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ABSTRACT. In this article, we show that if A is a maximal monotone
operator on a Hilbert space H with 0 in the range Rg(A) of A, then for
every 0 < s < 1, the Dirichlet problem associated with the Bessel-type
equation
1—-2s
t

is well-posed for boundary values ¢ € D(A)". This allows us to define the
Dirichlet-to-Neumann (DtN) operator A, associated with Az, as

Ail_gsu = — ur — ure + Au >0

N 1—-2s .
o Asp = tl_1)r31+t ug(t) in H.

The existence of the DtN operator As associated with A;_os is the first
step to define fractional powers A% of monotone (possibly, nonlinear and
multivalued) operators A on H. We prove that A, is monotone on H and

if A, is the closure of A, in H x H,, then we provide sufficient conditions
H

implying that —As generates a strongly continuous semigroup on D(A)
In addition, we show that if A is completely accretive on L?*(Z, ) for a
o-finite measure space (3, ), then A, inherits this property from A.

1. INTRODUCTION AND MAIN RESULTS

In the pioneering work | ], Caffarelli and Silvestre constructed three
analytical proofs to show that the fractional Laplacian (—A)%, (0 < s < 1), on
R<, (d > 1), coincides up to a multiple constant with the Dirichlet-to-Neumann
(DtN) operator

© = Mg := lim —t1725/ (1) on R?
t—0+
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associated with the Bessel type equation
1—-2s

(1.1) Al _gqu 1= — u —uy + Au>s0

on the half-space ]R‘fl ;= R? x (0,+00) with A = —A. One crucial Ansatz
in [ | to obtain this identification is to employ the change of variable

(1.2) z:<;>%,

which transforms (1.1) into the equation

1-2s

(13) 12117237] = -z v+ Av 3 0.

The identification of the fractional Laplacian (—A)® with the DtN operator
A has far reaching applications; for example, in the study of nonlocal partial
differential equations, it provides new boundary regularity results including
boundary Harnack inequalities, a monotonicity formula, and several others
(for example, cf | ] or | | and the references theirin). The ideas
in [ | were followed up quickly by many authors and extended to several
more abstract linear settings. For instance, if for a > 0, Z,, denotes the family
of linear operators A on a Banach space X generating a tempered a-times
integrated semigroup {T'(t)}+>0 in L(X) (for details cf | ]), then it was
shown by Galé, Miana and Stinga | | that for A € Z,, and 0 < s < 1,
the Dirichlet problem associated with the Bessel-type operator Ai_og,

A1_osu(t) 20 for almost every t > 0,
(1.4)
u(0) = ¢
admits a unique solution u and the fractional power operator A° (in the Bal-
akrishnan sense [ |) coincides with the DtN operator A4 associated with

the Bessel-type operator Aj_o5 given by (1.1).

An important subclass of Z, is given by the family of m-sectorial operators
A defined on a Hilbert space H which are the restriction on H of a continuous,
coercive, sesquilinear form a : V x V — C. Here, V is another Hilbert space
such that V is embedded into H by a linear bounded injection j : V — H
with a dense image j(V) in H. For this subclass of operators A on H, the
identification of the fractional power A° with the DtN operator A was recently
revisited by Arendt, Ter Elst and Warma | |. By using techniques
from linear interpolation theory, they could characterise the domain D(Aj)
of As and establish an imporant integration by parts rule for solutions to the
Dirichlet problem associated with Aj_os.

Note, it is for the class of m-sectorial operators A associated with a real
symmetric form a : V x V — R that the linear semigroup theory coincides
with the nonlinear semigroup theory (cf | Jor [ ]). We briefly recall
from | | (see also | 1), a (possibly multivalued) operator A : D(A) —
2H is called mazimal monotone in H, if A satisfies the monotonicity property:
(0—v,u—u)g > 0 for all (u,v), (4,0) € A, and the so-called range condition:
Rg(I + A) = H. Here, we follow the standard notation and usually identify
an operator A with its graph

A:ﬂ%meHxHMeA@ in H x H.
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The set D(A) := {u € H|Au # 0} is called the domain of A and Rg(A) :=
Uuen(ay Au € H the range of A.

In the framework of maximal monotone operators A in Hilbert spaces H,
first results toward the fractional power A'/2 were obtained by Barbu | .
More precisely, if 0 € Rg(A), then Barbu proved that the Dirichlet prob-
lem (1.4) associated with the Bessel-type operator Aj is well-posedness, and
then introduced the semigroup {77/5(f)}:>0 as the contractive extension on
the closure D(A)" of T 2(t) := u(t), (t > 0), for the unique solution u of the
Dirichlet problem (1.4) with boundary value ¢ € D(A). The paper | ]
was quickly followed up by several authors. For example, Brezis | | pro-
vided a different proof of the well-posedness of Dirichlet problem (1.4), and
Véron [V70] established well-posedness of the following more general (but non-
singular) Dirichlet problem

—p(t)ug — q(t)ur + Au > 0, u(0) = ¢

for ¢ € D(A) under the hypothesis that p € W2°°(0, +00), ¢ € W1°(0, +0),
and there is an o > 0 satisfying p(t) > a > 0 for all t > 0. We emphasises that
neither Barbu nor Brezis identified the (negative) infinitessimal generator of
the semigroup {77 5(t)}+>0 by the DtN operator A, associated with Ag, but

in stead denoted Ay /5 by A5 in analogy to the fractional power AY2 of A as

it is known from the linear theory (cf [ Jor | , Chapter 6.3]).
More than twenty years later, Alraabiou & Bénilan | ] introduce the
definition of the square power
A-A
A% .= liminf ’\,
A—0+

via the Yosida approximation Ay := (I — (I + AA)~!)/\ and showed that if
A = 0g€& the subdifferential operator in H of a convex, proper, lower semi-
continuous functional € : H — [0,+o00] with 0 € d5€(0), then A C (A; ).
This justifies (at least in the case s = 1/2) that the DtN operator A is a
reasonable candidate for defining fractional powers A° of maximal monotone
operators A on Hilbert spaces.

The first aim of this paper is to extend the results obtained by Barbu [ ]
and Brezis | ] (in the case s = 1/2) to the complete range 0 < s < 1, the
well-posedness of Dirchlet problem (1.4) associated with Bessel-type operator
Aj_9s for (possibly nonlinear) mazimal monotone operators A on a Hilbert
space H. Before stating our first main result, let us introduce the following
notion of solutions of Dirchlet problem (1.4).

Definition 1.1. We call a function w : [0,4+00) — H a strong solution of
Bessel-type equation (1.1) if u € I/Vlzof(((), +00); H) and for almost every ¢ > 0,
u(t) € D(A) and {t'=2/(t)} € t1725A(u(t)). Moreover, for given boundary
value ¢ € H, a function u : [0,400) — H is called a solution of Dirichlet
problem (1.4) if u € C([0,4+00); H), u(0) = ¢, and u is a strong solution
of (1.1).

In the next theorem, we write L°(H) to denote L (0, 4o0; H), L2(H) for

the L2-space of all measurable functions u : Ry — H where Ry := (0, +00)

is equipped with the Haar-measure %, and WS1 ’2(H ) to denote the set of all
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u € T/Vlicl (H) such that tu and t%u’ € L2(H) (for more details, see Section 2).
With these preliminaries, our first main result reads as follows.

Theorem 1.2. Let A be a mazimal monotone operator on H with 0 € Rg(A).

Then, for every 0 < s < 1, ¢ € D(A)" and y € A=1({0}), there is a unique
solution w € L*°(H) of Dirichlet problem (1.4) satisfying

(1.5) lu(t) = yllg < lu(@) —yla  foralt>i>0,
(1.6) [tu' | L2y < Vs Ml = ylla
(1.7) | (8)[| 7 < QSH(P_tyHH for every t > 0,
Vs lle = yllu if s> 3,
(1.8) Ht1+2s{t1_2s“/},HL3(H) < a2, %+3)% | X
——lle—vyllm if0<s<3.

Moreover, if ¢ € D(A), then t'=254' € Wi (H) and
1-2s (1] 40,112 1)
< @2 (1%l + o -l )

(1.9) lim #1725/ (t)

t—0+ HH

L10) (2 e < (29) (

1
%] 3, + Hso—yuﬂ) |

1 1
(L11) {2 Y 2 < (28)'7° (HA%IIH +lle -yl I\Aowllff> :

In particular, for every two solutions u and @ of (1.4) with boundary value ¢
and ¢ € D(A), one has that

(1.12) lu(t) — a@®)|g < |u@) —al)|g  forallt >>0.

According to Theorem 1.2, for every ¢ € D(A), the outer unit normal
derivative

(1.13) Asp = — th%l-s— 1725/ (t) exists in H.
—

Thus, thanks to this well-posedness result, the DtN operator A, assigning each
Dirichlet boundary condition ¢ € D(A) to the Neumann derivative (1.13) of
the unique solution u of (1.1) is a well-defined mapping As : D(A) — H. More
precisely, we can state the following theorem. Here, H,, denotes the space H
equipped with the weak toplogy o(H, H').

Theorem 1.3. Let A be a mazimal monotone operator on H with 0 € Rg(A).
Then, for every 0 < s < 1, the Dirichlet-to-Neumann operator

3 a strong solution u of (1.1) satisfying (1.5), }

A, = {(gp,w) CEHXH| y0)y=pinH, Hw= —tli%1+t1*23u’(t) in H
%

is a monotone, well-defined mapping As : D(As) — H satisfying
D(A) € D(As) € D(A)"  and D(A) C Rg(Iy + AAy)  for all X > 0.

If D(A) is dense in H, then closure A, of A in H x H,, is mazimal monotone

and —As generates a strongly continuous semigroup {Ts(t)}+>0 of contractions
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Ts(t) : H — H. Moreover, for every ¢ € H, there is a function U(r,t)
satisfying

— 12250, (r,t) = Upp(r,t) + AU(r,t) 5 0 fora.e. v >0, allt >0,
U(0,t) =Ts(t)e for all t >0,

: 1-2s
rl_l)r(r)lJrT Ur(r,t) € dtTS(t)go for allt > 0.

Due to Theorem 1.3 and the results | , , | (for s =1/2), it
makes sense to define the fractional power A° of A for 0 < s < 1 via the DtN
operator Ag.

Definition 1.4. For a maximal monotone operator A on H with 0 € Rg(A),
the fractional power A% of A for 0 < s < 1, is defined by

A% = Aq,

where Ay denotes the closure in H x H,, of the DtN operator A, associated
with the Bessel-type operator Ao, defined in Theorem 1.3.

It is the task of our forthcoming work in this direction to extend the defini-
tion of A% provided by Alraabiou & Bénilan [ ] to the case A* for every

integer k > 2 and to show that A C (A%)k

In the case the Hilbert space H = L?(X,u) of a o-finite measure space
(2, 1), and the operator A is completely accretive on L?(X, i) then this prop-
erty also holds for the DtN operator A, for 0 < s < 1. For the notion of com-
pletely accretive operators, order preservability, and Orlicz spaces LY (X, ),
we refer to Definitions 2.3 and 2.4 in the subsequent section.

Theorem 1.5. Let A be an m-completely accretive operator on the Hilbert
space H = L*(X,u) of a o-finite measure space (X, 1), and 0 € Rg(A).
Then for every 0 < s < 1, the DtN operator As is also completely accre-
tive on L2(S, ). In particular, if {Ts(t)}i>0 is the semigroup generated by
—As on L3(X, p), then {Ts(t)}1>0 is order-preserving and every map Ts(t) is
LY -contractive on L*(%, 1) for every right-continuous N -function 1.

As a byproduct of the theory developed in this paper, we obtain existence
and uniqueness of the following abstract Robin problem associated with the
Bessel-type operator Aj_ss,

— lim #1725/ (t) + Au(0) = ¢ on H,

Aj_9s5u(t) 20 in H for almost every t > 0,
(1.14)
t—0+

for any A > 0 and ¢ € D(A). Here, we use the following notion of solutions of
problem (1.14).

Definition 1.6. For given ¢ € H, a function u : [0,+00) — H is called a
solution of Robin problem (1.14) if u € C(]0,+00); H) is a strong solution
of (1.1) and
_ 1 1-2s, ./ — : : H
t_l)r&t u'(t) + Au(0) = ¢ exists in
Now, our well-posedness result to the abstract Robin problem (1.14) reads
as follows.
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Theorem 1.7. Let A be a mazimal monotone operator on H with 0 € Rg(A).
Then, for every0 < s < 1, A > 0, and ¢ € D(A), there is a unique solution u €
L>(H) of Robin problem (1.14) satisfying (1.5), (1.9)-(1.11) and (1.6)-(1.8).
In particular, t*~254' € Wi (H), the function t — |u(t)||3; is convex, bounded
and decreasing on [0,4+00), and for every two solutions u and 4 of (1.14)
respectively with boundary value ¢ and ¢ € D(A), one has that (1.12) holds.

Remark 1.8. At the moment, we neither know how to obtain existence and
uniqueness of solutions to the abstract Robin problem (1.14) for boundary
data ¢ € D(A)" nor the continuous dependence of the solutions u of (1.14)
on the boundary data ¢. This result would not only complete the theory on
studying the Robin problem, but also imply that the DtN map Ag restricted

on the closure D(A)" is a well-defined mapping.

This paper is organized as follows. In the subsequent section, we introduce
the framework and notations used throughout this paper and state some pre-
liminary results which will be useful for establishing existence and uniqueness
of Dirichlet problem (1.4) and Robin problem (1.14). In Section 3, we then
prove the existence and uniqueness of equation (1.1) equipped with a more
abstract boundary-value problem for boundary data ¢ € D(A), which in-
cludes (1.4) and (1.14) as special cases (cf problem (3.1)). The well-posedness
of Dirichlet problem (1.4) for boundary data ¢ € D(A)" follows from the in-
qualities (1.5)-(1.8) and (1.12). We provide a short proof of Theorem 1.2 and
Theorem 1.7 at the beginning of Section 3. Our proof of Theorem 3.2 is based
on the change of variable (1.2) which transforms equation (1.1) into (1.3).
We emphasize that our proof demonstrates very well that the generalization
of | ] (case s = 1/2) to the full range 0 < s < 1 is not trivial and uses
techniques and spaces from interpolation theory. The statements of Theo-
rem 1.3 follow from Corollary 3.7. In Section 4, we show that if for a given
convex, proper, lower semicontinuous functional ¢ : H — R U {400}, the
operator A is dg¢-monotone on H (for a definition see below in the next
section), then the DtN operator A has also this property (see Theorem 4.1).
This results has several applications; one can deduce invariance principles
(cf] ]), comparison principles and L¥-contractivity properties of the semi-
group {Ts(t)}+>0 generated by —As on L(3, i), for a o-finite measure space
(2, 1) (see Corollary 4.2). Here, L¥ abbreviates the Orlicz space L¥ (X, )
for a given N-function 1. Thus, the statement of Theorem 1.5 follows from
Corollary 4.2. We conclude this paper with an application on the Leray-Lions
operator A = —div(a(z, Vu)) (see Section 5).

2. PRELIMINARIES

Throughout this article, (H, (-,-)z) denotes a real Hilbert space with inner
product (-, )y, and we use to write R to denote (0, +oc) and R := [0, +o0].
For an operator A on H, the minimal selection A° of A is given by

A% = {(w,v) € A| ol = min v}
weAu
and for a convex functional £ : H — RU {400}, the subdifferential operator

o€ = {(u,h) € H x H‘E(u—i—v) —&(u) > (h,v)p for all v GH}.
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The property that A being monotone is equivalent to that for every A > 0,
the resolvent operator Ji' := (I + AA)~! of A is contractive in H:

I — J{a|| g < |lu—dllg  for every u, i € Rg(I + \A).

Further, we call a functional j : H — R strongly coercive if

(2.1) lim i) = 400

[v]>+o0 [V]
If j : H— RU{+o0} is convex, proper, and lower semicontinuous on H, then
an operator A on H is called 0pj-monotone, if for every A > 0, the resolvent

J{t of A satisfies
(T8 — Ja) < jlu—a) for every u, u € Rg(I + A\A).

In addition, if the subdifferential operator O0xj of j is a mapping Ogj :
D(0nj) — H, then we call 0yj weakly continuous if Ofj maps weakly con-
vergent sequences to weakly convergent sequences.

The notion of completely accretive operators was introduced in | | by
Crandall and Bénilan and further developed in [ ]. Following the same
notation as in these two references, [Jy denotes the set of all convex, lower
semicontinuous functions j : R — R, satisfying j(0) = 0. Let (3, u) be a
o-finite measure space and M (X, u) the space (of all classes) of measurable
real-valued functions on X.

Definition 2.1. A mapping S : D(S) — M (X, ) with domain D(S) C
M (%, p) is called a complete contraction if

/Ej(Su—Sﬁ)d,ug/j(u—ﬁ)du

%
for all j € Jy and every u, 4 € D(S).

Choosing j(-) = [[]T|7 € Joif 1 < ¢ < oo and j(-) =[]t — k|t € J for
k > 0 large enough if ¢ = oo shows that each complete contraction S is T-
contractive in L4(X, ) for every 1 < ¢ < co. And by choosing j(-) = |[-]*]? €
Jo for any 1 < ¢ < 0o, a complete contraction S is order preserving, that is,
for every u, 4 € D(S) satisfying u < @ a.e. on X, one has that Su < S. In
fact, the following characterization holds.

Proposition 2.2 (| ). Suppose that the mapping S : D(S) — M(Z, )
with domain D(S) C M (X, 1) satisfies the following: for every u, 4 € D(S),
k >0, one has either

min{u, (¢ + k)} € D(S) or max{(u — k), u} € D(S).

Then, S is a complete contraction if and only if S is order preserving, and a
L'- and L>-contraction.

Definition 2.3. An operator A on M (X, ) is called completely accretive if
for every A > 0, the resolvent operator Jy of A is a complete contraction. An
operator A on M (X, i) is said to be m-completely accretive if A completely
accretive and the range condition Rg(I + A) = L?(X, i) holds. A semigroup
{T}}+>0 on a subset a closed subset C' of M (X, p1) is called order preserving if
each map 7} is order preserving.
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Next, we first briefly recall the notion of Orlicz spaces. Following | ,
Chapter 3|, a continuous function ¢ : [0, +00) — [0,+00) is an N-function
if it is convex, 9¥(s) = 0 if and only if s = 0, lims—o+¥(s)/s = 0, and
lim_,00 () /s = 0.

Definition 2.4. Given an N-function v, the Orlicz space

LY(Z, ) = {u (Y >R

u measurable & / 1/J(Z|) du < oo for some a0 > O}
b

and equipped with the Orlicz-Minkowski norm

JRESEE 1}.
» (0}

For 1 < ¢ < oo, we write L}, (H) and LY(H) to denote the vector-valued
Lebesgue spaces L} (Ry; H), L(R4; H). The derivative v’ of a function u €
L}OC(H ) is usually understood in the distributional sense. More precisely, a

function w € L} (H) is called the weak derivative of u € L} (H) if

loc loc

“+o0o +oo
/ u(t) €' (t)dt = — / w(t) &(t) dt
0 0

for all test functions £ € C°(R4). A function w € L} (H) satisfying the latter
equation for all £ € C°(R,), is unique and so, one writes v’ = w. We denote
by I/Vllocl(H) the space of all u € L}, (H) with a weak derivative v’ € L}, (H).

Next, let 0 < s < 1. Then L?(H) denotes the space of all u € L} (H)

satisfying t*u € L2(H). We equip the first order weighted Sobolev space

llu| v := inf {a >0

WL2(H) = {u e Whl(m) ‘u u' € Li(H)}.
with the inner product

dt

~ tee ~ l ~1 2s
(u, U)Wsl,Q(H) = /0 (u(t)alt) +u'(t) @' () t e

Then, W *(H) is a Hilbert space and we denote by H-||W1,2(H) the induced
norm of Wj ’2(H ). Further, throughout this paper
- 1—s _ 3s—1

s = and 5= for every 0 < s < 1.
2s 2s

Then, LZ(H) denotes the space of all v € Lj, (H) satisfying P e L2(H)
equipped with the inner product

1— 1-s 1—

(22) (v,w)p20m) == /Ooo(zzssv(z),z % w(z)) dz _ /Ooo(v(z),w(z))z 2 de

z
for every v, w € L2(H). Similarly, we write LZ(H) to denote the space of all
v e L} (0,+00; H) satisfying Zmve L3(H).

loc

The spaces W12 | (H) and Wll’%s,l (H) are first order Sobolev spaces with

2 2 2s

mized weights defQiiléii by
w2 | (H) = {v e LL.(H) ’ 25 e LA(H), 220 € LE(H)}

25 ’2
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and

Wi (H) = {v € Li(H) | zhv € L2(H), 25 € 12()}.

20 2s

In addition, we will employ the second order Sobolev space with mixed weights

IVEM3VAH%:{vEWiiﬁHﬂz%?WeLﬂH&.

2s 727 2s 2s 72

Each of these spaces equipped with its natural inner product and the induced
norms

1-s 1 /
lolhwiz, |y = (1= ol + 122 120
25 2

1 35—1 /
Polwre o = (I 0Bz + 12°F 035 )
71

B

1/2
3s—1
b, on = (s, on 15 )

L —s 1
2s 2’ 2s 25 2

is a Hilbert space.

The next proposition shows that for functions u € Wy2(H), the initial
value u(0) € H. Note, this proposition is a special case of | , Propo-
sition 3.2.1] since for X =Y = H, the interpolation space [X,Y]y = H for
every 6 € (0,1).

Proposition 2.5 (] , Proposition 1.2.10]). Let 0 < s < 1. Then for
every u € Wa2(H), the limit u(0) := limy_,04 u(t) ezists in H. Moreover, the
trace map

Tr: WH2(H) — H, u— u(0) is continuous, surjective
and there are c1, co > 0 such that

allzllg < inf Ul 51,2 < esol|lz|| g
el < ot e < el

for every x € H.

To conclude this preliminary section, we state the following integration by
parts rule from [ , Proposition 3.9].

Proposition 2.6. Let 0 < s < 1. For u € Wi*(H) and ¢ € Wll’_QS(H),
the functions t +— (u'(t),&(t))g and t — (u(t),€'(t))g belong to L'(0,+00).
Moreover, the following integration by parts rule holds:

+00 +oo
- / (! (), £(t)) r dt = / (ult), €(6)) s dt + (u(0), £(0)) .
0 0

3. WELL-POSEDNESS OF SECOND ORDER BOUNDARY VALUE PROBLEMS

In this section, we are concerned with establishing the well-posedness of the
following more general abstract boundary-value problem

u(t) + 1224/ (t) € Au(t) for almost every t > 0,

(3.1) tl—i>%l+ 17250/ (t) € 07 (u(0) — ),
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where j : H — R, be a convex, strongly coercive, lower semicontinuous
functional satisfying j(0) =0, p € D(A)", and 1 < s < 1.

Definition 3.1. For ¢ € H, a function u : [0,+00) — H is called a solu-
tions of problem (3.1) if u € C([0,400); H), u is a strong solution of (1.1),
limy o1 17254/ (t) exists in H and

lim 1724/ (t) € 95(u(0) — ).

t—04

For our next theorem, we recall (cf | ] or | |) that the indicator

function j : H — Ry is defined by j(v) := 0 if v = 0 and j(v) := +oo if
otherwise. The following theorem is the first main result of this section.

Theorem 3.2. Let A be a mazimal monotone operator on H with 0 € Rg(A),
and j : H — R be a convex, strongly coercive, lower semicontinuous func-
tional satisfying j(0) = 0 and either Ogj : D(0pj) — H is a weakly con-
tinuous mapping or j is the “indicator function”. Assume further that A is
dj-monotone. Then, for every 0 < s <1, p € D(A) and y € A=*({0}), there
is a unique solution u € L>(H) of problem (3.1) satisfying (1.5), (1.9)-(1.11)
and (1.6)-(1.8). In particular, t'~25u' € Wi (H), the function t — lu(®)||% is
convez, bounded and decreasing on [0, +00), and for every two strong solutions
w and 4 € L>®(H) of equation (1.1), one has that (1.12) holds.

Remark 3.3 (The case A = O¢). Suppose A = Ji¢ the subdifferential oper-
ator of a proper, convex, lower semicontinuous functional ¢ : H — R U {+o0}
attaining a global minimum min,c g ¢(v) = ¢(vo) at some vy € H. After pos-
sibly replacing ¢ by (v — vo) — é(vo), (v € H), we may assume without loss
of generality that ¢ attains it minimum at 0 € H and ¢ : H — R,. Hence,
for ¢ € D(A), the second-order boundary problem (3.1) can be rewritten as

or equivalently, as the minimization problem

min  E(u)
ueLfis (H)

for the functional € : L?_(H) — R U {+o0} defined by

+00
£(u) == /0 2O L ()1 + ou(®) } % +j(u(0) — ) ifue D(E),

400 if otherwise,

where D(&) := {u € WA (H) | ¢(u) € L} _(H), u(0) — ¢ € D(j)}. It is not
difficult to see that £ is convex and by Proposition 2.5, £ is proper and lower
semicontinuous on L?_(H) (cf | , Exemple 2.8.3]). But to see that £ is
coercive, stronger assumptions on ¢ are needed; for example, suppose there is
an 7 > 0 such that

¢(u) > nulfy,  for allu € D(¢).

This is consistent with the linear theory of sectorial operators (cf | ,
p 10 formula (4.4)]) and the case s = 1/2 in the nonlinear theory (cf | ,
Chapter V.2]).
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Under the assumption that the statement of Theorem 3.2 holds, we outline
how to deduce the statements of Theorem 1.2 and Theorem 1.7.

Proof of Theorem 1.2 and Theorem 1.7. By choosing j to be the indicator
function, one sees that problem (3.1) reduces to Dirichlet problem (1.4).
Therefore for ¢ € D(A), the statements of Theorem 1.2 follows from Theo-
rem 3.2. Now, let ¢ € D(A)"”. Then there are sequences (¢, )n>1 of @, € D(A)
and (vy,)n>1 of corresponding solutions u,, of (1.4). By (1.12),

SUp|[un () = um ()l < [lon = omlla

for every n, m > 0. Moreover, by (1.5), every u, € L°(H). Therefore,
(tn)n>1 is a Cauchy sequence in C?([0,+o0); H) and so, there is a function
u € C([0, +00); H) such that
ngrfw Up = U in C°([0, 400); H).

From this limit, we can conclude that u satisfies (1.5) and (1.12). In particular,
since u,(0) = ¢, — ¢ in H, one has that u(0) = ¢ in H. Further, by (1.6)
and (1.8) applied to uy,, we can conclude that u € Wif((o, +00); H) and after
possibly passing to a subsequence of (u,)n,>1 and taking liminf, . in those
inequalities, we obtain that u satisfies (1.6) and (1.8). To see that u is a strong
solution of (1.1), one proceeds similarly to step 5 in the proof of Theorem 3.6
(below). This proves the statement of Theorem 1.2.

Next, to see that also Theorem 1.7 holds, for given A > 0 and ¢ € D(A),

one chooses
A 1
2 A o

and applies Theorem 3.2. O

2

The key to prove Theorem 3.2 (respectively, Theorem 1.2) is via the change
of variable (1.2), which transforms the abstract boundary-value problem (3.1)
associated with the Bessel-type operator A;_ss to the following abstract boun-
dary-value problem

(33) Y(0) € 3 (0(0) — ),

for given ¢ € mH and where j — (25)—(1—28)!7‘.

{z—l_fs v"(2) € Av(2) for almost every z > 0,

Definition 3.4. We call a function v : [0,+00) — H a strong solution of
equation (1.3) if v € I/Vlif((O,—i—oo);H) and for almost every z > 0, v(z) €
D(A) and z_l_Tzsv”(z) € A(v(z)). For given ¢ € H and j = (25)~ (17295,
a function v is called a solution of problem (3.3) if v € C*([0, +o0); H) is a
strong solution of (1.3) satisfying v/(0) € 9j(v(0) — ).

Further, for given ¢ € H, a function v € C([0,+00); H) is called a solution
of Dirichlet problem

(3.4) {z_l_szsv”(z) € Av(z) for almost every z > 0,

U(O) =%
if v e C([0,400); H), v is a strong solution of (1.3), and v(0) = ¢.
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Our first lemma outlines the equivalence between Definition (3.1) and Def-
inition (3.4).

Lemma 3.5. Let A be an operator on H, j : H — R U {+0o0} a proper
functional, p € H, and 0 < s < 1. Foru € VV;’?((O, +00); H), let u(t) = v(z)
for z given by the change of variable (1.2). Then, the following statements
hold.
(1) w is a solution of (3.1) if and only if v is a solution of (3.3).
(2) A function u € WE2(H) if and only if v € Wi%S;l (H), and a function
27 2s
we WA (H) if and only if ve W12 | (H) with

2s 72

1-2s

(3.5) u'(t) =0'(2)27 = .

Proof. If z = 2(t) = (%)%, then t = t(z) = 2522 and so, v(z) = u(t) =
u(QSz%s). Then, for z and ¢t > 0,
v'(2) = %v(z) = ((11—1: . % = u’(t)zlgs%,
proving (3.5). By using (3.5), one easily verifies that u € Wllfs (H) if and only
if v e W% | (H), and u € Wy*(H) if and only if v € W,3,_, (H). Thus
claim (2) holds. Further, o
d 1-2s 1-—2s 125 g

V'(2) = —0'(2) =u"(t)2 s +d(t) z 2
dz
for z, t > 0. Multiplying this equation by zf%, one sees that
_1-2s 1-2s 1, 1—2s

27 V(2) =4 (t) + 27/ (t) = u"(t) + u'(t)

t
for almost every z, ¢ > 0. Therefore, 271%281)”(2) € Av(z) for a.e. z >0
if and only if w”(t) + 1=22/(t) € Au(t) for a.e. t > 0, showing that u is a
strong solution of (1.1) if and only if v is a strong solution of (1.3). Moreover,

1 —3s
125/ ¢ W*(H) if and only if z2¢/ and 2 € L2(H). Multiplying
v'(2) by (25)'72% shows that

(25)1 720/ (2) = (28) 20/ (1) 7 = 120 (8).
Note that lim, o t(z) = 0 and lim;—,04+ 2(¢) = 0. Thus

lim t172%4/(t) exists in H if and only if lim v/(2) exists in H.

t—0+ z—0+
By Proposition 2.5, 125/ € W4*(H) implies that limy_4 t' =25/ (t) exists in
H. Similarly, one has that «(0) := lim;_,04+ u(t) exists in H if and only if v(0) =
lim, 0+ v(z) exists in H, and by Proposition 2.5, u(0) := limy_04 u(t) = ¢
exists in H. Therefore and by the definition of the subdifferential dgj, one
has that lim o, t'72°u/(t) € 9uj(u(0) — ¢) if and only if (1 — a)®'(0) €
Orj(v(0) — ¢), which completes the proof of showing that u is a solution
of (3.1) if and only if v is a solution of (3.3). O

Our next theorem provides the existence and uniqueness of problem (3.3).
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Theorem 3.6. Under the hypothesis of Theorem 3.2, let j := (25)~(1729)5,
Then, for every ¢ € D(A) and y € A=Y{0}, there is a unique solution

ve L®(H)NCY[0,+00); H) with v € W2, (H)

277 2s

of problem (3.3) satisfying
(36)  lv() —ylw <o) —ylly  forall 2= 220,
(3.7) 1 < WG forallz>2>0,
I O
(3.9) lv'(2)||lg < HSO—ZZ/HH for every z > 0,

le —ylla s> 1,
(3.10) 1220 || 2y < 1 \/is 1 1

3 (1253+3) le—vlu #o<s<i
(3.11) I 0113 < 14%I13, + Il — yll3,
(3812) 3l < 1A% 3 + e — wl,
(3.13) [0 lz2 < 1A%l + i — il 1A%,

For every two strong solutions v and © € L>°(H) of (1.3), one has that

(3.14) [o(z) = 0(2) |l < lv(2) —0(2)llm for every z > 22> 0.

Further, for every ¢ € D(A)" and y € A='{0}, there is a unique solution
v € L®(H) of Dirichlet problem (3.4) satisfying (3.6)-(3.10), and (3.14).

Thanks to Lemma 3.5, Theorem 3.6 implies that the statement of Theo-
rem 3.2 holds. In particular, by Theorem 3.6, if the boundary value ¢ € D(A),
then the unique solution v of Dirichlet problem (3.4) satisfies v € I/Vl1 2357,1 (H),

27 2s
implying that the Neumann derivative

—(25)1725/(0) =: O, exists in H.

This allows us to define the DtN operator ©; associated with 211,28 as given
in the following Corollary.

Corollary 3.7. Let A be a mazimal monotone operator on H with 0 € Rg(A).
Then, for every 0 < s < 1, the Dirichlet-to-Neumann operator © associated
with A1_os defined by

95:{(g0,w)€H><H

3 a solution v of Dirichlet problem (1.3),
with v(0) = ¢ and w = —(28)17250(0) in H.

is a monotone, well-defined mapping O, : D(0O4) — H satisfying
D(A) C D(6y) C D(A)", and ~ D(A) C Rg(Ig+A©s)  for all A > 0.
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The closure ©4 of ©4 in H x H is characterized by
3 (¢n,wn) € O s.t. nggloo(@mwn) = (p,w) }

O, := {((p,w) €HxH| inHxH & a strong solution v of (1.3)

satisfying v(0) = ¢ in H.

with domain D(©,) = D(A)" and
D(A)" C Rg(Ig +XO,)  for all X > 0.
If D(A) is dense in H, then Oy is mazimal monotone.

By Lemma 3.5, Corollary 3.7 implies that Theorem 1.3 holds. The rest of
this section is dedicated to the proof of Theorem 3.6

By using the change of variable (1.2), Proposition 2.5 can be rewritten for
functions v € W2 , (H). Moreover, by | |, we have that the following
2s 72

integration by parts holds.

Lemma 3.8. Let 0 < s < 1. Then, the following statements hold.
(1) (Trace theorem on W2 ,(H)) Forv e w2 , (H), the limit v(0) :=

2s 72 2s 72
lim,, 0+ v(2) exists in H. In particular, the trace operator

Tr:Wﬁl(H)%H, v — v(0)

2s 72

s continuous and surjective.
(2) (Trace theorem on Wi%S;I(H)) For v € Wlmgs;l(H), the limit

27 2s 2 2s
v(0) := lim, 04 v(2) exists in H. In particular, the trace operator

Tr: Wi, (H) = H, v+ v(0)

20 2s

18 continuous and surjective, and there are c1, co > 0 such that

3.15 a x|y < inf 1.2 < eollz|| g
1) el 0 g S olel
27 2s

for every x € H.
(8) Forw € Wi’zgs_l (H) and £ € Wﬁ , (H), the functions

2 (W(2), E(=))m and 2> (w(2),€' ()i

belong to L1(0,+00) and the following integration by parts rule holds:

+00 +oo
(3.16) /0 (w’(Z),f(Z))HdZ=—(w(O),ﬁ(O))H—/O (w(2),€'(2)) g dz.

Proof. As mentioned in the proof of Lemma 3.5, u € I/Vll’_QS (H) if and only if v €
W}LQS , (H), and since lim,_,o4 t(2) = 0 and lim; 04 2(¢) = 0, one has that the

2s 72
fact that u(0) := limy_04 u(t) exists in H is equivalent to v(0) := lim,_,04 v(2)
exists in H. Therefore by Proposition 2.5, for every v € Wi2 | (H), the limit

25 72
v(0) := lim,04 v(z) exists in H and the trace operator Tr : W~ ,(H)—H
2s 72
is surjective. To see that the operator Tr is continuous, it suffices to note that

1—2s
= (25) anwifs L (H)

2s ’2
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Thus, claim (1) of this proposition holds and since by Lemma 3.5, u € 4% ’2(H )
if and only if v € Wl1 2 (H), one shows similarly that claim (2) as well holds

2 25
true. Next, let w € W1 = . (H) and € € wi? ,(H). Since z = P z12_ss,

25 02

Hoélder’s inequality y1elds that

/ (0 (2), €(2))ar| dz = / 5l (2), 2 F )l
0 03571 1—s
<lz72 W'l p2ea 1272 Ell 2
and
dz

/O (w(2), €' ()| dz = /0 (Huz), e ()l ©

1 1
< lz2wll 2y 1226 | L2

proving that (w’,&)y and (w,& )y € L'(0,+o0). Finally, to see that in-
tegration by parts (3.16) holds, one applies [ , Proposition 3.9] to
w(z) = u(t) and £(z) = v(t) with the change of variable (1.2). O

With these preliminaries, we can now prove the uniqueness of solutions to
problem (3.3). Here, our proof adapts an idea by Brezis | ] to the more
general case 0 < s < 1.

Proof of Theorem 3.6 (uniqueness and proof of inquality (3.14)). Suppose vy
and vy € L*(H) are two strong solutions of (1.3) and set w = v; — va.
Then, by the monotonicity of A and by (1.3),
1-2s 1-2s 1-2s
s (W), w(z)m = (=7 v(2) =27 ¢ vh(2),v1(2) —va(2))m 2 0
for almost every z > 0.Thus, (w”(z),w(2))g > 0 for almost every z > 0 and
S0,

1 d2 d, ,
(3.17) 5@”“’(@”%{ = &(w (2),w(2))y

= (w"(2), w(2))m + |[w' ()7 = W' ()] = 0

for a.e. 2z > 0. Therefore, the function z — ||w(z)||% is convex and since by
hypothesis, w is bounded on R with values in H, the function z — |Jw(z)|%
is necessarily monotonically decreasing on R;. In particular, this argument
shows that for every two strong solutions vy, vo € L*(H) of (1.3), one as
that (3.14) holds. Further, from this, we can deduce that

d1
(w'(2), w(2)m = 5 llw(z AE <0
for every z € R;. Now, note that for 0 < s <1, @ =1—2s > 0. Thus,
for j := (2s)~ (- 23)] OHJ is monotone. Hence, if v1 and vy are solutions of

problem (3.3) for the same ¢ € H, then by the condition v(0) € 955 (v(0)—¢)
for ¢ = 1,2, one has that

0> (w'(0), w(0))g = (v7(0) — v5(0), (v1(0) — ) — (v2(0) — )z = 0.
Combining this with (3.17), one finds

0> ()i = [ @ we)nds > [ )
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implying that w'(z) = 0 in H for all z > 0. Thus, v}(0) = v4(0) and since

7(v1(0) = @) = j(v2(0) = ) > (v5(0),v1(0) — v2(0))

and

J(v2(0) = ) = j(v1(0) = ) > (v7(0),v2(0) — v1(0)),
it follows that

(3.18) 3(02(0) = 9) = j(v1(0) — ) = (v1(0),v2(0) — v1(0)).
Now, if v1(0) # v2(0), then by the strict convexity of j and (3.18),
Si(0) — )+ 5is(0) — 9) > (L EO )

v2(0) — vl(O))

> §(01(0) = ) + (v(0), 2=

1- 1-
= 57(01(0) = ¢) + 55 (v2(0) = ¢),
which is a contradiction. Therefore, v1(0) = v2(0), implying that v; = wvs.
This completes the proof of uniqueness. O

For proving existence of strong solutions of problem (3.3), we need the
following proposition.

Proposition 3.9. Suppose j : H — R is a convex, strongly coercive, lower
semicontinuous functional satisfying j(0) = 0, let ¢ € H and for 0 < s < 1,
7= (25)"(1=25) 5. Further, let & and & : L2(H) = RU {400} be given by

+oo
2 . 1,2
e JE ] WG rvewi2 an,

~+00 if otherwise.

and

J((0) =) ifveWs  (H),
82(1)) = 2s 72

+00 if otherwise.
Then, the functional & : LE(H) — RU{+o0} defined by & = & + & is proper,
conver and lower semicontinuous on Lg(H) In particular, the subdifferential
012 of € is a mapping 0r2€ : D(OE) — LE(H) given by

0136 = { (v, =~ € L2(H) x L2(H) | v(0) € 0j(0(0) = ) }.

In particular, for every v € D(912&), one has that

(NS W%—zs 1 3s—1 (H) N Ol([07+oo);H)'

2s 727 2s

Proof of Proposition 3.9. It is clear that £ is convex, and &£ is proper since by
Lemma 3.8, for every ¢ € H, there is a v € w2, (H) satisfying v(0) = ¢

2s 12
and E(v) = £1(v) is finite. To see that & is lower semicontinuous on L2(H), let

¢ € Rand (vy)n>1 be a sequence in L2 (H) such that v, — v in L(H) for some
v E LE(H) and satisfying £(v,) < ¢ for all n > 1. Since j > 0, this implies
that (v, )n>1 is bounded in W12 | (H). Since Wﬁ | (H) is reflexive, one can

—s 1

1
25 2 25 2




FRACTIONAL POWERS OF MONOTONE OPERATORS 17

conclude that v € W2 , (H) and there is a subsequence of (vy)n>1, which
2s 72

we denote, for simplicity, again by (v,)n>1 such that v/, converges weakly to

v’ in L2(H). By Lemma 3.8, the trace map Tr : W12 | (H) — H is linearly

2s 72
bounded and so, v,(0) converges weakly to v(0) in H. Therefore, and since
£ is convex, we can conclude that v € D(E) and £(v) < ¢. It remains to
characterize the subdifferential

For every v € D(E), the weak derivative v’ € L?(H). Hence v € C([0, +00); H).
Now, let (v, w) € 02€ and take ¥ = v + &€ for e € R and £ € D(E). Then,

E(v+ef) —E(v) 2 e (w, &) r2(m)-
Suppose first that € > 0. Then, dividing the above inequality by € gives
Jag LCELACT S O
0

(3.19) ] < o
+ J(U(O) + 5§(O> — 90) - J(U(O) — 90) > / (w(z),f(z))Hzl_s2sdz.
€ 0
Since
. oo o' (2) + e g — 3V [,
Jim ; 2 - 2 dz = /0 (v, &) m dz,

and j is convex, we can conclude by sending € — 0+ in (3.19) that

(v(0) +££(0) — ¢) — j(v(0) — ¢)
S

oo / / . 5
/0 (v,{)Hdergg

1-2s

+o0o
2/0 (w(2), £(2)) = de.

In particular, we have that

+o0 - ~
/0 (o', €)1 dz + F(0(0) + £(0) — @) — J(0(0) — )
(3.20)

1—2s
s dz.

+oo
> [ w6
Note, for any ¢ € C1((0,+o0); H), the sum v + &£ belongs to D(€) and
J(0(0) + €£(0) — ¢) — j(v(0) — ¢)

€

=0.

Thus, proceeding as before with & € C1((0,+00); H) and € < 0, one obtains

1-2s

+oo +oo
/0 (&) dz = / (w(2), €(2) =2 d

2s

+oo 1_
= _/0 (=27 w(2),&(2))pdz.
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Since this equality holds for all ¢ € C}((0,+oc0); H), we have thereby shown
that —z 5 w = v” and v € w22 . (H). Moreover, W22 (H) is a

s
2s 727 2s 2s 727 2s

linear subspace of VVfof((O, +00); H). Thus, one also has that
v € (0, 4+00); H) NW22((0, +00); H).

In addition, since v’ € W1"3,_, (H), Lemma 3.8 says that v/(0) := lim, 04 v/(2)
2’ 2s

exists in H. Thus, v € C1([0,+00); H).
Further, by Lemma 3.8, for given { € H, there is a £ € Wg , (H) satis-

2s 72
fying £(0) = &y in H. Suppose v(0) 4+ &y € D(&2) (otherwise, inequality (3.21)

below always holds). Then, inserting w = —z~ 5 " into (3.20) and integrat-
ing by parts (Lemma 3.8) on the right hand side of the same inequality yields
that

“+o00 _ B
/0 (0'(2),€ (=) dz + (0(0) + €0 — ) — 1(v(0) — )
> /+OO( /i ( d
S ORI
+o00
— (' (0),£(0) + /O (' (2), € (=) dz

+o0
= (v/(0), o)t + /O (v'(2), €(2))m d,

from where we obtain that

(3:21) §(0(0) + & — ») = j(v(0) — @) > ('(0), &o) -
Since inequality (3.21) holds for arbitrary & € H, we have thereby shown that
v'(0) € 9y j(v(0) — a). This completes the proof of this proposition. O

With these preliminaries in mind, we focus now on proving existence of
solutions of problem (3.3) (2nd part of Theorem 3.6). First, we give a briefly
sketch of the existence proof.

Let ¢ € D(A). Then the strategy of proving existence of solutions to (3.3)
is lifting equation (1.3) in H to the following abstract equation

(3.22) Al — 27 50" 30 in L2 (H),
where
Appe = {(v,w) € L2 (H) x L2 (H) | w(z) € A(v(2)) for a.e. 2> o}.

Existence of a solutions v of (3.22) satisfying

(3.23) V'(0) € 9rj(v(0) — )

is shown in two steps: first, let

(3.24) A:= {(v,w) € LE(H) X LE(H) w(z) € A(v(z)) for a.e. z > O}.
Then, one shows that for every A, 6 > 0, the following regularized equation

(3.25) Axox + 80y +9p2mE(vr) =0 in LI(H)
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admits a (unique) solution vy. Here, Ay := 3 (I L2(H) — J') denotes the Yosida
approximation of A in L2(H). After establishing a priori estimates on (v))x>o,

one can conclude that for every § > 0, there is a subsequence of (Ux)A>0
converging to a (unique) solution vs of

(3.26) Avs + dvs + 02 €(vs) 20 in Li(H).

After establishing a priori estimates on (1)5)56(071}, one shows that there is a
subsequence of (vs)se(0,1] converging to a solution v of (3.22) satisfying (3.23).
This method generalizes an idea by Brezis | | to the general fractional
power case 0 < s < 1.

Proof of Theorem 3.6 (existence). We begin by taking ¢ € D(A). By hypoth-
esis, A is a maximal monotone operator on H satisfying 0y € Rg(A). For
simplicity, we may assume without loss of generality that 0 € A0, otherwise
we replace A by A := A(- +y) for some y € A='({0}). Then, the correspond-
ing operator A on L2(H) given by (3.24) is maximal monotone (cf | D).
Moreover, the Yosida approximation A of A is a maximal monotone and Lip-
schitz continuous mapping on L2(H). Since Or2€ is also maximal monotone

operators on L2(H), | , Lemme 2.4] implies that for every A and ¢ > 0,
problem (3.25) has a strong solution vy € LE(H) By Proposition 3.9,
vy € W2 | susy (H) N CH([0, +00); H).

25 727 2s

In addition, since the Yosida approximation Ay of A is Lipschitz continuous
on H, we can conclude from (3.25) that vy € C?((0,+o0); H).

1. A priori estimates on (vy)x>o. The following estimates hold uniformly
forall A>0and 0 <9 < 1:

(327)  Joa(=)lu < [a(@)la forall z > 2 >0,

(3.28) \}ﬁnmonm <c,

1
(329)  [oh(O)] <

N

1
14°le + 8l )* + Nl

1
(331 1lzzan < (14%lln + 8 llellar) + llellz (14% 0 + 8 el

(3.32) H.A)\’U)\HLQ
(3.33) lvA (2 )HH <|

where C' is a constant independent of A. To show that these inequalities hold,
we first multiply (3.25) by vy with respect to the L2(H)-inner product (2.2).
Then,

1
< (14°l + 6 ligl) + el (14%lm + 611l ),

i 1
330 bl < (1A% + 5 llln)* + el ) el
[V\(2)|lg  for all z > 2 >0,

(Axox, o)z + 0 loallZacar) + Or2(my€ (), va) p2(ary = 0-
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Since 8L§5(U>\) - vY, the last equation is equivalent to
1-2s
(3.34) 0= (Ao, vx)r2(m) +0 HUAH%g(H) — (27 v o) L2

By Cauchy-Schwarz’s inequality,

_1=2s _1-2s
(27 Ul):ﬂ))\)Lg(H)’ <|lz7 U'A’HLg(H) HU/\HLg(H) = HUK”Lé HUA||L§(H),

and since

<27 17525

o0
eomzzan = [ 042 o) de = (0, oa) e,
= 0
one has that
(3.35) (W) o3 € LV(R).
On the other hand, (3.25) is equivalent to

1-2s

(3.36) vy (2) = z%Aw,\(z) + 275 dup(z) for every z > 0.

Multiplying (3.36) by vy with respect to the H-inner product applying the
monotonicity of Ay and that 0 € A)0, one sees that

(W(2) a2 =2 = (Ao @) +2 = 8 oa2)I%

(3.37) . ;
>z = 0lloa(2)ll

for every z > 0. Thus,

(3.38) / (W), va(r)) gy dr > & / loa() I3 75 dr > 0
for every z > 0. Further, since
d

7 (@)@ = (R(2), a2 + A ) I

for every 2z > 0 and since vy € D(€) requires that ||v}]|% € L'(Ry), it follows
from (3.35) that the function z — (v}(2),vx(2))n is continuous on [0, 400)
and by (3.38) that

+00 +oo
(3:39) @G En= [ A oeDadr+ [0l 20
for every z > 0. Therefore,
(3.40) (V\(2),vA(2))a <0 for every z > 0

and since

d1
L Il = () or (@
the function 2z — 3|lux(2)||% is decreasing on [0, +00), implying that (3.27)
holds. Next, by (3.37), one has that
d? 1
& L@ = W4 0a@)a + I = I 20
for all z > 0. Hence, the function z — ||vx(z)||% is convex on [0, +00). Taking
z =01in (3.39) and applying (3.38), one finds

+o00
(0, (0), 02 (0)) 1 + /0 lh (I3 dz = — (@ v3) L2gan < 0.
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Therefore, and since v4(0) € 9pj(vx(0) — ) and dpj is monotone with 0 €
0r7(0), we get that

1,02 oo / 2
ErA . /0 (=) 13 d=

< —(A(0),vA(0) 1
= —(V4(0) = 0, (vA(0) — ) — 0)r — (V4(0), )1
<0- (U&(O),QD)H

and so, by Cauchy-Schwarz’s inequality, one obtains

1 1 1
(3.41) 220\l 2y < Il0AO) I Il 7r-
By the Lipschitz continuity of Ay : H — H, the function
wy(z) == Ayua(2) + dua(2)

is differentiable at almost everywhere z € Ry with weak derivative

d
wy(z) = d—A,\(vA(z)) +dvi(2) for almost every z € Ry,

z
where %A)\(U)\) is the weak derivative of z — Ay (vx(z)). On the other hand,
by (3.36),

_1-2s
wx(z) =275 vy(2).

Hence,
d / / / _3s—1 9 1
(3.42) 3 (W (2), va(2)a = (wi(2), va(2))m + o7 = ox(2)l[a
for almost every z € Ry. Since the Yosida approximation Ay is Lipschitz
continuous with constant 1/\ (cf | , Proposition 2.6]), one has that
d 1
gA,\(vA(z)) ‘ < X oA (2) ||l for a.e. 2 € Ry.
Therefore and since vy € Wﬁ 1 3.1 (H), (3.42) means that the function
2s 727 2s
z — (wx(2), v} (2))m is absolutely continuous on [0, +00) and
/ oo d /
(3.43) — (wa(2),v\(2))m =/ 3 (a(r), oA (r)m dr
z

for every z > 0. Moreover, by the monotonicity of Ay

d
(dzA)‘(U)‘(z))’ v&(z))H
A - _
IR ENCONCRD) A,\(vx(z))’vA(erh) ur(z + h) 0
h—0 h h Y
for almost every z € R,. Therefore, one has that

349 AL = (FAEAE )+ >0

for almost every z € Ry. Applying this inequality to (3.42) and subsequently,
inserting (3.42) into (3.43) yields

(wx(2),v3(2))g <0 for every z > 0.
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From this, it follows that

d1 2 " / 1—24 /

2 @I = (=), i () = 27+ (waz), vi(2)m < 0,
implying that z — ||v}(2)||% is non-increasing on [0, +00) and, in particular,
(3.33) holds. Moreover, applying (3.44) to (3.42), gives

d _1-2s
(W), () = (2 7=~

and by integrating this inequality over R, one finds that
o413z, < ~(r(0). 50D

for a.e. z € Ry

Since wy = Ayvy+6vy and by applying | , Proposition 4.7(iii)]) to v} (0) €
97 (ux(0) — ), one sees that
IV} HLz —(wx(0),v3(0))

—(A)\U)\(O) + 50)\(0), US\(O))H
—(Axp + 99, v3(0) 1

and if A is the minimal selection of A, then

1/2 1/2
(3.45) ol < IAO)I3 (14%lle + 6 lelzr)

Next, given x € H satisfying ||z||gz < 1. By Lemma 3.8, there is a & €
WLQS , (H) such that £(0) = x in H. Then, by v/ € Wll%si_l(H), Cauchy-

’2 27 2s
Schwarz s inequality gives

(O == [ A0l

o o0
=—/(ﬁ®£mmw—/(%m£WMﬂr
0 0
1 1
< |’UK‘|L§ 1€l L2y + 122 | L2 ey 1228 || L2 (i)
1
SOW&%W”W@@)MWﬁyWy

Moreover, in the latter inequality, taking the infimum over all £ € w2 1
2s 72

(H)

satisfying £(0) = x and subsequently applying (3.15), it follows that
(4.0 < (10l12 + 1230 Lz ) C llalir
Now, taking the supremum over all x € H satisfying ||z||z < 1, yields
lAO) i < € (Iofllzz + 125l 2 ) -
Applying (3.45) and (3.41) to this inequality, one obtains
nwmmHs(wx>P”@A%mrwwwm) + 11940 ”NmWﬁ
(

from where we can conclude that (3.29) holds. Now, inserting (3.29) into (3.45),
one obtains (3.31), and inserting (3.29) into (3.41), one sees that (3.30) holds.
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Next, by hypothesis, j satisfies (2.1), which is equivalent to (Jgj)~" maps

bounded sets into bounded sets (cf | , Proposition 2.14]). Since each
vA(0) € (Og)~ 1(v/\( )) +¢ and by (3.29), the sequence (v} (0))a¢ is bounded,
we have that there is a constant C' > 0 such that (3.28) holds.
To see that a priori estimate (3.32) holds, we multiply (3.25) by Ayvy with
respect to the L2 (H)-inner product. Then, by the monotonicity of Ay and

since Jr2&(vy) = —z_%vgf, one sees that
IIAAUAH%a < IIAXUAHp )+ 0 (vx, Axva) 2

1—2s
= (27 = X, A\on) L2

< 1o\l 2y 1AMl 2 (1) -
Therefore,

Mol < 1o 2o
for all A > 0 and so, by (3.31), one gets (3.32).

2. For every 0 > 0, there is a unique solution vs of (3.26) and vy — vs. To
establish the existence of a solution vs of (3.26), we begin with the follow-
ing convergence result.

Lemma 3.10. For every § > 0, the sequence (vx)x>o of solutions vy of (3.25),
is a Cauchy sequence in L2(H). In particular, there is a vy € L(H) such that

3.46 li = m L2(H).
(3.46) Jim vy = vs in L3 (H)

Proof of Lemma 3.10. For A, A > 0, let vy and v5 be two solutions of (3.25).
Then, multiplying

6(vx —v3) = —(Axvx — Agvg) — (Or2€(vx) — 0r2€(v3))

by vy — v with respect to the Lg(H)-inner product and using that 9;2& is
monotone, shows that -

8 |lox — Ux”%g(H) < —(Axva — Asvz, 08 — v;\)Lg(H).

We recall from | , p 28] that for the resolvent operator J5* of A, one has
that Ayu € AJ;\A’LL. Thus, by the monotonicity of A, one has that

§|lux — U5\||2L§(H) < —(Axox — Asvg, on — v3) r2(m)
—(Axvx — A5y, (va — J,\ ux) = (vg — J;‘ v L3(H)
— (Awox — Agug, Jtox — J3) 2
—(Axvx — Asvz, A Aoy — S\A;U;)Lg(H)
=-A \|AAUAH%§(H) +(A+ ) (Axux, Agv5) L2 (m)
= M AsoslI 2
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By Cauchy-Schwarz’s and Young’s inequality,
(A4 X) (Arox, A5vs) 2y
< A+ Al L2y A5 05 22y

A A A
<A HAAUA|’%§(H) + ZHA;\"US\H%(H) +A ||A5\U5\H%§(H) + ZHA/\UAH%gH)-

Hence,

A A
2 2 2
O llox = vsllzecmy = 1A sz + g IANOAIL2 a1y
which by (3.32) shows that

. 2
A+ A

1 1
Sllor—v3220m < o | (1% 1m+6 gl )+l (14°l+6 llplar)

Therefore, for every § > 0, (vy)x>0 is a Cauchy sequence in L;(H ). This
proves the claim of this lemma. O

Continuation of the proof of Theorem 3.2. By Lemma 3.10, there is a vs €

L2(H) such that (3.46) holds. Now, the a priori estimates (3.30) and (3.31)

imply that vs € W12L28 1 3.1 (H) and after possibly passing to a subsequence

2s 727 2s

of (vx)x>0, which we denote again by (v))r>0, one has that
(3.47) lim v} = v weakly in L?(H),
A—=0+
(3.48) lim v =v)  weakly in L2(H).
A—=0+
Moreover, since GLEE(U)\) = —z_%vf\' and by [ , Proposition 2.5], the

limits (3.46) and (3.48) imply that vs € D(92E) and —z~ "+ v} = 912 (vs).
Next, by (3.32), there is a x € LZ(H) and a subsequence of (vy)x>0, which we
denote again by (v))x>o such that

(3.49) lim Ayvy =x  weakly in L2(H).
A—=0+ =

Moreover,

Lim (Axvx, vx) rzemy = lm (Ao, v = vs) z(a + lm (Axo, vs) 2 ()

=0 Ué)Lg(H)
Note, J)“\4U5 — vg in LE(H) as A — 0+. Thus, and since
154 0x = vsll 2y < 15 0x = IS 0sll 2y + 195 05 — vsll 2
< lvx = vsll 2y + 195 05 — vs L2y

one has that

lim J{'vy = in L2(H).
g o= in L)
Therefore and since Ayvy € AJS\A’U)\, [ , Proposition 2.5] implies that

vs € D(A) and x € Avs. Now, by (3.46), (3.48), and (3.49), taking the L%(H)-
weak limit in (3.25) yields that for every 6 > 0, vs is a solution of (3.26), which
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by Proposition 3.9 has the regularity
vg € WEZ 1 0y (H) 01 CH(0, +00); H) N W (0, +00); H)
2s 727 2s
Now, let € H and for p € C*°(]0, +00)) satisfying 0 < p < 1 on [0, +00),
p =1on [0,1] and p = 0 on [2,400), set £(z) = p(z)z for every z > 0.
By (3.46), (3.27) and (3.28), one has that

(3.50) lim vy = vs in L?(0,T; H), for every T > 0.
A—0+

Thus, by (3.47) and since vs and v belong to C*([0, +00); H), one has that
+o00 d
00.2hr == [ o (ws(a). €N
+00 +o0
-/ wx>a»Hw—/ (05(2), €'(2))ir
0
+oo +oo
5= [ e sz [ 0Dz = 0(0).0)n

as A — 0+. Since x € H was arbitrary, this means that v)(0) — v5(0) weakly
in H as A — 0+ and hence,

va(2) = vx(0) + /OZ v (r) dr — vs(0) + /OZ v (r) dr = vs(2)

weakly in H as A — 0+ for every z > 0. In addition, by (3.50) and (3.47), one
has that

101 = [ Ll d:
2
:—/@A)wHMp(ﬁF/”w I 0 (2)p(2) dz
L /U5 s (2))a P m—/nm )% 0 (2)p(2) dz

= §||U(S(O)||H
as A = 0+. Therefore, by the weak limit v)(0) — v5(0) in and since H is a
Hilbert space, we have that

li 0) =vs(0 in H.
A0+ oA(0) = vs(0) o

By this, (3.50), and (3.47), one has that

10 = IO+ [ 55l dr

= 51Ol + [ @0 )
= Slos B + [ (@0 () dr = 5les(a)r

Therefore, and since H is a Hilbert space, we have that
(3.51) lim vy(2) = vs(z) in H for every z > 0.
A—0+
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3. A priori-estimates on (vs)s>o. One has that the following inequalities
hold for all 0 < § < 1:

vs(0)||2
(352) 20l < 12
(853) sl < Jos(2) i < losO)ll < C (forall 2> 2 >0,)
1 1 1
(854) o513 < (1A%l + Il ) * + el

1 i 1 1
(3:55) [|=305lz < ((HA%HH +5lel)” + HwH?{) el

1 1
(856)  Ioflizz < (14l + S ligllar ) + lelz (1%l e+ leln)
(3.57) lvs()lg < lvs(3)|lg forall 2> 2 >0,

(3.58) (v5(2),v5(2))g <0 for all z > 0.

where the constant C' is independent of §.

Due to the limits (3.48), and (3.49), sending A — 0+ in (3.30) and (3.31)
shows that (3.55) and (3.56) hold. Next, inequality (3.57) follows from (3.33)
and by the limit

(3.59) lim vy(2) = vj(2) strongly in H for every z > 0.

A0+
The convergence (3.59) follows by the same reasoning as shown to prove (3.65)
in Lemma 3.11 below. To avoid repetitive arguments, we outline this method
only once. By the two limits (3.59) and (3.51), sending A — 0+ in (3.40)
yields (3.58) for all z > 0 and by continuity of vs and vj, one has that (3.58)

also holds for z = 0. To see that (3.52) holds, we note that by (3.26) and since
A is monotone,

T
/0 2 (v§(2),v5(2))gdz >0

for every T' > 0. By this estimate, one sees that

T
T((T), vs(T)) 11 = /0 (= Wb vs(2)n ) =
T T
:/ (v(’;(z),vlg(z))Hdz—i-/ z(vg(z),v(;(z))Hdz
0 0

T
+ /0 2 04 (2) 13 dz

v

/lenv G2 dz+/Tz||v'<z>||2 dz
o dz2 0 H 0 g H

1 1 T
= Qllva(T)H?{ - §Hva(0)||%r +/0 z||vs(2)||F dz

v

1 T
~5 s+ [ 2l 0z

Rearranging this inequality and applying by (3.58), one gets

lvs ()]

N =

T
|1 s < TG, D) + (O <
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Sending T' — +o0 in this estimate shows that (3.52) holds.

By (3.29), we can extract another subsequence of (vy)xso such that v} (0) —
v5(0) in H and so, sending A — 0+ in (3.29), one finds that (3.54) holds.
By (3.54) and since vs(0) € (7))~ (v5(0)) + ¢, we can conclude that the se-
quence (v5(0))s>0 is bounded in H, showing that the right hand side inequality
in (3.53) holds. Since —z_%vg’ = 0r2€(vs) and A is monotone with 0 € A0,
multiplying (3.26) by vs(z) gives B

1-2s

275 (05(2),vs(2)) i = 6 v (2) I + (ws(2), vs(2))rr > 0

for almost every z > 0, where ws(z) € Avs(z) satisfies ws(2) + dvs(z) =
P v (z). Therefore,

(3.60) (v§(2),vs(2))g >0 for almost every z > 0.

Since vy € W12125 1 3.1 (H), the integration by parts rule in Lemma 3.8 yields

2s 727 2s
that

3 llvs@E = @5(2), vs(2)
+© g ,
- _/z 3 (V6 (r); vs(r))m dr

+00 +oo 9
—— [ Dads— [ )
z z
for every z > 0. Thus and by (3.60), 2 — [Jvs(2)|% is decreasing on [0, +00)
and, in particular, the first two inequalities in (3.53) hold.

4. There is a function v € C'([0, +oc); H) such that v — v" as § — 0+. We
need the following convergence results.

Lemma 3.11. There is a function v € C1([0,+00); H) N L®(H) with v’ €

Wi’%s,l (H) such that after passing to a subsequence, one has that
27 2s

(3.61) 51_1)1& vs(2) = v(2) weakly H for every z > 0,

(3.62) 6lilgl+ vy = weakly in L} (H),

(3.63) 61_i>r(1)1+ vy = strongly in L*(H),

(3.64) 61—i>%1+ v5(0) = v'(0) weakly in H,

(3.65) 61_i>r(1)1+ v5(2) = ' (2) strongly in H for every z > 0, and
(3.66) 51_i>%l+ vy =" weakly in L2 (H).

Before proceeding with step 4, we give the proof of this lemma.

Proof of Lemma 3.11. For 9, 5 € (0,1], let vs and vz be two strong solutions
of (3.26) and set w = vs — vs. Then, by (3.26),

_1-2s

27 w'(2) € Avs(z) — Avg + dvs(z) — 51}3(2) for almost every z > 0
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and hence, the monotonicity of A implies that
1—2s

7 (w'(2),w(2))m

> (dvs(2) — dvg(2), v5(2) — v5(2))m

z)
= 6llvs(2)[3 — 6 (vs, v5(2)) i — b (v5(2), v5(2)) i + 6 [[vs[3-
By Young’s inequality,

5 . . 5
0 (va,v5)m < dllvslfy + FllvsllFr  and 0 (ve, v5)m < O llvgllir + llvallz-
Therefore and by (3.53),

1-2s ) S (5+ 5
27 (W'(2),w(2))g > —ZHvs(Z)H%r = 4 llvs(= i > ———C%

Integrating this inequality over [0, 7], for T > 0, gives

T
(w'(T), w(T)u — (w'(0),w(0)n —/0 lw'(2)117; d=

_ Ti / — ! "z 2 z
_ /O L), w2z /0 /()13 d

-/ (@ w@a + B ds - / )l e
.- (715)02/0Tz135dz.

Sinf:e v5(0) € A7 (vs(0) — ) and vg(O) € 81{5(115(0) — ), the monotonicity of
Jprj implies that (w'(0),w(0))y > 0 and so, we can conclude from the previous
inequality that

T T 1—2s
/ o' (2) s 4z < (D), w(r)) + O e [

Applying Cauchy-Schwarz’s inequality and (3.53) to the right hand side of this
inequality, gives

T
(3.67) / Jo/(2) s dz < O/ (@)1 + 22 / S
0 0

On the other hand, for every § € (0,1] and T > 0,
oo / 2 e / 2 dz
T [ ek < [ luelh S
T T z

and by (3.57), the function z + ||v§(2)||% is decreasing on (0, +00). Thus,

dz T2
/szg W > I

and by (3.52) and (3.53),
2

T / 2 oo / 2
?H%(T)HHﬂLT i l|vs(2)]| 7 dz

"
| Q

* dz
< [t as+ [l L = e
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Hence,
+o0 C2
/ lvs(2)|% dz < == for every ¢ € (0, 1],
T

and o
o5 (T) || < T for every ¢ € (0, 1].

Now, applying these estimates to (3.67). Then, we obtain

T T
| WG < clwma+ e [ a
0 0

C?2  (646) 5 s 1
< 2— T s
- T T 4 ¢ 1—s
and so,
—+o00 T T T
/0 ! ()% d= < /0 ()3 dz + 2 /0 104(2)[13 dz + 2 /0 o (2)11% d=
C?2 (6+46) 5 s 15 (2
< 92— s —
<2 7 + 1 C 1 ST +42T

Choosing T := 1/(6 4 §)* and inserting w = vs — vs, then we get
400 02 02
[ - vlas < (2024 G
0

- 4—— ) (5 +0)%
41-s * 2 ) (5+9)

Therefore, (v})s~o is a Cauchy sequence in L?(H), implying that there is a
© € L?(H) such that

lim v =0  in L?(H).

In addition, by (3.53), (vs)s>o is bounded in L?(0,T; H) for every T > 0.
Therefore, there is a function v € L2 (H) with weak derivative v’ = ¢ in L*(H)
and after possibly passing to a subsequence of (vs)s~o, one has that (3.62)
and (3.63) hold. Moreover, by (3.56), the sequence (vj§)se(0,1] is bounded in
L2, (H). Thus, v has a second weak derivative v” € LZ (H) and by possibly

replacing (vs)se(0,1] again by a subsequence, one obtains (3.66). Further,

J 1 ar

for every z, £ > 0, showing that v : [0,+00) — H is uniformly continuous.
In particular, since v' € Wi%.s;l(H), Lemma 3.8 and (3.53) imply that v €

2’ s

CL([0,+00); H) N L*°(H). By the limits (3.63) and (3.66), the trace theorem
on Wlwgs;l(H) (Lemma 3.8) implies that (3.64) holds. For z > 0, Cauchy-

2 s
Schwarz’s inequality gives

[o(z) —v(2)]|a < < |z = 212 0| g2y

1-2s

_ oo 1-2s
2 %va(z) —'(2)|I% / r(r)" 2z (V§(r) =" (r),v5(r) — ' (r)) g dr

25—1 oo —Ll ’ / 2 4
+ 5 2 g llvg(r) = v(r)[ dr
z

351
<|lz72 (v§ = v")l2em) V5 = 'l L2y,
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2s—1
2

1
+ 125 2272 s = Ve

= |lv5 — 'U”HLg*(H) lvg — UIHH(H)
_ 1
+ 1258 5272 o5 = V[ Fa -
Thus, and by (3.63) and (3.56), one has that (3.65). By (3.53), there is a
vp € H and a subsequence of (vs)se(o,1) such that vs(0) — vo weakly in H as
d — 0+. Now, let z € H and for p € C*°([0,+00)) satisfying0 < p<1,p=1

on [0,1] and p =0 on [2, +00), set £(z) = p(z) z for every z > 0. Since vs and
v belong to C1(]0, +00); H) and by the limits (3.62) and (3.65), one has that

2
(os(0).2)s = = [ 0s(2).)mas

2 2
_ / (v} (2), (=) dz — / (05(2), € (=) d=
0 0
+

00 2
— — (v’(z),f(z))Hdz—/O (v(2),€(2))g dz

0
(v(0), z)m
as § — 0+. Since x € H was arbitrary, this shows that vy = v(0) and
li = kly in H.
sim, v5(0) = v(0) weakly in

Moreover, since for every z > 0,

vs(z) = v5(0) —|—/ vi(r) dr and v(z) = v(0) +/ o' (r) dr,
0 0
the previous limit together with (3.63) yields that (3.61) holds. O

Continuation of the proof of Theorem 3.2.

5. The limit v is a solution of (3.3). For a compact interval K := [a, b] with

0 <a<b< +oo, let L2-(H) denote the set of all L?-integrable functions
v: K — H and Ax denote the operator

Ag = {(v,w) € L2 (H) x L% (H) | w(z) € Av(z) for ae. z > o}.

Then, since A is maximal monotone on H and K has finite measure, it follows
that Ag is maximal monotone on L% (H). Moreover, since the restrictions
on K of functions v € L2 (H), L*(H), and L2, (H) belong to L3.(H), the
equation (3.26) can be rewritten as

Agvs+0vs 3 2 = vl in LZ(H).

By (3.53) and (3.66), f5:= zf%vg’ — dvg satisfies fs € Axvs and

(3.68) 6l_i>r(r)1+ fs= P4 weakly in L% (H).
By (3.62), if

. _1-2s
(00 i, o Wi < 0 gy
then by [ , Proposition 2.15], we have that

2s

ve D(Ak) and e € Agw.
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To see that (3.69) holds, we write
_1-2s _1-2s
(vs, f8) 2 iy — (v, 27 = V") 2 gy = (vs—v, fo) 2yt (v fs—27 = V") 2 ()

and note that by (3.68), one has that
_1-2s _1-2s
(v fs =2 V)2 )y = (0, fo) 2.y — (V.27 = V)2 )y = 0
as 0 — 0+. In addition, since K = [a,b], and by the limits (3.61), (3.62),
(3.63), (3.65) and since by (3.53), dvs — 0 strongly in L2 (H), we have that

1—2s
(vs — v, fo) 12 () = (Vs — v, v - 0v5) 2 (1)
= (vs — v, 2_%(1):5/ - U”))LQ (H)
+ (vs — v, 2~ SR dvs) 2 2 (H)

b 1—
= [[(05(a) — v(2),5(2) — o (2 =

_1-2s /"
+ (vs—v, 27 = V" = 6vs) 2 ()

’ d 1—2s
:/ &(U(S(Z)—U(z),vg(z)_U/(Z))H R
/\va — V()|

1-2s
+ (v —v, 27 s =y —(5v5)L2(H)

_1-2s |

2s
dz

— [ |5(z) =" ()5 2~ s dz

—0 as § — 0+,

This show that (3.69) holds and since the compact sub-interval K = [a, b]
of Ry was arbitrary, we have thereby shown that v is a solution of (3.22)
or equivalently, a strong solution of (1.3). It remains to show that v'(0) €
91 (v(0) — ¢). To see this, note first that if j is the indicator function, then
condition (3.23) reduces to the condition v(0) = ¢. Since v5(0) = ¢ for all
§ > 0, we have by (3.61) that v(0) = ¢. Now, suppose dyj : D(0gj) — H is
a weakly continuous mapping. Then, since v§(0) = O (vs(0) — @) for every
§ € (0,1], the weak continuity of dgj together with (3.61) and (3.64) imply
that v(0) — ¢ € D(dgj) and v'(0) = 9 j(v(0) — ).

6. The solution v of (3.3) satisfies v € L*°(H) and (3.6)-(3.13). Thanks to
(3.65), we can send § — 0+ in (3.57) and obtain (3.7). Due to (3.65)
and (3.61), sending d — 0+ in (3.58) yields that

dz 2 H ()% = (W' (2),v(z))gy <0 forall z>0.
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Hence, (3.6) holds and, in particular, v € L (H). By (3.65), sending 6 — 0+
in (3.57) and using that v € C*([0,+00); H), one obtains (3.7). To see
that (3.8) holds, we first note that by (3.65) and (3.61), sending 6 — 0+
in (3.58) and using that v € C1(]0, +00); H) yields

(3.70) (V'(2),v(2))g <0  for every z > 0.
Moreover, since v is a strong solution of (1.3) and since A is monotone,
T
/ 2 (V"(2),v(2))pdz >0
15

for every T > ¢ > 0. Using this estimate, one sees that
T(T), o(T)u —e(v'(e),v(e))n

/ LA ds + / WG
. dz2 H - H

1 1 T
= §HU(T)II?{ - §Hv(6)H?q +/ 2|0 (2) |3 dz
€

v

1 T
> =@l + [ 2@z
>

Rearranging this inequality and applying (3.70) and (3.6), one gets

T
/ 2 ()| dz < T (T),v(T)) 1 — e(v(€), v(e)) i + %Hv(s)\l%

< —e (W' (e),v(e))m + %HU(O)”%{-

Since v € C1([0,+00); H), sending first ¢ — 0+ and then T — +oco in the
resulting inequality shows that (3.8) holds. By (3.7) and (3.8), we see that

22 / 2 i / 2 1 2
5 W e = ; el () [ dr < Sllv(0)llE

for every z > 0, which shows that (3.9) holds. The estimates (3.11)-(3.13) are
obtained from (3.54)-(3.56) by taking advantage of the underlying weak limit.
Finally, we want to show that (3.10) holds. To do this, let A > 0. Then, by
the monotonicity of A, one has that

((z + h)%v"(z +h) — z%v”(z), v(z+h) — v(z))H >0

for almost every z > 0. Let & € C?([0, +00)) be such that
1—
P(z) == E(2)(z+h)=

is increasing and satisfies ¢(0) = 0. (For example, take

1-2s

(3.71) £(z) =2 (z+h)" > for every z > 0,
for some § > 0.) Then,

/OZ D) (0" + h) — o (), 0(r + h) — v(r)) dr

2s

1-2s

+/OZ§(T) ((T%—h)l_si—r : )(U”(r)vv(r+h)—v(7“))1{dr20
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and hence

P(2) (V'(z +h) = v'(2),v(2 + h) —v(z))n
/w v'(r+h) = (r),v(r +h) —v(r))gdr

- /0 B+ ) — o ()% dr

1-2

+/OZ§(7“) ((r+h)1_823 —r ss)(v”(r),v(r+h)—v(r))HdTZO.
Therefore, and since (v'(z + h) — v'(2), (z+h)—v( Nu <0,
/ ()l (r +h) =o' (r HHdT+/ P (r **HU(TJrh)—U( )7 dr
< Y(2) (V'(z + h) —v'(2),v(z + h) —v(2))m

2s 1-2s

+ /O §0) (0= =752 W0, 0(r + ) = o)) dr

1-2s

< /O &) (r+ 0= = r5) ("), 0 + B) = w(r)) s ar.

Now, integrating by parts, yields
# 1
| oI 8 = @l dr 4 @) g o+ ) = o)
0

< [C60) (145 =) 0 00t ) — o)

+ [C0 ) Gt 1) = oy dr + 0'0) S0 + 1) = o0y

Dividing this mequahty by h? and sending h — 0+, yields
# 1
| sl + @) 51 Gl

1-2 z _3s
< S/ &(r) r% (" (r), o' (r)) g dr

/ 90) 510 () dr -+ 0/ 0) 510 O
Inserting £ from (3.71), then

z
1
/0 P ) dr + 8251 L 1
1—2s

< / LW (1), (1)

$ 0
z 1
+5(6—1)/0 1"5‘2§||v( )IIHdr+Bz|Z 02||v( -

Choosing 8 = 3 in this estimate, then one finds,

z
1
|l ar 322 S
1-—-2s

< /0 r? (U//(T)yv/(r))HdT+3/0 [ (r) |13 dr.

S

33
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Thus, if s > 1/2, then by applying (3.7), one sees that
z 2
/ ,,43”,01/(74)”%{ dr <3 ”QDQHH
0

and hence the first part of (3.10) holds by sending z — +o00. If 0 < s < 1/2,
then 1_725 > 0 and so, by Young’s inequality, we have for every € > 0 that

z
1
|l ar+322 510 @)l

N 2 S L (% 1, 2 ? / 2
<e [ [rzo"(r)|lgdr+ — [ lrzv' ()l dr+3 [ r|lv'(r)][7 dr.
0 1 —2s4e 0 0

Choosing € = 1/2, one finds
1 [ 1 #
2/(; 713”0//(7“)“%[(17” < <1_8282 +3)/0 HT’%'U/U')H%{ dr

and hence by applying (3.7) and sending z — +00, one sees that the second
part of (3.10) holds.

To see that for boundary data ¢ € D(A)", there is a solution v of Dirichlet
problem (3.4) satisfying (3.6)-(3.10), and (3.14), one proceeds as in the proof of
Theorem 1.2 and Theorem 1.7. This completes the proof of this theorem. [

Next, we outline the proof that the DtN operator ©;1_s5 is monotone and
establish the characterization of the closure O;.

Proof of Corollary 3.7. For given 1 and 2 € D(A), let v1, va € L>®(H) be

two strong solutions of (3.3) respectively to boundary data ¢ and ¢3. Then

by the monotonicity of A,

di}HUl(Z) —v2(2)lIf = (V] (2) = v3(2),01(2) —v2(2))r

(3.72)  dz22 . 230
+ o1 (2) = v3(2) |3 = 0.

Thus, the map z — 3 |lw(2)[|% is convex on [0,+00). Since vy — va € L*(H)
and since every bounded convex function is necessarily decreasing, we have
that 2 — $|lw(2)||% is decreasing on [0, +00). Thus,

Tl (@) = vl = ©1(2) = v5(2), v1(2) = va(2)m <0

for every z > 2 > 0, which shows that O4¢ := —(2s)172%/(0) is a monotone
operator. It follows from the definition of ©4 and by Theorem 3.6 that D(A)
is a subset of D(©,). On the other hand, for every ¢ € D(Oy), there is a
solution v € C*([0, +00); H) of Dirichlet problem (3.4) with v(0) = . Since
v(t) € D(A) for a.e. t > 0, it follows that ¢ € D(A)", showing that D(0,) C
D(A)". Further, by the regularity v € C(]0,400); H) and the uniqueness
of the solutions to Dirichlet problem (3.4), the operator Oy is a well-defined
mapping from D(©;) to H.

Next, we show that the closure ©, of O, in H x H,, coincides with the set

in H x H,, & a strong solution v of (1.3)

3 (¢on,wyp) € Oy s.t. ngToo@”’w”) = (p,w) }
satisfying (3.6) & v(0) = ¢ in H.

B := {(gp,w)EHxH
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Obviously, the set B is cointained in ©g. So, let (p,w) € O,. Then, there
is a sequence ((¢n,wn))n>1 € Oy such that (v, w,) — (p,w) in H x Hy,
as n — +oo. By definition of O, there are solutions v, € C*([0,+00); H)
of Dirichlet problem (3.4) with v,(0) = ¢, and satisfying ©sv,(0) = wy,.
Since every ¢, € D(A)", Theorem 3.6 yields that each v, satisfies (3.6) and
by (3.14), (vn)n>0 is a Cauchy sequence in C?([0, +oc); H). Hence, there is a
v € C°([0,400); H) such that v, — v in C°([0, +00); H) as n — +oo and so,
v(0) = . Since each ¢, € D(A)”, we also have that ¢ € D(A)”. Hence,
Theorem 3.6 yields the existence of a unique strong solution v of (3.4), proving
that (o, w) € B.

Now, for given A > 0, the functional j : H — [0,+00) given by j(v) =
35 |vl1%, (v € H), is strictly coercive, continuously differentiable on H and its
Fréchet derivative j’ coincides with the subdifferential Oy j given by dyj(v) =
4j(v) = tv, (v € H). Note, Oy is a bounded linear operator on H and hence,
in particular, weakly continuous, and A is drj monotone. Thus, by Theo-
rem 3.6, for every ¢ € D(A), there is a unique solutions v € C*([0, +o00); H)
of

(3.73) { 27w 0'(2) € A(v(z))  for ae. z>0,

—(28)17250/(0) + Av(0) = .

By definition of O, we have thereby shown that for every ¢ € D(A) and
A > 0, there is a v(0) € D(O;) satisfying

(3.74) v(0) + AO;v(0) = .

(
Thus, D(A) C Rg(Iy + A\O,) for every A > 0. To see that also D(A)" C
Reg(Ig 4+ A\O,), take ¢ € D(A)™. Then, there is a sequence (¢5)n>1 C D(A)
such that ¢, — ¢ in H as n — +oo. Moreover, since D(A) C Rg(Iy +
A\Oy), for each ¢, there is a unique solution v, € C1([0,4+00); H) of Dirichlet
problem (3.4) satisfying O4v,,(0) + Av,(0) = ¢,,. Thus by the monotonicity of
O, one has that

[0n(0) ~ o (O = 5 (0n(0) ~ vm(0), o0 — o)
£ 0n(0) = 0 (0), ©,04(0) ~ O,vm ()
< £l10n(0) = vm O) 160 — ol
and so,
(3.75) [00(0) = vm (Ot < ~ llm — Gl

Since each v,(0) € D(A)", v, satisfies (3.6) and (3.14)holds. Combining this
with (3.75), one sees that (v,)n,>0 is a Cauchy sequence in C®([0, +oc); H)
and so, there is a v € C?([0, +00); H) such that v, — v in C®([0,4+-00); H) as
n — +o00. In particular, v,(0) = v(0) in H as n — +oo. Thus, v(0) € D(A)"”
and so, Theorem 3.6 yields that v € C([0,+00); H) and v is a solution of
Dirichlet problem (3.4). Moreover, we have that

w:= lim O4v,(0) = ¢ — Av(0) exists in H,

n—-+400o
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showing that (v(0),w) € O4 and O4v(0) + Av(0) = . This proves that
D(A)" C Rg(Iy + \O,). Thus, if D(A)” = H, then O, is maximal monotone
on H. This completes the proof of this corollary. O

4. INTERPOLATION PROPERTIES

Our first theorem of this section, allows us to establish interpolation prop-
erties and comparison principles of the semigroup {7s(¢)}+>0 generated by
—0;s.

Theorem 4.1. Let A be a mazimal monotone operator on H with 0 € Rg(A).
Suppose, ¢ : H — RU{+00} is convex, proper and lower semicontinuous such
that A is Og¢p-monotone. Then for every for 0 < s < 1, O4 is Ogd-monotone.

In the case H = L?*(%,u) the Lebesgue space of 2-integrable functions
defined on a o-finite measure space (¥, u), then Theorem 4.1 provides the
following interpolation properties of the semigroup {7} },>¢ generated by —©j.

Corollary 4.2. Let (X, p) be a o-finite measure space and A a mazximal mono-
tone operator on L*(X, u) with 0 € Rg(A). If A is completely accretive, then
for every 0 < s < 1, the DtN operator Oy is completely accretive on L*(X, ).
In particular, if the closure ©4 of ©4 is mazimal monotone, then the semigroup
{Ts(t) }s>0 generated by —O; is LY -contractive on L*(X, u) for any N -function
psi, {Ts(t)}es0 is L'- and L>®-contractive on L*(X, 1), and order preserving.

The proof of Corollary 4.2 follows immediately from Theorem 4.1 since if
A is completely accretive on L2(3, 1), then for every A > 0, the resolvent .J f
of A is a complete contraction, which by Proposition 2.2 means that for every
convex, lower semicontinous function j : R — R, satisfying j(0) = 0, A is
O ¢j-monotone for ¢; : L*(X, u) — Ry given by

b5(u) = {fj(u) du ij(u) € L(Zsm),
o0 if otherwise,

for every u € L%(3, ). In particular, for every N-function ¢ and o > 0, A is
dn¢j-monotone for j = (%), and A is dy¢j-monotone for j = ¢(%{O})
Thus, by Theorem 4.1, the semigroup {7(t)}+>0 generated by —O, is L¥-
contractive on L?(X, i) for any N-function psi and order preserving. Choosing
1 = s for g € (1,+00). Letting ¢ — 1 or ¢ — 400 yields that {Ts(t)}tzo is
L'- and L*-contractive on L?(X, p).

Remark 4.3 (Interpolation of {Ts(t)}>0 on L¥(X, u)). By Corollary 4.2, if
there is a ug € L' N L®(X, u) such that the orbit T,(-)ug := {Ts(t)ug|t > 0}
is locally bounded on [0, +00) with values in L' N L®(X, ), then for every
N-function v, every Ty(t) of the semigroup {Ts(t)}tzo generated by —O, has
unique contractive extension on L¥(X, i), L' (3, ) and on L2 N L2(3, u)""
which we denote again by T(t).

We continue by giving the proof of the 0 ¢-monotonicity of the DtN oper-
ator Og.
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Proof of Theorem 4.1. For p > 0, let ¢, : H — R be the regularization of ¢
defined by

1
du(v) zgﬁﬁ|lw—v||%l+¢(w) for all v € H.
By | , Proposition 2.11], ¢, € C*(H;R) and the Fréchet derivative ¢/, :
H — H is Lipschitz continuous. Thus, for every w € VVﬁ)c1 ((0,+00); H),
¢y, (w(2)) is weakly differentiable at almost every z > 0 and by the monotonic-

ity of ¢,, one has that
(4.1) (%¢L(w(2)),w'(z))H >0 for a.e. z > 0.

Now, let ¢, ¢ € D(O;) and v and ¥ two solutions of Dirichlet problem (3.3)
with initial value v(0) = ¢ and v(0) = ¢ € D(A). Since v and ¢ satisfy

_1 _1

P v"(2) € Av(z) and P v"(2) € Ad(z)

for almost every z > 0 and since A is dg¢-monotone (cf | , Proposi-
tion 4.7]), one has that

_1-2s

2w (0'(2) = 0"(2), ¢p,(0(2) = 9(2)))m = 0

for almost every z > 0. Thus, if we set w = v — 0, then

(4.2) (w"(2), ¢, (w(2)) i =0 for almost every z > 0.

Moreover, since v(0) and 9(0) € D(A), one has v’ € Wll%gi_l (H) and w €

27 2s

w2 1 (H), and by the Lipschitz continuity of ¢, ¢, 0w € Wg , (H). There-
2s 72 2s 7

2
fore, we can apply the integration by parts rule (3.16) of Lemma 3.8. This
together with (4.1) and (4.2), shows that

+o0o
—('(0), ¢, (w(0) 1 :/0 (w”(2), ¢, (w(2)))m dz
+oo
—i—/o (w’<z), ;Z¢L(w(z)))H dz > 0.

Since w = v — ¥ and ¢, $ € D(O;) were arbitrary, this implies by | ,
Proposition 4.7]) that ©; is g ¢-monotone. O

5. APPLICATIONS
In this section, we outline an application of Theorem 1.2 - Theorem 1.7.

Let ¥ be an open subset of R?, (d > 1), and g = L% be the d-dimensional
Lebesgue measure. For 1 < p < 400, suppose that a : £ x R — R% is a
Carathéodory function satisfying the following p-coercivity, growth and mono-
tonicity conditions

(5.1) a(z, )& = nlgl’
(5.2) (@, )] < erl¢P~ + h(z)
(5.3) (a(z, 1) — alz, &) (& — &) >0
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for a.e. x € ¥ and all &, &1, & € R? with & # &, where h € LP (X) and
c1, 1 > 0 are constants independent of z € ¥ and ¢ € R% Under these
assumptions, the second order quasi linear operator

Bu:= —div(a(z,Vu))  in D'(X%)

for u € I/Vllo’f(Q) belongs to the class of Leray-Lions operators (cf. | ]), of
which the p-Laplace operator Ayu = div(|Vu|P~2Vu) is a classical prototype.
Here, we write L1(X) for L9(X, ) and if L{(X) is the closed subspace of L1(X)
of all u € LI(X) satisfying [;udz = 0.

Then, the operator B either equipped with homogeneous Dirichlet boundary
conditions

(5.4) u=0 ond% x (0,00) if L CRY
homogeneous Neumann boundary conditions

(5.5) a(x,Vu)-v=0 on 9% x (0,00) if |X| < oo,

or, homogeneous Robin boundary conditions

(5.6) a(z,Vu) -v+bz)|[ufPlu=0 ond% x (0,00) if |¥]| < oo

is an m-completely accretive, single-valued, operator A on L?(X) (respectively,
on L3(X) if B is equipped with (5.5)) with dense domain D(A) in L?(%)
(respectively, in L3(¥)). In particular, A is a maximal monotone on L*(X)
(respectively, in L3(X)) satisfying A0 = 0.

Thus by Theorem 1.2, the following Dirichlet problem is well-posed. For
every » € L?(X) (respectively, in L3(X)) and 0 < s < 1, there is a unique
solution u : ¥ x [0, +00) — R of

— 125, — wyp — divg(a(z, Veu)) = 0 for (z,7) € ¥ x Ry,
u satisfies (5.4), ((5.5) for ¢ € L3(X)), or (5.6) for (z,r) € 0¥ x Ry,
u(-0) = () on %.

Further by Theorem 1.3, for every 0 < s < 1, there is a strongly con-
tinuous semigroup {Ts(t)}+>0 generated by —A* on L?(X) (respectively, on
L3(X)). The semigroup {Ts};>o is order preserving, and each Ts(t) has a
unique contractive extension on L¥(X) (respectively, on Lg(z)) for any N-
function, on L'(X) and on L2 N L (X)"” . In particular, for every ¢ € L(%)
(respectively, ¢ € L3(¥)) and 0 < s < 1, there is a unique solution U :
¥ x [0,+00) X [0,400) = R of boundary-value problem

—L=25py, — U, — divg(a(z, V,U)) =0 for (z,rt) € ¥ x Ry x Ry,
U either satisfies (5.4), (5.5), or (5.6) for (z,r,t) € 08 x Ry x Ry,
U(0,t) =Ts(t)e on X for everyt > 0,

tli%1+ B0, (rt) € $Tu(t) on X, for every t > 0,
%

L U(-,0,0) = »(+) on Y.
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Finally, due to Theorem 1.7, for every ¢ € D(A), A > 0, and 0 < s < 1, there
is a unique solution u : ¥ X [0, +00) — R of the Robin problem

[AB96]

[ATEW18]

[Bal60]
[Bar72]

[Bar76]

[Barl0]

[BCO1]

[Bre72]

[Bre73]

[CH17]
[CHK16]
[CS07]
[GMS13]

[LL65]

[Lun95]

[MCSAO01]

[RR91]

[V76]

— 125, — wpp — divg(a(z, Veu)) = 0 for (z,r) € ¥ x Ry,
u either satisfies (5.4), (5.5), or (5.6) for (z,r) € 0¥ x Ry,

5.6
: 1-2s . — .
r1_1>1(1)1+7‘ ur (1) + Au(-,0) = () on X.
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