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Abstract

We use the isomorphisms between the 2-matrix and Drinfeld presentations of the quan-
tum affine algebras in types B, C' and D produced in our previous work to describe finite-
dimensional irreducible representations in the R-matrix realization. We also review the iso-
morphisms for the Yangians of these types and use Gauss decomposition to establish an
equivalence of the descriptions of the representations in the 2-matrix and Drinfeld presen-
tations of the Yangians.

1 Introduction

The Yangians and quantum affine algebras associated with simple Lie algebras comprise two
remarkable families of infinite-dimensional quantum groups, as introduced by V. Drinfeld [9]
and M. Jimbo [17]. Both families have since found numerous connections with many areas in
mathematics and physics, they possess rich and versatile representation theory.

Finite-dimensional irreducible representations of the Yangians were classified by Drinfeld in
his paper [11] by relying on the pioneering work by V. Tarasov [27], [28]. The classification in
[11] uses a new presentation of the Yangians and quantum affine algebras which is now often
referred to as the Drinfeld presentation and which was used by V. Chari and A. Pressley to
classify finite-dimensional irreducible representations of quantum affine algebras [6, Ch. 12].

A different kind of presentations of these algebras known as R-matrix presentations goes
back to the work of the Leningrad school of L. Faddeev; see e.g. [12], [23], [25] and [26]. In
accordance to Drinfeld [10], such presentations can be produced from the universal R-matrix
associated with a quantum group and they can be associated with arbitrary finite-dimensional
representations. This approach was developed further in a more recent work [29].

Explicit isomorphisms between the R-matrix and Drinfeld presentations of the Yangians in
type A were given in the original work [11], while detailed proofs were produced by J. Brundan
and A. Kleshchev [5]. An analogous isomorphism for the type A quantum affine algebras is due
to J. Ding and I. Frenkel [8].

Despite of their importance in representation theory and applications, such isomorphisms had
remained unknown beyond type A until a recent work [15], [19], [20] and [21], where they were
produced for the remaining classical types B, C and D.



Our goal in this paper is to give a brief review of Yangians and quantum affine algebras
in types B, C and D and apply the isomorphisms to describe finite-dimensional irreducible
representations of these algebras in their [2-matrix realization.

In the case of Yangians, such a description was already given in [1], so that the isomorphisms
connect two sides of the representation theory and explain how additional symmetries of the rep-
resentation parameters arise from the Gauss decomposition of the generator matrices. However,
for the R-matrix realization of the quantum affine algebras the isomorphisms are essential to
get a parametrization of their finite-dimensional irreducible representations. A key step in our
arguments relies on a consistency property for the triangular decomposition of the algebra and
the Gauss decomposition of the generator matrices, which we establish in Sec. 3.2.4 by deriving
it from the defining relations. An alternative way can rely on explicit formulas for the universal
R-matrices which, however, leads to more involved calculations. This property has been known
for the quantum affine algebras of type A [22], so that the isomorphism of [8] connects the
descriptions of the representations given in [6, Sec. 12.2] and [14].

In the Appendix we give a modified version of the Yangian isomorphisms produced in [19],
which is based on the opposite Gauss decomposition of the generator matrix. This version can
be applied to make an alternative connection between the parameters of representations in the
two realizations of the Yangians.

We acknowledge the support of the Australian Research Council, grant DP180101825.

2 Representations of Yangians of types B, C' and D

2.1 Classification results

We will denote by g one of the simple Lie algebras of type B,,, C,, or D,,. Thatis, g = oy is
either the orthogonal Lie algebra with N = 2n 4+ 1 and N = 2n, or g = sp is the symplectic
Lie algebra with N = 2n. Choose simple roots in the form

QO = € — €41 for z':l,...,n—l, (21)
and
€n if g=o09,11
o, = { 2€, if g=sp,,
€n—1 + €n if g = 02p,
where €y, ..., €, is an orthonormal basis of a Euclidian space with the inner product (-, -). The

Cartan matrix [A;;] for g is given by

2(@1’, Oéj)

! (Oéi,Oéi)

(2.2)

We will use the notation
(Oéi,Oéi), 1= 1,...,71,. (23)



As defined in [11], the Drinfeld Yangian Y (g) is generated by elements x,,., &' and &;, with
1=1,...,nandr =0,1,... subject to the defining relations

Fips iz = 0,

ir) Vis

[ :;753_5] 57«] Hzr—f—s?

[’iwvéi] = (O‘way)g
[Kirp1r €8] = [Fip €5va] = ‘“’ (@005) (0 ek 4t ),
6,60 — 68, 6] = O‘“O‘f (i Eeher),
EXG: [€ivy | Z‘j;p@)"“[ ij;p(m7 Jis]]] =0,
rebm

where the last relation holds for all 7 # j, and we denoted m = 1 — a;;.
By the results of [11] (they apply to any simple Lie algebra g), every finite-dimensional
irreducible representation of the algebra Y7 (g) is generated by a nonzero vector ( (called the

highest vector) which is annihilated by all &;. and is a simultaneous eigenvector for all &;, so
that
'%irC = dier dir e C.
Furthermore, there exist unique monic polynomials P;(u), ..., P,(u) in u such that
ad Pi(u+r;) ,
1 dipu "= "2 Y =1,...,n.
+ 7;0 U 2 (u) ? n

Equivalently, every finite-dimensional irreducible representation of the algebra Y (g) is gener-
ated by a nonzero vector (’ (the highest vector with respect to the opposite triangular decompo-
sition) which is annihilated by all §;. and is a simultaneous eigenvector for all x;, so that

"iircl = di/rC/’ dzlr eC.

Furthermore, there exist unique monic polynomials Q1 (u), . .., Q,(u) in u such that
= —r— Qz(u) .
1+ du = o1 (2.4)
Z%) Qi(u+1y)

All possible n-tuples of monic polynomials (P;(u), ..., P,(u)) and (Q1(u), ..., Q,(u)) arise in
this way. The equivalence of the two parametrizations is seen by using the automorphism of the
algebra Y (g) defined by

o (1)

ir ir

gz_r = (_1)T+1 ; Kipr > (_1)r+1 Rip.

)



2.2 Gaussian generators and isomorphisms
Introduce the following elements of the endomorphism algebra End CV ® End C¥:
N N
P = Z €ij X €j; and Q = Z Ei€j €45 (059 €irjy
i,j=1 6j=1

where ¢;; € End C* are the matrix units, and we use the notation 7’ = N + 1 —iand sete; = 1
in the orthogonal case, and
{ 1 for 1=1,...,n,
g =

1 for 1=n+1,...,2n,

in the symplectic case. Set

N/2 -1 in the orthogonal case,
K =
N/2+1 in the symplectic case.
Following [30], consider the R-matrix R(u)
P
Rlu)=1-—+ ©_ 2.5)
U u—K

The extended Yangian X(g) is defined as a unital associative algebra with generators tg) ,

where 1 < 4,7 < Nandr = 1,2,..., satisfying certain quadratic relations. Introduce the
formal series

tij(u) = 8y + 17w € X(g)[[u] (2.6)
r=1
and set
N
T(u) = ) e ®tij(u) € EndCY @ X(g)[[u™]].
ij=1

Consider the tensor product algebra End CY @ End C ® X(g) and introduce the series with
coefficients in this algebra by

N N
Tl(u) = Z €ij RK1® tw(u) and TQ(U,) = Z 1® €5 X tij (U) (27)
i,j=1 i,j=1
The defining relations for the algebra X(g) are then written in the form
R(u —v) Ty (u) Ty(v) = To(v) Ty (u) R(u — v). (2.8)

The Yangian Y(g) is defined as the subalgebra of X(g) which consists of the elements stable
under the automorphisms

pr:T(uw) = f(u)T(u), (2.9
for all series f(u) =1+ fiu™' + fou=?+--- with f; € C. Equivalently, Y(g) is isomorphic to
the quotient of the algebra X(g) by the relation

T'(u+r)T(u) =1, (2.10)

where t denotes the matrix transposition with e}; = ¢; ¢ ejs .
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2.2.1 Isomorphisms

Apply the Gauss decomposition to the matrix 7'(u),

T(u) = F(u) H(u) E(u), @.11)
where F(u), H(u) and E(u) are uniquely determined matrices of the form
1 0 ... 0 1 en(u) ... en(u)
F(u) = f21.(U) 1 O : E(u) = O 1 62N.(U) ,
for() fralw) ... 1 0 0 ... 1

and H (u) = diag {hl(u), Ce hN(u)} Define the series with coefficients in Y(g) by

) = i — (i = 1)/2) " g (u— (i — 1)/2)

fori=1,....n—1,and
B = (0= 1)/2) " s (w— (0~ 1)/2) for oot
() = $ (= 1/2) " B (= n/2) for sp,,
Bt (= (0= 2)/2) " s (w— (0 —2)/2) for ooy

Furthermore, set

& W) = fini(u—(0-1)/2), & @) =eim(u—(i—1)/2)

forer=1,...,n—1,

fn+1n(u —(n— 1)/2) for 09,41
n (0) = fn+1n(u - n/2) for  spy,
frotin-1 (u —(n— 2)/2) for 09,
and
Ennil (u —(n— 1)/2) for 09,41
& (1) = § 3ennt (U - n/2) for  sp,,
€n—1nt1 (u —(n— 2)/2) for o09,.
Introduce elements of Y(g) by the respective expansions into power series in u ™,
ki(u) =1+ i kw0 and EF(u) = i EEut (2.12)
r=0 r=0
fori = 1,...,n. According to [19, Main Theorem], the mapping which sends the generators

k;, and &~ of YP(g) to the elements of Y(g) with the same names defines an isomorphism
Y7(g) = Y(a).



2.2.2 Central elements of the extended Yangian

A presentation of the extended Yangian X(g) in terms of the Gaussian generators is given in [19,
Thm. 5.14].! By [19, Thm. 5.8], all coefficients of the series

[Mhitu+rs =) JJhi(u+r—i+1) hpsr(w) b (u—1/2) if N=2n+1
2w) =00
[ riu+r—=0)" T]hilu+r—i4+1) hoppa(u) if N =2n,

i=1 i=1

belong to the center C of the extended Yangian X(g). Moreover, these coefficients generate the
center and we have the tensor product decomposition

X(g) = Y(g) @C.
The following identity holds in X(g):
T(u + ) T(u) = =(u),

so that the Yangian Y(g) is isomorphic to the quotient of X(g) by the relation z(u) = 1. We will
record the relations which follow from the arguments in [19, Sec. 5.3].

Lemma 2.1. In the algebra X(g) we have

hi(u+ k) hy(u) = z(u), (2.13)
hl(u + K — ’L) hy(U) = hi+1 (u + K — Z) h(z’—i—l)’(u); (214)
wheret =1,... ., nfor N =2n+1,andv=1,...,n —1for N = 2n. ]

2.3 Highest weight representations

Definition 2.2. A representation V' of the algebra Y(g) (or X(g)) is called a highest weight
representation if there exists a nonzero vector ( € V such that V is generated by ¢ and the
following relations hold:

tij(u) ¢ =0 for 1<i<j<N, and (2.15)
G C=Nw) ¢ for i=1,...,N, (2.16)

for some formal series \;(u) € 1 + u~*C|[[u"]]. The vector ( is called the highest vector of the
representation V. O

'Note that the formulas in [19, (5.4) and (5.47)] should be corrected by swapping the order of the factors on their
right hand sides.



The following classification theorem for finite-dimensional irreducible representations of the
Yangians in types B, C' and D was proved in [1] in terms of their R-matric presentation. We
will use the isomorphisms of [19] which we recalled in Sec. 2.2.1, to make an explicit connection
between this theorem and the results of [11]. Note that such a connection was already established
in [15], where isomorphisms between three presentations of the orthogonal and symplectic Yan-
gians were constructed. However, those results did not use the Gaussian presentation which we
will rely on in our arguments.

Theorem 2.3.  [. Any finite-dimensional irreducible representation of the algebra Y (g) is a
highest weight representation. Its parameters satisfy the relations

; P, 1
Ml _Bletd) 2.17)
Ait1(u) Pi(u)
and
An (1) P.(u+1/2)
= or type B,,,
Nl Py PP
An(u)  Po(u+2)
for type Cy,,
n+1( ) P (u)
—1(uw)  Pu(u+1)
for type D,
n+1(u) P (u)
for some monic polynomials P;(u) in u.
2. Every n-tuple (Pi(u), ..., P,(u)) of monic polynomials in u arises in this way.
3. The series \;(u) satisfy the relations
)\i (U + K — Z) )\,L/(U) = )\¢+1 (u + K — ’l) )\(Hl)/(u), (218)

wherei = 0,1,...,nfor N =2n+ 1, andi = 0,1,...,n — 1 for N = 2n, and we set
Ao(u) = Aor(u) := 1.

Proof. Using the isomorphism Y?(g) = Y(g) and the classification results recalled in Sec. 2.1,
we find that any finite-dimensional irreducible representation V' of the algebra Y (g) in types B,
and C,, is generated by a vector ¢’ such that

ei,,qu(u) C/ =0 for = ]., e, N, (219)
hi(w) ¢ = X(u) ¢ for i=1,... n+1, (2.20)
for some formal series \;(u) € 1 + v~ 'C[[u]]. For type D,,, the same conditions hold, except

that relation (2.19) with ¢ = n should be replaced with e,,_1 ,1(u) ¢’ = 0. Indeed, for all types,
relation (2.19) is clear from the definition of the highest vector (', while (2.20) follows from the



condition that {’ is an eigenvector for all series x,(u) withi = 1,... ,nand z(u)(’ = (. Now,
Lemma 2.1 and [19, Lem. 5.15] imply that

e;j(u)¢' =0 for i<j
hi(u) ¢ = Ni(u) ¢ for i=1,...,N,

for certain formal series \;(u) € 1 + v~ 'C|[[u~"]] satisfying identities (2.18). Finally, note that

the values of the parameters (2.3) are found by r; = 1 fori = 1,...,n — 1, while r,, = 1/2 for
type By, r, = 2 for type C,,, and r,, = 1 for type D,,, so that conditions in Part 1 of the theorem
follow from (2.4). [

Corollary 2.4. All statements of Theorem 2.3 hold in the same form for the extended Yangian
X(g), except that the value i = 0 is excluded for the conditions (2.18).

Proof. The proof of the theorem obviously extends to the algebra X(g). Relation (2.18) with
i = 0is now replaced by the property that the series z(u) acts in the highest weight representation
as multiplication by A\ (u + ) Ay (u). O

Remark 2.5. Tt is clear that the arguments used in the proof of the theorem can be reversed, so
that the classification theorem for the Yangian representations in types B, C' and D proved in [1]
implies the corresponding results of [11]. ]

3 Representations of quantum affine algebras

3.1 Classification results

We will suppose that ¢ is a transcendental complex number and set ¢; = ¢" forv = 1,... n,
with r; defined in (2.3). The Cartan matrix of the simple Lie algebra g of type B,,, C,, or D,, is
given by (2.2). We will use the standard notation

_ ¢ —q*

3.1
q—q! G-b

[Kq

for a nonnegative integer k&, together with

i k k),

q*

The quantum affine algebra U ,(g) (with the trivial central charge) in its Drinfeld presentation
is the associative algebra with generators T a;; and kiﬂ fori =1,...,nand m,l € Z with

i,m>

[ # 0, subject to the following defining relations:

kz’kj = kjki; k; A 1 = Gj1 K, A;m A1 = Q5 10;m,
+ -1 FAy o+ +7_ [(mAile o
ki Tim ki~ =gq G,mo [ 95]',1] == Ljm+s

m
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+ + +Ai; + 4 _  FAy 4+ + + +
mi,erlxj,l — g xj 1Tim+1 = 4 L m‘rj I+1 xj,lJrlxi,m?

+ -1=3, wi,erl — ©im+l
['rz ,m’ ],] ij ¢ — qfl )
1 [
+ + .+ + _ : :
Z Z [ ] Z »Sw(1) xivsﬂ(l)xj’mxivsﬂ(l+l) e xivsﬂ'(r) o 0’ t # ‘]’
TeS, =0 qi

where in the last relation we set = 1 — A;;. The elements 1) ,,, and ¢; _,,, with m € Z are
defined by

= i Yimu " = k; exp ( Z a; su 3), (3.2)
m=0

= i Oi —mU" = ]{;i—l exp( —q; Z a; —sU ) 3.3)
m=0

whereas 1; , = ©; _p, = 0 form < 0.

Remark 3.1. For the Lie algebras g of types C,, and D,,, it will be convenient to work with
an extended quantum algebra obtained by adjoining the square roots k'/2 and (k,_1k,)*'/?,
respectively. Accordingly, we need to add the defining relations

1/2 .+ 1/2 _  £Ap; .+
k., ]mkn =q "M,

for type C,, and
O L Y T e

for type D,,, while the new elements commute with all the remaining generators. L
As explained in [6, Sec. 12.2], the algebra U,(g) admits a family of sign automorphisms

such that the composition of any finite-dimensional irreducible representation with a suitable
automorphism of this kind is isomorphic to a type 1 representation. Such a representation is

generated by a vector ¢ which is annihilated by all z;",, and is a simultaneous eigenvector for all
k; and a; ;. Furthermore, if the series ®;(u) € C[[u]] and U;(u) € C[[u""]] are defined by
pi(u) ¢ = ®i(u)¢ and Yi(u) ¢ = ¥,(u)C,
then there exist unique polynomials P (u), ..., P,(u) in u all with constant term 1 such that
- Pi(ug?
0) =R <, =L

where the equalities are understood for the expansions of the rational functions in v as series in «
and v, respectively”. Every n-tuple of polynomials (P (u), ..., P,(u)) in u, where each P;(u)
has constant term 1, arises in this way.

2The roles of u and u ' are swapped in our notation as compared to [6, Sec. 12.2].
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The above classification of finite-dimensional irreducible representations of U,(g) is valid
for any simple Lie algebra g. Note also that the corresponding results of [6, Sec. 12.2] apply
to centrally extended algebras U,(g), which show that the central element acts trivially in any
finite-dimensional representation. For this reason we only consider the quotients of the quantum
affine algebras by the relation specifying the value of the central element as equal to 1.

3.2 Gaussian generators and isomorphisms

To define R-matrix realizations of the quantum affine algebras, introduce elements of the endo-
morphism algebra End C¥ ® End C¥ by

N N
—_ f— 577
P=> e;®e; and Q= ¢ ecieny ey,

i,j=1 i,j=1

where ¢/ = N 4+ 1 — 4, as before, and

(TL—%,...,%,%,0,—%,—%,...,—714-%) for g = O2p41
(1,2,...,N)=<(n,...,2,1,—-1,-2,...,—n) for g=sp,,
(n—1,...,1,0,0,—1,...,—n+1) for g = o0y,
Furthermore, introduce the R-matrix by
N
R=gq Z €ii Q€+ enpinr1 ® €nyipt1 + Z €y X ej; + q_l Z €ii & €y
i=1,ii’ 5.5 i
=g D ey ®ei—(a—q ") ¢ eigjeny @ ey,
i<j i>j

where the second term €, 1 5,41 ® €541 41 should be omitted if N = 2n. This formula goes back
to [2], [3], [18] and [26], which appeared along with the spectral parameter-dependent R-matrix

Reu) = (0= DR+ (g - a (P~ "= ), G4
where
I g Nt if g=on
e _{q—M if g=sp,,.

The corresponding two-parameter R-matrix R(u,v) = v R(u/v) can be written as
N N
R(u,v) = (ug® —vg™) > ey @eji+(q—q ") . (udicj +v655) € @ €ji

i,j=1 i,j=1

N
Z dij (u, U) eiryr & €, (3.5)

u—vé et}
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where J;; or d;-; equals 1 if the subscript inequality holds, and 0 otherwise, and

(g —q Hévgeie; for i<y
—qg YHugeie; for i>j
O T o (3.6)
(1 —q¢)(u+wvql) for i=j, i#7
(1 —q¢H(ug+vé) for i=7j=71.

Observe that by setting d;;(u,v) = 0 we recover the trigonometric R-matrix for type A. Note
also that if N = 2n, then the equality « = ¢’ is impossible, so that the last case in the definition
of d;;(u, v) does not occur.

The quantum affine algebra UR( ) (with the trivial central charge) is generated by the ele-
ments li[:Fm] with 1 < 4,7 < N and m € Z subject to the following defining relations. We
have?

Z;;[O] =1;[0] =0 for i<} and 110]1;;[0] = 1;;[0] I;5[0] = 1, (3.7

while the remaining relations will be written in terms of the formal power series
Z lzj Fmlu (3.8)

combined into the respective matrices
Z €ij ®l ) € EndC" @ U (@)[[u,u"]).
i,7=1

Consider the tensor product algebra End C" ® End CV @ U’(g) and introduce the series with
coefficients in this algebra by

L (u Zezj®1®5() and Zl@e”@)li (u).

2,7=1 1,7=1

The defining relations then take the form

R(u,v) Ly (u)Ly (v) = Ly (v) Ly (u) R(u, v), (3.9)
R(u,v)L{ (u)Ly (v) = Ly (v)Ly (u)R(u,v), (3.10)
together with the relations
L*(u)DL*(ué)'D™! =1, (3.11)
where D is the diagonal matrix
D = diag [qT, . ,qﬁ]. (3.12)

3The condition i < j was erroneously replaced by the opposite inequality in [20, 21].
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3.2.1 Isomorphisms

By applying the Gauss decomposition to L' (u) and L~ (u) introduce matrices

1 0 ... 0 1 en(u) ... efy
faw) foa) .. 1 0 0

and H*(u) = diag [If (u), ..., h¥ (u)], such that
LE(u) = FE(u)H* (u) E* (u).

Their entries are found by the quasideterminant formulas [13]:

l1i1 (U) e li‘—1(u) lliz(u)
i B : : : .
hir(u) = () oo Gy(w) ()] i=1. N,
i) o La(w) o |l5(w)
whereas
lﬁ (u) ... l1ii—1(u) llij (u)
£ _ pE( -1 E E :
eij(u) = hi“(u) lin(u) S li{uq(u) liu(u)
FHw) ... o (u) li(u)
and " * +
n(u) .. 1i-1(u) 1i(u)
+00) E 5 : +0\—1
gt (u) = lill(u) liiflifl(u) liu(u) i (u)
l;ﬁ(“) e l;'ti—l(u) ljiz(u)

for1 <i<j < N. Set

Xj(“) = e;,riJrl(u) - e;i+1(u)7 X; (u) = zilz(u) - fi;l,i(u)a

fortr=1,...,n—1, and

ef (uw) —er o (u for types B, and C,,
X:(u):{ ) = ()
er—"L_fl,nJrl (U) - 6,:,17n+1(U) for type Dna
X () {f;r-i-l,n(u) — frin(u) for types B, and C',
n u) =
o1 (W) = faiino1(w) for type D;,.

12
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Combine the generators z7,, of the algebra U,(g) into the series

ai(u) = > xf,u™ (3.17)

meZ

By the Main Theorems of [20] and [21], the maps
ry(u) = (g — g )7 X (ug),
i(u) = hiyy(ug') by (ug') ™, (3.18)

@i(u) = by (ug') b (ug') ™,

fort=1,...,n—1, and
—1\—1[o]— (. n
(¢ — @ b) 1[2]%1/2Xn (ug™) for type B,
() = (g — @)X E (ug™th) for type C,,
(@n — @, ") " X (ug™™) for type D,,,
oy iq (ug™) by, (ug™) ™! for type B,
Un(w) = S oy (ug™ ) by, (ug™t) =t for type C,,
P (ug™™ 1) hyy g (ug™ 1)t for type D,
bty (ug™) bl (ug™) ! for type B,
on(u) = St (ug™™) bt (ug™t) ! for type C,,
bty (ug™ ) By (ug™ 1)1 for type D,

define an isomorphism U,(g) — U%(g).

3.2.2 Central elements of the extended quantum affine algebra

The extended quantum affine algebra is defined by the same presentation as the algebra UqR(ﬁ),
except that the relation (3.11) is omitted. It was shown in [20] and [21], that this algebra can
be explicitly described in terms of the Gaussian generators by producing complete sets of rela-
tions. We will denote the extended algebra by UZXt(ﬁ) and identify its R-matrix and Gaussian
presentations.

The maps described above can be understood as an embedding ¢ : U,(g) < U*(g) so that
we can regard U,(g) as a subalgebra of U®**(g). This subalgebra can also be described with the

q
use of the multiplication automorphisms

pp o UFN(G) = U(G),  L™(w) = f(u) L (u), (3.19)

where N
frw) =" fFlEmle™™, ff[FmleC,  fH0]f7[0] = 1. (3.20)

m=0

13



Namely, the image of U,(g) under the embedding ¢ consists of the elements in U¢**(g) which are
fixed by all automorphisms of the form (3.19).
All coefficients of the series 2% (u) given by

n

H u§q2l 1H hi ufqm ) hi—u( )his-l(UQ) for N =2n+1,

1= =1

H R (uéq*)™! H R (uéq*?) -h,irl(u) for N = 2n,
i=1 =1

u) =

belong to the center of the algebra Ug*(g). If N = 2n then the constant terms of the series
2% (u) are the central elements z*[0] = [ [0] 1, ,[0]. In this case we will extend this algebra by
adjoining the square roots z*[0]'/2. Then in all three cases there exist power series ¢*(u) with
coefficients in the center of U (g) such that (*(u) (¥ (u&) = z*(u). Under the automorphism
(3.19) we have

pp s CH) > FEu)CE ().
This implies that the coefficients of the entries of the matrices (*(u)~!L*(u) belong to the

subalgebra U,(g) C U™ (g). Therefore, if C denotes the subalgebra of U™ (g) generated by the
coefficients of the series (*(u), then we have the tensor product decomposition

Ut (@) = Uy(@ ®C,

assuming that the algebra U,(g) is extended by adjoining square roots in types C,, and D,, as in
Remark 3.1. In the algebra U™ (g) we have

L*(u)DL*(u&)'D™' = 2% (u), (3.21)

so that the subalgebra U,(g) can also be regarded as the quotient of U*(g) by the relations
2*(u) = 1. The following relations are implied by (3.21), and they were essentially derived in
Sec. 4.5 of [20] and [21].

Lemma 3.2. In the algebra U (g) we have

B (ug) b (u) = 2*(w), (3.22)
hi (u€q™ ) iy (u) = By (u€g™) hig 41y (w), (3.23)
wheret =1,... ., nfor N =2n+1,andv=1,...,n —1for N = 2n. O]

Remark 3.3. Note that for the parameters d;;(u, v) defined in (3.6) we have d;/; (u, v) = d;;(u, v).
Therefore the R-matrix (3.5) possesses the symmetry property

RTT2(y, v) = Ry (u,v), (3.24)

where Ry (u,v) = PR(u,v)P, while T denotes the standard matrix transposition with e]; = ¢j;
and T, is the partial transposition applied to the a-th copy of the endomorphism algebra End C¥.
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We can use the R-matrix Ry (u,v) instead of R(u,v) to define the extended quantum affine
algebra UX'(g) in a way similar to Ug* (g), by using the relations

Ror(u, v) L ()L (v) = LEF(v) L (u) Ry (u, v), (3.25)

Ror(u, v) L (u)Ly (v) = Ly (v) LT (u) Ry (u, v), (3.26)

where we impose the opposite zero mode conditions

50 =15[0=0 for i>j and  If[0]1;[0] = I;[0]15[0] = 1. (3.27)

=1,
The symmetry property (3.24) implies that the mapping
Ei(u) — LF(u)”

defines an anti-isomorphism ﬁZXt(ﬁ) — Ug¥(g). Using the definition of quasideterminants, we
obtain the following formulas for the images of the respective Gaussian generators

Ef(u) = hi(u), ég(u) — ;f(u) and ﬁji(u) — eﬁ(u)

3.2.3 Hopf algebra structure

The quantum affine algebra UZXt(ﬁ) possesses a Hopf algebra structure defined by the coproduct

N
A5 (u) = Y L () ® I (u), (3.28)
k=1
the antipode
S LF(u) v LF(u)™ (3.29)
and the counit
e: LF(u) — 1. (3.30)

Proposition 3.4. In the Hopf algebra U (g) we have
A 2E(u) = 25 (u) @ 2 (u)

and

Sz (u) e 2 (u) (3.31)
In particular, U,(g) is a Hopf subalgebra of U (g). Moreover,

S LE(u) > 2 [E(ug?). (3.32)
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Proof. The formulas for the images of the series 2*(u) under the maps A and S follow easily
from the definition of 2% (u) and the Hopf algebra axioms. For the proof of (3.32) use the relation

L)™' = 22 (w) ' DL (ué)' D!
and apply (3.31). Furthermore, for the power series (*(u) we have

A CEu) > CHu) © CH(u),
and so
A(Uy@) C U@ ©Uy@.  S(Uy(@) € Uy@),
thus proving that U,(g) is a Hopf subalgebra of U™ (g). O

3.2.4 Consistency with the triangular decomposition

Denote by U,(g)™ (respectively, U,(g) ™) the subalgebra of U,(g) generated by the elements =7,
(respectively, x;,,), and denote by U ,(8)° the subalgebra generated by k! and a; ; together with
the additional elements in types C,, and D,,, introduced in Remark 3.1. The multiplication map
provides the triangular decomposition isomorphism

Uqg(8)” @ Ug(8)° @ Ug(8)" = Uy(@),

as proved in [4]; see also [16] for a generalization to quantum affinizations of symmetrizable
Kac—Moody algebras.

Here we aim to establish a key property of the Gauss decomposition by showing that it is
consistent with the triangular decomposition (see Proposition 3.8 below). We will rely on a few
relations for the Gaussian generators described in the following lemmas.

We will use a standard notation [z, y], = vy — gy for g-commutators and begin by proving
some g-commutator formulas; cf. [22, Lem. 5.6].

Lemma 3.5. Forany k < i < j < k' such that i # j' we have
et (w), e 0]] ) = (1= %) €5 (u). (3.33)

Proof. Due to the consistency property of Gauss decompositions for subalgebras as stated in
Prop. 4.2 in [20] and [21], we may assume without loss of generality, that £ = 1. Write the
defining relations (3.9) and (3.10) in terms of the series li(u) to get

(ug’ —vq™) I (u) Gy (v) + (¢ = q7") (ubicj + v 0ing) Ga (u) 1 (v)

u—v X n
— Oijr Z djk‘ u U)lk’ (u )lkb(v)

U — vf
= (g’ —vg ™) 15 (0) I (W) + (¢ — ¢7") (Wasp + v 6acy) U5 () L5 (1)

N
— Saly _ng:dcbuv (v) £ (u),
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and
(uq’ —vg™29) I (u) Ly (0) 4+ (¢ — ¢71) (wbicj + v 0is5) 1y (u) 15 (v)

u—v N

— Oy ——— Z djk(u,v)l,j,a(u) lip(v)

u—v =

= (ug™ —vg ) Ly () I (u) + (¢ — ¢71) (W8asp + v dacs) Uiy (v) 1 (u)

u—v N

c ; dep(u,v) . (v) 15 (u),
where d;;(u, v) are defined in (3.6). If 1 < ¢ < j and j # ¢/, then they give
(w = 0) 1§5(u) 5 (v) + (g — ¢ ") wl(u) I3;(v)
= (u—0)I5(0) () + (g — ¢~ vl (0) 5 (w).
By comparing the coefficients of v on both sides, we come to the relations
(w15 [0] = 155 (01155 (w) = (@ = ¢ )L [0) 155 (w). (3.34)
Similarly, assuming that 1 < ¢ < m and m # 1’, we get
(w =) 1§ () 1, (v) + (g = ¢71) wlif (u) I, (v)
= (u = 0) i, (V) 11 (W) + (@ = a7 ) vl (0) 1, (w)

_5ab’
u—"v

which yields
()l [0) = 17 [0] 157 (w). (3.35)
Since IF;(u) = Ii; (u) eF;(u), together with relation (3.34) this implies
eri(w)l;[0] = 15[0) €5 (w) = (q = a7 ) 153 [0] 5 (w). (3.36)

Applying the defining relations again, for any 1 < i < 1’ we get
(u =) l53(w)l5(0) + (¢ = 71 wlii(u) I5,(v) = (ug —vg™)I5(v) I ().

Comparing the coefficients of v on both sides, we come to
I (w) (0] = ¢ 71 15(0) 15 (w)

which implies

eri (W) 5[0] = ¢ 5[0 5 (u). (3.37)
Hence, using this together with the decomposition [;;[0] = [;;[0]e;;[0], we derive from (3.36) that
g ey(w)e[0] = e [0] ey(u) — (g = ¢7") 7 (w). (3.38)

We can write this as the g-commutator relation
i (w), e [0]] = (1 - ) e (w), (3.39)
as required. O
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Lemma 3.6. For n > 2 we have
e (1), 0 [0]] = (1= @) (e (w) + e (w)eiy (u)). (3.40)
Proof. The defining relations give
(w =) 153 (W) Ly (v) + (a0 = ¢ ") wlyy () iy (v)
N

— (1= 0) Iy (V) B (1) + (0 = ¢ ) vl (0) 1 (1) = —— 37 dos(u, 0) I (0) o ().

u—vf —

By comparing the coefficients of v on both sides we come to the relation

o [0)15 (1) = ¢ 553 () o [0] = (= @) Larar[0) 55 (). (3.41)
On the other hand, taking i = 2’ and j = 1’ in (3.34) we get

112/( )l51:[0] = 15,1,(0] lfz/(u) —(q—q ") lyy0] lﬁ/(u).

Write I3 (u) = [F; (u) ef;(u) for i = 1/,2" and use (3.41) together with (3.35) to bring this to the
form

e ()l [0] = ¢ gy [0] € (1) — (¢ — ¢ 1) 15 [0] (61 v () + ey (u )eﬁ,(u)).
Finally, write l5,,,[0] = l5,5,[0]e51,[0] and apply (3.37) with i = 2. O

Lemma 3.7. Forany i < j < i’ we have the relations

‘ o j—i—1
egg(ugq%) =g 3 (=1t > eécoal(u)eflw(u)...eias+1(u). (3.42)

j'=ap<a1<--<asy1=1

Proof. We will rely on Prop. 4.2 in [20] and [21], which allows us to reduce the proof to the case
i = 1. Working in the algebra Ug*'(g), write (3.21) in the form

DLF(u&)'D™' = L (u) ' 2% (u)
and take the (5, 1’) entries on both sides. Using the Gauss decompositions (3.13) and
LE(u)™ = EF(u) ' H* (u) " FE (u) 7, (3.43)

we obtain )
¢ 7 hi (u) e (u) = ey (u) b (u) 2 (w),

where we used the notation é;; (u) for the (4, j) entry of the matrix E%(u)~'. Now apply (3.22)
to replace h3; (u) " 2% (u) with hif (u€) and note that

hi(u€)et;(ug) = g et (ué ¢®) hi (ug). (3.44)
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Indeed, by the defining relations,
(ug —vg )1 (W) 135(v) = (=) 135(0) {1 () + (¢ — ¢71) vl (v) 5 (w).
By setting v = uq* we get
litj (UQQ) lﬁ (u) = qlﬁ(“‘ﬁ) li‘ (u).
Since I7(u) = hi (u)ef;(u), (3.44) follows. It remains to apply the formula

j—2

é\jfll (u) - Z (_1)s+1 Z eaioal (u) e(f1a2 (U) tet eius+1 (U)
s=0 j'=ap<a1<--<asy1=1’
for the (5, 1’) entries of the inverse matrix £ (u)~. O

Proposition 3.8. The images of the coefficients of all series e;'; (u) (respectively, jjf(u)) with
1 < i < j < N under the isomorphism UF(g) — Uy(g) belong to the subalgebra U,(g)*
(respectively, U,(§)7). The images of the coefficients of all series hi(u) withi = 1,...,N
belong to the subalgebra U,(g)".

Proof. We will identify the coefficients of all the series with their images under the isomorphism
UX(g) — Uy(@). We start by verifying the claim for the series h;" (u); the argument for h; (u) is
exactly the same. We have

b (u) = o1 (ug ) ea(ug™?) . i (ug” YR (u),  i=2,...,n.

This relation is also valid for 7« = n + 1 in type B,,, whereas
ha(u) = u(ug™™ )by (u)  and Byl (u) = @n(ug ™) Ry (u)

for types C,, and D,,, respectively. Now substitute these expressions into the formula for the
series z" (u) given in Sec. 3.2.2, so that the relation z*(u) = 1 would give an equation for the
coefficients of the series h{ (u). For type B, it reads

()b w€) [T eilug ™) giluée’) = 1.

=1

Hence, the constant term h{, of hi (u) is found from h{; = k?...k2 which together with
Lemma 3.2 implies that all coefficients of the series h; (u) with i = 1,..., N belong to the
subalgebra U,(g)°. The same conclusion is reached for types C,, and D,, from the respective

formulas
n—1

hi(u)hi (u€) T eilug™) gi(uéq’) - nlug™ ') =1

=1
and

n—2

hf (u) hf (uf) l:[ ei(ug™") i(uéq") - pn1(ug " ) on(uq" ) = 1,
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which imply the relations hi§ = ki...k2_ k, and h{¢ = k% ... k2_,kn_1k,, respectively, for

the constant terms.

Now turn to the series efj(u) and use induction on n. By Prop. 4.2 in [20] and [21], the
coefficients of these series with 2 < i < j < 2’ can be regarded as elements of the algebra
Uq(g’) associated with the Lie algebra g’ of rank n — 1, which belongs to the same type as
g. These coefficients coincide with the generators obtained from the Gauss decompositions of
the associated L-operators, so that we can apply the induction hypothesis to suppose that the
coefficients of all series e;(u) with 2 < i < j < 2’ belong to the subalgebra U,(g)*.

On the other hand, the coefficients of the series e (u) also belong to the subalgebra U, (g)™,
and so by applying Lemmas 3.5 we derive that the coefficients of the series ef—rj (u) with j =
2,...,2 belong to U,(g)", assuming that n > 2 for type B,, and n > 3 for types C,, and
D,,. Furthermore, by Lemma 3.7 we have e,,,[0] = —e15[0] so that applying Lemma 3.6 we
may conclude that the required property is shared by the series i, (u). The induction step is
completed by another application of Lemma 3.7, which implies that the coefficients of the series
ey (u) with j =2, 2" also belong to U, (@)™

It remains to verify the induction base for the Lie algebras g = 03, 5p, and 04. In the case
g = o3 it follows from the identity

e (w)? = —(¢"2 + ¢ efis (w), (3.45)

which is a particular case of [21, Lem. 4.9] obtained by taking the residue at u = ¢~ 2v in the
second formula. In the case g = sp, it is sufficient to verify the identity

[eia(u), ez (0] , = (1= ¢") ey (). (3.46)
By the defining relations,
(u = ) B3 (u) Ly (v) + (¢ — ¢7") wly(u) 7y (v)

= (1 =) by (v) B3 (w) + (g — ¢ ) vipn(v) liy (u) -

4

S dea (1, 0) 15, (0) 1 ().

c=1

u—v

u— v
Comparing the coefficients of v on both sides we derive

li2(1) Uy [0] = ¢ 1y [0] Fia () + (a7 = ¢%) I[0] 15y ().

Relation (3.46) now follows from (3.35) and (3.37).

The particular case g = 04 was considered in [21, Sec. 4.4]; it was shown therein that
iy (u) = 0, which is sufficient to complete the argument in this case. These relations essen-
tially refer to the algebra Uf(ﬁ) with g = 09, whose definition extends to the abelian Lie algebra

0,. In this case we have ¢ = 1 and the defining relations give*

li (W)l (v) = (ug™ = vq) I (0) Gy (w).

4This corrects the formula used in the proof of [21, Lem. 4.13].

(ug—vg™)
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By setting v = ug® we derive that I3, (1) = 0 and hence €7, (u) = 0.
The argument for the series fj(u) is quite similar to that for 62?5 (u). As an alternative ap-
proach, one can work with the quantum affine algebra defined with the R-matrix Ry (u,v) used
instead of R(u,v), and modify the above calculations for the series ezij(u) accordingly; then
apply the anti-isomorphism introduced in Remark 3.3. ]

3.3 Highest weight representations

Definition 3.9. A representation V' of the algebra Uf(ﬁ) (or the extended quantum affine algebra
UsX(g)) is called a highest weight representation if there exists a nonzero vector ¢ € V' such that
V' is generated by ¢ and the following relations hold:

l5u)¢=0 for 1<i<j<N, and (3.47)
FEw)¢=Xw)¢ for i=1,...,N, (3.48)

for some formal series \; (u) € C[[u]] and A; (u) € C[[u"!]]. The vector ( is called the highest
vector of V. []

Note that by (3.7), the product of the constant terms of A} (u) and \; (u) must equal 1.

Proposition 3.10. In terms of the Gaussian generators, the conditions in Definition 3.9 are equiv-
alent to the following:

e;(u) ¢ =0 for 1<i<j<N, and (3.49)
hi(u)¢ =ME(u)¢  for i=1,...,N. (3.50)
Proof. This is immediate from the Gauss decomposition formulas (3.13)—(3.15). L]

The algebra U%(g) (as well as US(g)) admits a family of automorphisms
LY(u) = SL*(u) and L (u) = S 'L (u), (3.51)
parameterized by invertible diagonal matrices S = diag [0, . .., oy] satisfying the conditions
St=81=8 or St=8"1=-8.

The second condition can occur only for N = 2n. When applied to the isomorphic algebra
U,(@) = U/ (g). the automorphisms (3.51) correspond to the sign automorphisms considered in
[6, Sec. 12.2.B].

Theorem 3.11.  [. Any finite-dimensional irreducible representation of the algebra Uf(ﬁ) is
a highest weight representation. Up to twisting this representation with a suitable auto-
morphism (3.51), its parameters satisfy the relations

+ P.(ua=2 -
A/ (u) — el f(ug ™) _ M) i=1,...,n—1, (3.52)

)‘z’++1 (u) Pi(u) Aiy1(u) ’
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and

N g Palug™) A ()
+

— — B'ﬂ?
Any1(w) I P (u) Anya(w) Jor e
)\+(U,) 2deg P, Pn<uq74) An (U)
n — €g I'n = n CTLJ
Mg (W) P(u) Any1(w) Jortpe
+ —2 o
Mal®) _ o, Balug ™) Aa()

M) 1 Po(u) Ao ()

for some polynomials P;(u) in u, all with constant term 1, where the first and second
equalities are regarded in C|[[u]] and C|[[u™']], respectively.

2. Every n-tuple (Py(u), ..., P,(u)), where each P;(u) is a polynomial in u with constant
term 1, arises in this way.

3. The series \f (u) satisfy the relations

A (€GP ) N5 () = N (WEq™) A 41y (w), (3.53)
wherei = 0,1,...,nfor N =2n+ 1, andi = 0,1,....,n — 1 for N = 2n, and we set
Ao (u) = Mg (u) == 1.

Proof. Using the isomorphism U, (g) = UJ(g) and the classification results recalled in Sec. 3.1,
we find that any type 1 finite-dimensional irreducible representation V' of the algebra U,(g) is
generated by a vector ¢ such that

e;i1(u)¢ =0 for i=1,...,n, (3.54)
hi(u) ¢ =M (u)¢  for i=1,...,n+1, (3.55)

for some formal series A\ (u) € C[[u]] and \; (u) € C[[u~']], where for type D,, relation (3.54)
with 7 = n should be replaced with eff,l,n +1(u)¢ = 0. Proposition 3.8 implies that V" is a highest
weight representation of Uf(@). Relations (3.52) follow from the results of [6, Sec. 12.2]. They
can also be derived by considering a subalgebra U; C Uf(ﬁ) associated with the ¢-th simple root
of g such that U; = U, (sly). The cyclic span U;( is a finite-dimensional U, (sly)-module which
yields the required conditions on the series A\ (u); see [14, Sec. 3.1] for more details on this
approach going back to [28].

Part 2 of the theorem follows from the classification results of [6, Sec. 12.2]. The proof
relies on the Hopf algebra structure on Uf(ﬁ) introduced in Sec. 3.2.3. It is implied by a well-
known property of tensor products of representations. Namely, suppose that V" and IV are finite-
dimensional irreducible representations of UqR(ﬁ) with respective highest vectors ¢ and 7, with
the parameter series (A (u), ..., A (w)) and (ui (v), . .., % (u)). The coproduct formula (3.28)
implies that the irreducible quotient X of the cyclic span

U @CencvVew
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is a highest weight representation with the parameter series (A} (u)ui (w), ..., A% (u)uy(u)).
Therefore, if V' and W are associated with the respective n-tuples of polynomials

(Pi(u),...,Py(u)) and (Q1(u), ..., Qun(u)),

then by the formulas of Part 1, the representation X is associated with the n-tuple

(PL(w)Qu(w),. .., Pa(u)Qn(w)).

Hence, to complete the proof of Part 2, one only needs to produce a finite-dimensional irreducible
representation to each n-tuple of the form

(1,...,1,au+1,1,...,1), a€C.

The existence of such fundamental representations of the quantum affine algebra was established
in [7]. Part 3 of the theorem is immediate from Lemma 3.2. O

Corollary 3.12. All statements of Theorem 3.11 hold in the same form for the algebra U (g),
except that the value i1 = 0 is excluded for the conditions (3.53).

Proof. The arguments used in the proof of the theorem equally apply to the representations of
the algebra Ug*(g). Relation (3.53) with i = 0 is now replaced by the property that the series
2% (u) acts in the highest weight representation as multiplication by A\f (ué) A (u). O

3.3.1 Representations of quantum affine algebras in type A

Corresponding versions of the classification results described in Theorem 3.11 for the quantum
affine algebras in type A are well-known. They can be derived in the same way as for the types B,
C and D from the isomorphism between the R-matrix and Drinfeld presentations of the quantum
affine algebra U,(g) for g = sl,, constructed in [8]. On the other hand, an independent proof of
the classification theorem for the quantum affine algebras in the [?-matrix presentation, which
we state below, was given in [14] following the original approach of [28].

The quantum affine algebra U, (5A [,) (with the trivial central charge) is defined by the formulas
of Sec. 3.1, where the simple roots are chosen in the form (2.1). Finite-dimensional irreducible
representations of U, (EA[n) are described by the results recalled in that section.

Consider the R-matrix defined by

n

Ra(u) = (ug® —q %) > e ®ej+(q—q") D (ubicj + 6i=j) €15 @ €.

1,7=1 1,j=1

The quantum affine algebra UqR(g[n) (with the trivial central charge) is generated by elements
ZZ?E [Fm] with 1 < 7,7 < nand m € Z, subject to the defining relations described in (3.7)—
(3.10), where the parameter N is replaced by n and the R-matrix (3.4) is replaced by R4(u).
The Hopf algebra structure on UqR(gA[n) is described by the maps (3.28), (3.29) and (3.30). The
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algebra U (sl,) is a Hopf subalgebra of Uff(g [,,) which consists of all elements which are stable
with respect to all automorphisms

L*(u) = f*(u) L*(u),

where f*(u) are arbitrary series satisfying conditions (3.20). By the results of [8] the maps (3.18)
define a Hopf algebra isomorphism U,(sl,) — Uff(g[n), where the Gaussian generators are
defined by (3.13). The algebra Uf(gln) (as well as UqR(gln)) admits a family of automorphisms
(3.51) parameterized by diagonal matrices S = diag [0, .. ., 0, such that o; = +1 for all 4.

Highest weight representations of the algebra UqR(g?[n) are defined in the same way as in
Definition 3.9. By restrictions, we get highest weight representations of the subalgebra Uf(.;[n).
Proposition 3.10 holds in the same form. The following theorem is contained in [14, Thm. 3.6].
The proof of Theorem 3.11 applied to the quantum affine algebras of type A provides another
derivation of that result.

Theorem 3.13.  [. Any finite-dimensional irreducible representation of the algebra Uf(g[n)

(and Uf (ﬁA [,)) is a highest weight representation. Up to twisting this representation with a
suitable automorphism (3.51), its parameters satisfy the relations

A (u) = gles P Pi(ug™?) _ Ai(w) ;=
)\;Srl(U) Pi(u) )‘;+1(u)7 o

for some polynomials P;(u) in u, all with constant term 1, where the equalities are under-
stood for the expansions of the rational function in u as a series in u and u™!, respectively.

n—1

2. Every n-tuple of polynomials (Py(u), ..., P,_1(u)) in u, where each P;(u) has constant
term 1, arises in this way. ]

3.3.2 Outlook

The isomorphisms of [20] and [21] do not rely on any Poincaré—Birkhoff—Witt-type theorem for
the algebra UqR(ﬁ). Therefore, such a theorem is implied by the results of Beck [4]. In particular,
by Proposition 3.8, the image of the basis of the subalgebra U,(g)" under the isomorphism
U,(8) — UZ(g) is a basis of the subalgebra U[(§)* generated by the coefficients of all series
eiij (u). However, a precise expression of the basis elements in terms of these coefficients is
unknown.

Note also that the version of the Poincaré-Birkhoff—Witt theorem for the algebra Uq(gT[N)
given in [14, Cor. 2.13] does not immediately extend to types B, C' and D, because of more com-
plicated defining relations on the generators ll-ij [m]. It would be interesting to find an alternative
form of the quadratic relations for the generator series to lead to such a version.

A Modified isomorphism for Yangians

Here we give a modified version of the isomorphism produced in [19, Main Theorem] which can
be used to establish a different correspondence between the parameters of representations in the
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two realizations of the Yangians; cf. Sec. 2.2.1. An analogous isomorphism was used for type A
in [24, Sec. 3.1]; see also [5] for an isomorphism with an opposite presentation of the Yangian
Y(sly). The new version is based on the alternative Gauss decomposition of the matrix 7'(u),
defined by

T(u) = E(u) H(u) F(u), (A1)
where F(u), H(u) and F'(u) are uniquely determined matrices of the form
1 ep(u) ... en(u) 1 0 ... 0
Blu) = O 1 EQNO(U) | Flu) = le.(U) 1 O |

and H(u) = diag [ﬁl (w),...,h N(u)] Define the series with coefficients in Y(g) by

i) = hi(w+ (i = 1)/2) higa (u+ (i — 1)/2>f1

fori=1,...,n—1,and
B+ (0= 1)/2) Bs (w+ (n = 1)/2) " for opns1

(1) = & B (w4 10/2) By (w0 /2) for sp,,

Bt (0 (0= 2)/2) By (u + (n = 2)/2) for oo,

Furthermore, set
Gw=eim(ut(@i-1/2), &)= fun(uti-1)/2)

fore=1,...,n—1,

émH(U + (n — 1)/2) for 09,41
u) =< ennsa (u + n/2) for sp,,
én,lnﬂ(u + (n — 2)/2) for 09,
and
fn+1n<u + (n — 1)/2) for 09,41
& (W) =13 2 furin(u+n/2) for  sps,
Farin-a(u+ (n—2)/2) for 0.
Introduce elements of Y(g) by the respective expansions into power series in u !,
ki(u) =1+ i kipu " and & (u) = i oyt (A.2)
r=0 r=0
fori =1,...,n.
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Theorem A.1. The mapping which sends the generators k;, and & of YP(g) to the elements of

Y (g) with the same names defines an isomorphism Y (g) = Y(g).

Proof. We will derive this result from [19, Main Theorem] as recalled in Sec. 2.2.1, by taking
the composition of the isomorphism Y?(g) — Y(g) constructed therein, with certain automor-
phisms of the algebra Y(g). We have the following quasideterminant formulas for the entries of
the matrices H (u), F'(u) and F'(u) [13]:

ha(u) = t’*lf(“) t””f(“) t”l{V(“), i=1,... N, (A3)
th(U) tNi—i—l(u) tNN(’LL)
whereas
t”(u) tij-l—l (U) Ce tzN(u)
eii(u) = tj—s—l.j(u) 7fj+1j'+1(u) tj+1{V(U) () (A4)
() b)) . tva(w)
and
ti(w) | tia(u) o tin(u)
) = hy(uyt [Feni) izl ot (A5)
tNl(U) th+1(U) tNN(U)

for 1 < i < j < N. The Gaussian generators h;(u), e;;(u) and f;;(u) are defined by using
the decomposition (2.11) dual to (A.1), and are given by the respective dual quasideterminant
formulas; see [19, Sec. 4]. On the other hand, the mapping

q: tij(u) — ti/j/(u), 1<1,7< N, (A.6)

defines an involutive automorphism of the algebra Y (g). Since quasideterminants are unchanged
under permutations of rows or columns, we find that the images of the Gaussian generators are
given by ~ B

¢+ hi(u) = hy(u), eij(u) = fuy(u), fii(u) = €y (u).

Furthermore, the unitary condition (2.10) implies symmetry relations for the Gaussian generators
which were described in [19, Sec. 5.3].° They are given in (2.14), and fori = 1,...,n — 1 we
have

€(i+1)/i/(U,) = —€; i+1(u +K— Z) and fi’ (i+1)/(U) = —fi+17;(u + K — Z),

5The formulas in [19, Proposition 5.7] concerning the Lie algebra 05,1 should be corrected as follows:
entinta(u) = —en(u—1/2) and fri2n41(u) = —fr(u —1/2).
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with some additional type-specific relations. These relations allow us to express the images of the
generators of Y?(g) under the composition of the isomorphism Y (g) — Y (g) provided by [19,
Main Theorem] with the automorphism (A.6), in terms of the Gaussian generators (A.3)—(A.S).
The formulas given in the statement of the theorem are obtained by taking further compositions
with the shift automorphism 7'(u) — 7'(u + x — 1) and with the automorphism which multiplies
all generators & by —1, while leaving all «;, unchanged. ]
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