W2°°mW3 ANHA(RRY) |V”‘]HI1’
<A2M,VfM>L2 ~ |f|W2°° RY; Rd |Vu|]1-]117

where | fly2e(rara) + |flwaa(rard) S |flpsrara)y for d < 3. The estimates (A.13) help us to address It
corrections in Step 2(ii) of the proof of Lemma 3.2.
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APPENDIX B. ON THE TORUS

For equation (2.3) formulated on the torus T¢ C R?, Theorem 2.1 still holds with T¢ in place of R¢. Since
the domain is bounded, the proof can be simplified in this case. In this section, let IL” and H° denote
the usual Lebesgue and Hilbert spaces LP(T¢;R3) and W?(T¢;R?), respectively. We can work with
M directly and only need Faedo-Galerkin approximations {M,} with a cut-off function yg that depends
on |M(t)|L~ instead of |M(t,x)|>. More explicitly, let {e;} be an orthonormal basis of I.? consisting of
eigenvectors of the negative Laplacian —A in T¢ and let H, := span{e;,...,e,}. Let IT, be the orthogonal
projection from L onto H,,, and we formulate the approximating equation:

1 (==} (=)
(B.1) dM,(t) = FnR(Mn(t)) dr + D) Z Sk,n(Mn(t)) dr + Z Gk,n(Mn(t)) de(t)u my (0) = IT,my,
k=1 k=1
where
ERH, 3 u— wr(|u|p=)TL,F (1) —T1,V,u € H,,
SkJ, H,>u— HnSk(u) € H,,
Gk,n H, > u— HnGk(u) € H,,

are locally Lipschitz. The uniform estimates can be obtained as in Lemma 3.2, and tightness and compact
embeddings hold for the usual Lebesgue and Sobolev spaces without weight or localisation. Then, for the
new processes M, and M (deduced from Skorohod theorem) with strong convergence in L?”(Q; L (0, T;1.2)),
convergence of the cut-off function WX = i (|M,|1~) — W& = wr(|M|L~) in L?P(€;L%(0,T)) is immediate
from Gagliardo-Nirenberg inequality:

W (1) = 0% ()| < sup [Wr )] | 1My (1)1 — M (1) |
ye
< M () — M(1) |~

< Wty (1) — W1(0) |15 ¥ () — M (1)

Thus, we obtain similar convergences to Lemma 4.1 in > = L?(T%;R3) without knowing y® () = 1, and
then we can deduce the existence of weak martingale solution to

g . Lo . 1 Lo to 8
(B2)  M(t)=My+ /0 (§RF (M) —V,M) (s) ds+§; /0 Sk(M)(s) dH—; /0 Gi(M)(s) AW (s).

Finally, |M(t,x)| = 1 (and thus y®(¢) = 1 for R > 1) for a.e.-(,x), P-a.s. can be shown using a similar but
simpler calculation to Lemma 3.3, and the pathwise uniqueness follows as in Section 5.2.
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