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Abstract

We generalise the theory of energy functionals used in the study of gradient systems to the case
where the domain of definition of the functional cannot be embedded into the Hilbert space H
on which the associated operator acts, such as when H is a trace space. We show that under
weak conditions on the functional ¢ and the map j from the effective domain of ¢ to H, which
in opposition to the classical theory does not have to be injective or even continuous, the oper-
ator on H naturally associated with the pair (¢, j) nevertheless generates a nonlinear semigroup
of contractions on H. We show that this operator, which we call the j-subgradient of ¢, is the
(classical) subgradient of another functional on H, and give an extensive characterisation of this
functional in terms of ¢ and j. In the case where H is an L*-space, we also characterise the
positivity, L*-contractivity and existence of order-preserving extrapolations to L? of the semi-
group in terms of ¢ and j. This theory is illustrated through numerous examples, including the
p-Dirichlet-to-Neumann operator, general Robin-type parabolic boundary value problems for the
p-Laplacian on very rough domains, and certain coupled parabolic-elliptic systems.

Résumé

On généralise la théorie des fonctionnelles d’énérgie utilisées dans I’étude des systemes gradient
au cas ou le domaine de définition de la fonctionnelle ne s’injecte pas dans I’espace de Hilbert H
sur lequel le sous-gradient agit. C’est le cas par exemple d’un espace trace. Nous montrons que
sous des hypotheses faibles sur la fonctionnelle ¢ et I’application j du domaine effectif de ¢ dans
H, I’opérateur induit sur H, par la paire (¢, j), engendre un semi-groupe non-linéaire de contrac-
tions sur H. Ce résultat ne nécessite pas que j soit injectif, ni méme continue, contrairement
a la théorie classique des systémes gradient. On montre que cet opérateur, que nous appelons
Jj-sous-gradient de ¢, est un sous-gradient (au sens classique) d’une autre fonctionnelle sur H,
que nous caractérisons en termes de ¢ et de j. Dans le cas oul H est un espace L2, nous obtenons
aussi (en fonction de ¢ et de j) la positivité, la contractivité L™ et I’existence d’extensions du
semi-groupe sur les espaces L? préservant I’ordre. Nous illustrons cette théorie par plusieurs
exemples dont la version p de 1’opérateur Dirichlet-Neumann, des problemes paraboliques as-

1



sociés au p-laplacien, avec des conditions aux limites générales du type Robin sur des domaines
non-réguliers, et enfin des systémes couplés d’équations paraboliques-elliptiques.

Keywords: Subgradients, nonlinear semigroups, invariance principles, comparison,
domination, nonlinear Dirichlet forms, p-Laplace operator, Robin boundary condition,
p-Dirichlet-to-Neumann operator, 1-Laplace operator
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1. Introduction

The theory of energy functionals on Hilbert spaces and their subgradients has proven to
be a powerful tool for the study nonlinear elliptic and parabolic partial differential equations
[5, 6, 10, 36]. Not only can existence and uniqueness of solutions be established with minimal
effort by variational principles, the variational approach also allows one to prove results about
the regularity of solutions, maximum or comparison principles and the large-time behaviour of
solutions in the case of parabolic problems. Very often, this theory is a natural generalisation to
the nonlinear case of the corresponding theory of sesquilinear forms used in the study of linear
elliptic and parabolic equations [17, 18, 19, 22]; in that case, the form is defined on a Hilbert
space V and induces an operator on another Hilbert space H. A key point in the whole theory
is that the space V is canonically embedded in H, that is, that there exists a bounded injection
i : V — H. One can however find a plethora of examples which do not fit into this framework,
although one would expect (or hope) that variational methods should still be applicable; as a
prototype consider the case where H is a trace space of V.

Recently, Arendt and ter Elst developed a general theory of j-elliptic forms [2, 3], see also
[4], where the embedding i is replaced with a closed linear map j : V 2 D(j) — H, which is
however not necessarily injective or even bounded. This allowed them to develop a rich varia-
tional theory of the Dirichlet-to-Neumann operator acting on functions defined on the boundary
0Q of a general (bounded) open set Q C RY. We recall that the Dirichlet-to-Neumann operator
assigns to each boundary function g € H := L?(9Q) (Dirichlet data) the outer normal derivative
¢ 12(9€2) (Neumann data) of the solution u € V := H'(Q) of the Dirichlet problem

Au=0 in Q
u=g on 0Q2,

if such a function g—’; exists in L2(6Q).

A corresponding variational theory of p-Dirichlet-to-Neumann operators on Lipschitz do-
mains, via energy functionals, analogous to the theory of Arendt and ter Elst, was recently devel-
oped by one of the current authors [21]; to the best of our knowledge this was the first systematic
treatment of this family of operators.

In this paper, we shall construct a general theory of j-elliptic energy functionals, which will
allow us to incorporate and treat p-Dirichlet-to-Neumann operators together with various other
types of operators, including the p-Laplacian with Robin boundary conditions on rough domains,
and certain coupled parabolic-elliptic systems, within the one unified framework. Along the way,
we shall show that many known, or “classical”, results from the theory of energy functionals and
nonlinear semigroups on a Hilbert space can be readily adapted to this setting.

In Section 2 we lay the foundations of our abstract theory. On a given Hilbert space H, given
an energy functional ¢ on V, we introduce the natural, possibly multivalued operator associated
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with the pair (¢, j), which we call the j-subgradient ;¢ of ¢. Then under natural assumptions
on ¢ including a j-analogue of coercivity or convexity, as well as the assumption that j is weak-
to-weak continuous, we show that d ¢ is cyclically monotone and even maximal monotone; see
Lemma 2.4 and Theorem 2.6. This allows us to derive a parabolic generation result by invoking
known results from the literature; see Theorem 3.1 in Section 3. More precisely, the negative j-
subgradient —0 ¢ generates a strongly continous semigroup S = (S (¢))s»0 of nonlinear Lipschitz
continuous mappings S (f) on the closure of j(D(¢)) in H. We shall use the notation § ~ (¢, j) to
say that the semigroup S is generated by the negative j-subgradient —d¢.

The observation that d;¢ is cyclically monotone also implies the existence of a “classical”
functional ¢ on the Hilbert space H such that djp < 0™, analogous to the corresponding
statement for forms. We give an extensive characterisation of the functional ¢’ in Section 2.3;
see Theorem 2.9. The case when j is merely a closed linear map, not necessarily weak-to-weak
continuous, is treated in Section 2.4; importantly, it turns out that this seemingly more general
case can be reduced to the one considered earlier via a simple argument introducing a new, related
space and map.

Section 3 is devoted to an important extension of the existing theory, namely the characteri-
sation of invariance principles of closed convex sets under the action of a semigroup S ~ (¢, j)
under the assumption that ¢ is convex, proper and j-elliptic, see Theorem 3.2. As in the clas-
sical case, this allows us to give characterising conditions on the associated functionals under
which two semigroups can be compared (Theorem 3.5), which as a special case leads to order-
preserving and dominating semigroups (Corollaries 3.6 and 3.7, respectively) if our Hilbert space
H is of the form L?(Z) for a measure space . Continuing with the L? theme, we give a charac-
terisation under which the semigroup in question, assumed to be order preserving on L*(Z), can
be extrapolated to an order-preserving semigroup on the whole scale of LI(X)-spaces and even
the whole scale of Orlicz L‘[’-spaces; see Theorem 3.10.

In Section 4, we illustrate our theory through four different examples. In Section 4.1, we in-
troduce a weak formulation of a nonlinear parabolic problem on a domain Q with Robin bound-
ary conditions and very weak assumptions on the boundary 0Q, showing that there is a strongly
continuous semigroup on L*(Q) solving this problem; see Theorem 4.8. This puts results from
Daners and Drabek [16] into a general framework; see also Warma [34] who considered non-
local Robin boundary conditions.

In Section 4.2, we consider p-Dirichlet-to-Neumann operators on non-smooth domains; this
example could be thought of as the motivating example for the whole theory (at least in the
smooth case). Here our treatment is relatively brief, the prime purpose again being the establish-
ment of generation and extrapolation theorems, see Theorem 4.13; a more complete treatment
for the non-smooth case as in [2] will be deferred to a later work.

Our next example, in Section 4.3, is a system of coupled parabolic-elliptic equations, equiv-
alent to a degenerate parabolic equation, where, roughly speaking, one takes open sets Q C Qin
R4, solves the usual Cauchy problem d;u—A,u = fin (0, T)xQ, and demands that the solution u
have an extension & to Q which is p-harmonic (i.e. Apit = 0) in O\ Q and vanishes on < for each
t > 0. Here, we denote by A, the celebrated p-Laplace operator given by A,u = div(|VulP~>Vu).

In addition to the well-posedness of the problem, we show that the generated semigroup
dominates the semigroup generated by the p-Laplacian on Q with Dirichlet boundary conditions.

The final example, in Section 4.4, is a partial repetition of the example from Section 4.3, but
for the case p = 1. The 1-Laplace operator serves as an illustration why we write our general
theory for functionals on locally convex topological vector spaces (instead of Banach spaces).
In this final example we only prove well-posedness of the underlying coupled parabolic-elliptic
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system.

2. The j-subgradient and basic properties

2.1. Definition and characterisation as a classical gradient

Throughout, let V be a real locally convex topological vector space and H a real Hilbert space
equipped with inner product (-, -)y and associated norm denoted by || - ||g. Further, let j : V - H
be a linear operator which is weak-to-weak continuous, and denote by R U {+oo} the one-sided
extended real line.

Given a functional ¢ : V — R U{+00}, we call the set D(¢) := {¢ < +o0} its effective domain,
and we say that ¢ is proper if the effective domain is non-empty. Its j-subgradient is the operator

dii € D(y) s.t. j(it) = u and for every ¥ € V }

dip:=4(u, /) e HxH PN
i {(ﬁ ’ lim infy o SR > (f, j(0)n

We shall usually view operators on H as relations A € H x H, but we shall also use the notation

A = {f e H| . f) € Al,

which suggests that A is a mapping from H into 2, the power set of H, that is, A is a so-called
multivalued operator. We take the usual definition of the domain of an operator A C€ H X H as the
set

D(A) :={ue H|Af e Hs.t (u,f) € A},

and similarly for the range of A. We say that the functional ¢ is j-semiconvex if there exists
w € R such that the “shifted” functional

Yo : V= RU{+o0},
N ~ w .
uHam+5Mw@

is convex, and we say that the functional ¢ is j-elliptic if there exists w > 0 such that ¢, is convex
and coercive. Saying that a functional ¢ defined on a locally convex topological vector space is
coercive means that sublevels {¢ < c} are relatively weakly compact for every ¢ € R. Finally,
we say that the functional ¢ is lower semicontinuous if the sublevels {¢ < c} are closed in the
topology of V for every c € R.

Remark 2.1. In the important special case when V is a Banach space, j is weak-to-weak contin-
uous if and only if j is continuous. Moreover, in this case, the “shifted” functional ¢,, is lower
semicontinuous if and only if ¢ itself is lower semicontinuous. Finally, if V is a reflexive Banach
space, then ¢ is coercive if and only if the sublevels {¢ < c} are (norm-) bounded.

Lemma 2.2. Let V, H, j and ¢ be as above.
(a) If ¢, is convex for some w € R, then

djp = {(u,f) c H><H| it € D(p) s.t. j(it) = u and for every v € V }

Collt + V) = (i) 2 (f + wj@), j(")u
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(b) If ¢ is Gateaux differentiable with Gdteaux derivative ¢’, then
dit € D(yp) s.t. j(&t) = u and for every v € V
%¢=%mﬂeHxH| (ot O = and for every }

@'y = {f, jONu

Proof. Let w € R. Then from the limit

w i@+ I3 = Li@IA
lim & 1 iy = 1@
~NO 2 t

= w (@), J"))u, (D

we obtain first that

dit € D(¢) s.t. j(it) = u and for every v € V
@w=§mﬁeHxH‘ P N }

liminfy o 28 00@ > (£ 4 wj@), j(0)u

which holds for general ¢. Now claim (a) follows from the assumption that ¢, is convex.
Claim (b) is a straightforward consequence of the definition of the j-subgradient and the Gateaux
differentiability of ¢. O

Remark 2.3. (a) There exists a well-established classical setting in which subgradients of func-
tionals have been defined. This is the setting V = H and j = [ the identity operator. The
Jj-subgradient then coincides with the usual subgradient defined in the literature; see, for exam-
ple, Brezis [10], Rockafellar [29]. In this classical situation, we call j-elliptic functionals simply
elliptic functionals, we call the j-subgradient simply subgradient, and we write dy instead of
0 iP-

(b) Another setting frequently encountered in the literature is the case where V is a Banach space
and j : V — H is a bounded, injective operator with dense range (see, for example, J.-L. Lions
[22]). In other words, V is a Banach space which is continuously and densely embedded into a
Hilbert space H. For simplicity, V may then be identified with a subspace of H (the range of j),
so that j reduces to the identity operator which is usually neglected in the notation. Identify H
with its dual space, so that we have a Gelfand triple

V—H=H < V.

Let ¢ : V —» R U {+00} be a Gateaux differentiable functional with Gateaux derivative
¢ 'V — V. By Lemma 2.2 (b), the j-subgradient of ¢ is then a single-valued operator on
the Hilbert space H in the sense that for every u € H there is at most one f € H such that
(u, ) € 0jp. Itis then natural to identify ;¢ with an operator H 2 D(d;¢) — H. By Lemma 2.2
(b), this operator coincides with the part of the Gateaux derivative ¢’ in H.

(c) Conversely, in the setting of (b) above, we may also “extend” the functional ¢ to the functional
¢ H — R U {+0o0} given by

W e it = u,
o ()=
+oo  else;

this extension is well defined by the injectivity of j. A straightforward calculation shows that
O0jp = agH.

Hence, the situation from (b) can be reduced to the situation from (a), that is, the situation of
classical subgradients. We shall see below that this remains true in more general situations.
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We call a finite sequence ((¢;, fi))o<i<n cyclic if (uo, fo) = (un, f,). An operator A € H X H is
called cyclically monotone if for every cyclic sequence ((¢;, f;))o<i<n in A one has

D fistti = i) 2 0.
i=1

Clearly, every cyclically monotone operator is monotone in the sense that for every (uy, fi),
(uz, f») € A one has
(o= fi,up —ur) 2 05

simply choose n = 2 in the previous inequality.

Lemma 2.4. Assume that ¢ : V — R U {+oo} is convex. Then the j-subgradient 8¢ is cyclically
monotone.

Proof. Let ((u;, f;))o<i<n be a cyclic sequence in d . Then there exists a cyclic sequence (i;)o<i<n
in V such that
Jj(@;) = u; forevery 0 <i < n,

and, by Lemma 2.2 (a), for every ¥ € V one has

@iy +9) — (i) = (fi, jO)u,

@ity + V) = @(itn) = {fu, JODn-
Choosing ¥ = i1;_; — #i; in the i-th inequality, we obtain

@(ito) — (i) = {f1, j(fio) — j@))n,

@(in-1) = @(itn) = {fnr JQitn-1) = j(ltn))n-

Summing the inequalities and using the cyclicity of (it;)o<i<, We obtain
n
02 > (fiouios = um,
i=1

which implies the claim. O

By [10, Théoreme 2.5, p.38], every cyclically monotone operator A on a Hilbert space H is
already contained in a classical subgradient (that is, j = I; see Remark 2.3 (a) above). More
precisely, [10, Théoreme 2.5, p.38] and Lemma 2.4 imply the following result.

Corollary 2.5. Assume that ¢ : V — R U {400} is convex. Then there exists a convex, proper,
lower semicontinuous functional " : H — R U {+oo} such that 8 p C 9"

We shall identify the functional ¢ under somewhat stronger assumptions on ¢ in Section 2.3
below; see Theorem 2.9.

Theorem 2.6. Assume that ¢ : V — R U {+o0} is convex, proper, lower semicontinuous and
J-elliptic. Then the j-subgradient 0 ¢ is maximal monotone.
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Proof. Since ¢ is convex, Lemma 2.4 implies that the j-subgradient is monotone. By Minty’s
theorem, it suffices to prove that w’l + d¢ is surjective for some w’ > 0. By assumption, we
can choose w > 0 such that ¢, is convex, proper, lower semicontinuous and coercive. Now,
fix ' > w and let f € H. Then for every &t € V and u := j(it) we have by definition of the
J-subgradient (or more precisely Lemma 2.2(a))

few u+dpu) 2)

if and only if
Gur (L + D) — @ () 2 (f, jONu forallp eV,
or
Cor (@0 +0) = (f, j@) + jODu = o (@) = (f, j@))n ~ forallb e V.

The latter property is equivalent to
it = argmin {@u (-) = (f, J())u}-

In other words, finding a solution of the stationary problem (2) is equivalent to finding a min-
imiser of the functional ¢, () — {f, j(-))u. By choice of w, ¢, is convex, lower semicontinuous
and coercive. Moreover, since w’ > w, the functional

W -w

2

is convex, lower semicontinuous, and bounded from below. As a consequence, ¢, (-) — (f, j(-))u
is convex, lower semicontinuous, and coercive. Hence, sublevels of this functional are convex,
closed, and relatively weakly compact. By the Hahn-Banach theorem in the form of [30, The-
orem 3.12, p.66], the closure in the topology on V and the weak closure of any convex set are
identical. Hence sublevels of this functional are weakly compact. A standard compactness argu-
ment using a decreasing sequence of sublevels now implies that the functional above attains its
minimum, and the claim follows. O

VoR, -

i@l = <. j(@)u

Corollary 2.7. Assume that ¢ is j-semiconvex. Then there exists a proper, lower semicontinuous,
elliptic functional ¢" : H — R U {+00} such that djp < o If. in addition, ¢ is proper, lower
semicontinuous and j-elliptic, then 0;p = 0, and wl + 0 i is maximal monotone for some
w = 0.

Proof. By assumption, there exists w > 0 such that ¢, is convex. Thus by Lemma 2.2 (a) and by
definition of the j-subgradient of ¢,

wl + 6j<p = 6.]'(,060. (3)

Since ¢, is convex, Corollary 2.5 implies that there is a convex, proper and lower semicontinuous
functional ¥ : H — RU{+o0} such that 8 ¢,, € d¢' and so by identity (3), d;¢ C At —wI holds.
Then the functional ¢ := ¢ — £||.||7, defined on H is obviously proper, lower semicontinuous
and elliptic with subgradient 0" = 0p" — wI. Hence, replacing ¢ with @" shows that the
first statement of the corollary holds. Further, the inclusion d;¢, C ¢ means that dp' is
a monotone extension in H X H of d;¢,. The additional assumptions that ¢ is proper, lower
semicontinuous and j-elliptic imply that d¢,, is a maximal monotone set in H X H and hence
0jp, = 0p* . Using again identity (3), we obtain that w I + 0 i = d¢t is maximal monotone,
completing the proof of this corollary. O



2.2. Elliptic extensions

In order to identify the functional ¢! from Corollaries 2.5 and 2.7, it is convenient to consider
first the set £, of all elliptic extensions it € D(g) of an element u € H, which is defined by

R i+ 19) — (i
E, = {ie D(p) ] j(@) = wand tim nf w > 0 for every ¥ € ker j}
t

By using the limit (1) and since (j(&t), j(?))g = O for any ¥ € ker j, we see that

£ Po il +19) — @, (i)

; > 0 for every ¥ € ker j}

£, = (1< D) | @) = wand timi
{ue (¢) | j(@) = u and Hzrilon

for every u € H and w € R. Thus, if ¢,, is convex for some w € R, then

N

E, = i e D(p) | J(@) = uand @, (@t + 9) = @, (@) 2 0 for every b € ker j}
for every u € H and by using the fact that for every ¥ € ker j,
A A A A W a2 A A W 2
Pollt +0) = @(it +0) + = |lj@ + iy = @(t +9) + = @l “)

we can conclude that if ¢ is j-semiconvex then

N

E, = {12 € D(p) | Jj(@) = uand (it + V) — p(it) > 0 for every ¥ € ker j} 5

for every u € H.
On the one hand, the set £, is motivated by the definition of the j-subgradient 9 . In fact, if
(u, f) € 0jp, and if &t € D() is such that j(&t) = u and

.l 1) — (i)
liminf ———~=

> 16% f peV
0 p > (f, j(0))u forevery D€V,

as in the definition of d;¢, then # is necessarily an elliptic extension of u. Hence,

it € E, such that for every ¥ € V }

0‘¢={(u,f)€H><H’ . A1) (i e
! lim inf, o £H52E20 > (f, j(#)n
and if ¢, is convex for some w € R, then we obtain in a similar manner to claim (a) of Lemma 2.2

that R
i € E, such that for every ¥ € V }

Pollt + V) = @u(it) 2 (f + wj(@), j(V))u

In other words, for the identification of the j-subgradient d;¢(u) at a point u € H we only need
to consider elliptic extensions it € E,, of u (instead of general it € D(yp)).

Often, these elliptic extensions are obtained as solutions of an elliptic problem with input
data u, explaining why we call them elliptic extensions; compare also with Caffarelli and Sil-
vestre [11], where this notion was used in a similar situation.

(’)jtpz{(u,f)eHxH

Lemma 2.8. Let V, H, j and ¢ be as above. Then:



(a) If, for some w € R, the functional ¢, is convex (resp. coercive, resp. lower semicontin-
uous), then for every it € V the restriction ¢|yyer j is convex (resp. coercive, resp. lower
semicontinuous).

(b) If g is j-semiconvex and u = j(it) for some u € Hand it € V, then

E, = {\3 € it + ker j | V minimises <p|;,+kerj}.

(c) If p is j-semiconvex, then for every u € D(0;¢) and every il € E, one has
p(i) = inf ()
J®)=u

In particular, ¢ is constant on E, for every u € H.

Proof. Claim (a) follows from the trivial observation (4), (b) directly from (5), and (c) follows
from (b). [

2.3. Identification of ¢!

We shall now identify the functional ¢ from Corollaries 2.5 and 2.7 (only up to a constant,
of course). Throughout this section, ¢ is assumed to be proper and j-semiconvex. For the identi-
fication in Theorem 2.9 we will asume in addition that ¢ is in fact convex, lower semicontinuous
and j-elliptic.

Consider first the two functionals g, ¢; : H = R U {+00} given by

inf (i), and
J(@)=u

@1(u):= sup inf @) (ue€H).
UCcH open J(P)EU
uelU

@o(u) :

By definition of ¢, and by definition of the j-subgradient,

D(po) = j(D(¢)) 2 D(9e), (6)

and in particular ¢ (u) is finite for every u € D(0;¢). Now choose (uo, fo) € 0;¢, and consider in
addition the functionals ¢;, ¢3 : H — R U {+00} given by

o) = sup{Z<ﬁ,ui+1—ui>H+¢o(uo> n e N G i € Oy }
=0

fori=1,...,n,u,y1 =u
3(@) = sup {¢f, 1 = V)i + go()|(v, ) € Dy,

Note that formally the definition of the functional ¢, depends on the choice of the pair (ug, fj).
However, under somewhat stronger but natural assumptions on ¢ it is in fact independent of this
choice.

Theorem 2.9 (Identification of ¢! for convex ). Assume that ¢ is convex, proper, lower semi-
continuous and j-elliptic, and let o™ be the functional from Corollary 2.5. Then we have

¢l =0 =01 =2 = g,
where the first equality holds modulo an additive constant, and

D(¢™) = j(D(p)).
9



Proof. 1st step. We claim that the functionals ¢, ¢,, and ¢3 are convex and lower semicontinu-
ous. The functionals ¢, and ¢; are convex and lower semicontinuous because they are pointwise
suprema of families of continuous, convex functionals. In order to see that ¢; is lower semicon-
tinuous, we show that the superlevel sets {¢; > ¢} are open for every ¢ € R. If ¢ € R and if
u € {¢; > c}, then, by definition of the supremum, there exists an open neighbourhood U of u
such that
J(lmr)ler o) > c.

However, by definition of ¢, this means U C {¢; > c}. Hence, the superlevel set {¢; > c} is
open for every ¢ € R, and ¢, is lower semicontinuous. Convexity of ¢; is shown by restricting
the supremum in the definition of ¢; to the supremum over convex, open neighbourhoods U of
the origin 0, by replacing the infimum over all ¥ € V satisfying j(?) € U with the infimum over
all ¥ € V satisfying j(?) € u + U, and by using a similar argument as for ¢, and ¢3.

2nd step. We prove that

Yo = ¥1-
The inequality ¢y > ¢; follows immediately from the definition of both functionals. In order
to prove the converse inequality, fix u such that ¢;(u) < oo (if ¢;(u) = oo, then the inequality

wo(u) < ¢i1(u) is trivial). By definition of ¢; and by choosing a filter of open neighbourhoods of
u, we find a sequence (i,) in D(¢p) such that

u = lim j(&t,) and
e )
i) = lim @(i,).

By assumption, there exists w > 0 such that ¢, is lower semicontinuous and coercive. The
preceding two equalities imply that (¢, (i1,)) is a convergent and thus bounded sequence in R.
By coercivity, there exists a weakly convergent subnet (i) of (i,). Let &t be its weak limit point.
Since j is weak-to-weak continuous, we have j(it) = u. By definition of ¢, since ¢ is lower
semicontinuous, also with respect to the weak topology, and by the second limit in (7), we obtain

@o(u) < @(@t) < liminf (ity) = @1(u) < co.

3rd step. We show that

@o(u) = @3(u) for every u € D), ®)
o) = (f,u—v) +@o(v) for every u € H, (v, ) € 0, and 9)
@3(u) = (f,u—v) +@3(v) forevery u € H, (v, f) € 0;¢. (10)

Fix u € D(d;¢). The inequality ¢3(u) > ¢o(u) follows by taking v = u in the supremum in the
definition of ¢3. Now, let u € D(¢g) and (v, f) € d;¢. By the definition of the j-subgradient and
by Lemma 2.8 (c), for every ¥ € E, and every it € V with j(i1) = u,

Q@) 2 (fyu=v) + @) = (fyu—v) +¢o(v).

Taking the infimum on the left-hand side of this inequality over all & € V with j(&t) = u, we obtain
(9). Taking then the supremum on the right-hand side of the inequality (9) over all (v, ) € d;¢,
we obtain
o) = @3(u). (1n
10



Since D(0¢) € D(¢p) (see (6)), we obtain that equality (8) holds for u € D(d;¢). The inequality
(10) follows from the definition of 3 and inequality (11).
4th step. We have

8¢ € 06",
djp C d¢o,
djp C d¢p,, and
Jjp C Ops3.

The first inclusion follows from Corollary 2.5, and the third inclusion from the proof of [10,
Théoreme 2.5, p.38] and Lemma 2.4. The second and the fourth inclusions follow from (9)
and (10), respectively. By Theorem 2.6, the j-subgradient on the left-hand side of these four
inclusions is maximal monotone, that is, it has no proper monotone extension. On the other
hand, the subgradients on the right-hand sides are monotone by Step 1, Step 2 and Lemma 2.4.
We thus conclude that
dj = dg" = By = B3 = dpo(= D).

Since the functions ¢!, ¢y = ¢1, @5 and @3 are convex, proper and lower semicontinuous, we can
deduce by applying [28, Theorem 3] that

¢ =0 =1 =2 = g3

modulo an additive constant. By Steps 2 and 3, and since ¢, (1) = ¢3(up), the equalities ¢y =
.-+ = 3 hold without adding a constant. The equality D(¢") = j(D(¢)) follows from (6), and
we have proved the claim. O

By using again the equality (3) as in the proof of Corollary 2.7, we obtain immediately the
following corollary to Theorem 2.9.

Corollary 2.10 (Identification of ¢! for j-elliptic ¢). Assume that ¢ is proper, lower semicon-
tinuous and j-elliptic, and let ™ be the functional from Corollary 2.7. Then one has

o = g9 = g1,
where the first equality holds modulo an additive constant, and
D(¢") = j(D()).

2.4. The case when j is a weakly closed operator

We shall now briefly discuss a case which is formally more general than the setting consid-
ered up to now. As before, we let V be a real locally convex topological vector space and H a
real Hilbert space. However,

j:V2D()—-H

is now merely a weakly closed, linear operator, that is, its graph

GO = (@, j@y | a € D)

11



is weakly closed in V x H, which is equipped with the natural, locally convex product topology.
The definition of the j-subgradient of a functional ¢ : V — R U {400} then admits the following
straightforward generalisation:

djp = {(u,f) cHxH ' i € D(¢) N D(j) s.t. j(it) = u and for every P € D(j) }

liminfp o EE06D > (£ i)y

This formally more general setting can however be reduced to the setting considered up to now;
indeed, it suffices to consider the space

V= G()),
equipped with the natural, locally convex topology induced from V X H, the operator
j:V-oH,
(@, j(@)) = j(@),
and the functional

¢:V - RU{+oo},
(@, j(@) = o).

Then V is a locally convex topological vector space, and j is weak-to-weak continuous. More-
over, one easily verifies that
6;@ =0 P>

where the subgradient on the left-hand side of this equality is the j-subgradient initially defined
and studied throughout this section while the subgradient on the right-hand side of this equality
is the j-subgradient defined as above, when j is only a weakly closed, linear operator. Note that
it may happen that ¢ is proper while @ is not; it is therefore convenient to replace the definition
and to say that ¢ is proper if the effective domain D(¢) N D(j) is non-empty. On the other hand,
we can make the following simple but useful observations.

Lemma 2.11. Assume that V, H, j, ¢, V, j and p are as above. If ¢ is convex (resp. coercive,
resp. lower semicontinuous), then the same is true of .

So up to changing the definition of properness and of effective domain, all results on j-
subgradients from this section remain true, and the same is true for the results below.
3. Semigroups and invariance of convex sets

The main results from Section 2 and the classical theory of evolution equations governed by
subgradients imply the following well-posedness or generation theorem, which is the starting
point of this section.

Theorem 3.1. Let V be a real locally convex topological vector space, H a real Hilbert space
and j : V — H a linear, weak-to-weak continuous operator. Let ¢ : V. — R U {400} be proper,

12



lower semicontinuous and j-elliptic. Then for every initial value uy € D(pR) = j(D(p)) the
gradient system
{L’t +0jp) 30 on (0, ) (12)

u(0) = ug

admits a unique solution
u € CRy; H) N W, ((0,00); H)

loc

satisfying the differential inclusion (12) for almost every t € (0, o). In particular, this also means
u(t) € D(0p) for almost every t € (0, c0).

Denoting by u the unique solution corresponding to the initial value u, setting S ()ug := u
defines a strongly continuous semigroup S = (S ())=0 of nonlinear Lipschitz continuous map-

pings on D(oM).

We call the semigroup S the semigroup generated by (¢, j) and we write S ~ (¢, j). In what
follows, it will be convenient to assume that S is always defined on the entire Hilbert space H.
This can be achieved by replacing S (f) by S (#)P, if necessary, where P denotes the orthogonal

projection onto the closed, convex subset D(¢™) of H. Note that in this way, the semigroup S is
in general only strongly continuous for 7 > 0.

Proof. By Corollary 2.7, the j-subgradient of ¢ is equal to the classical subgradient of a proper,
lower semicontinuous, elliptic functional on H. Moreover, up to adding a multiple of the identity
the subgradient is maximal monotone. Well-posedness of the gradient system and generation of
a semigroup on the closure D(d¢gH) of D(d¢™) in H follow from [10, Théoréme 3.1] while the
regularity of solutions is stated in [10, Théoréme 3.2]. The characterisation of D(d¢™) used in
the statement follows from [10, Proposition 2.11] and Theorem 2.9. O]

In the context of gradient systems governed by j-subgradients, one might be interested in the
lifting of solutions with values in the reference Hilbert space H to solutions with values in the
energy space V. By a solution in the energy space we mean a function # : R, — V such that
u := j(@t) coincides almost everywhere with a solution of the gradient system (12). It is always
possible to find such a lifting, since, by Theorem 3.1, problem (12) admits a solution u taking
values in D(0;¢) almost everywhere. Now it suffices, for almost every t € R,, to choose an
elliptic extension i(t) € E,; # 0. The measurability or — in Banach spaces — the integrability
questions which arise in this context, will not be discussed here. We only mention that if there
exists w € R such that ¢, is strictly convex, or if ¢ is strictly convex in each affine subspace
v+ ker j, then the sets E, ) are singletons, and thus the solution i in the energy space is uniquely
determined.

We point out that among evolution equations governed by maximal monotone operators,
gradient systems play a prominent role which is comparable to the role of evolution equations
governed by self-adjoint linear operators among the class of all linear evolution equations. Gra-
dient systems exhibit a regularising effect in the sense that the solution to an arbitrary initial value
immediately moves into the domain of the subgradient (see Theorem 3.1 above). Moreover, the
non-autonomous gradient system

u(0) = ug

{u +d0w)3f  on(0,c0)
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has L?-maximal regularity in the sense that for every initial value uy € D(¢") = j(D(¢)) and ev-
ery right-hand side f € leoc(R+; H) there exists a unique solution u € Wllo’f(]RJr; H) satisfying the
differential inclusion almost everywhere [10, Théoréeme 3.6]. These well-known facts are fun-
damental for the corresponding solution theory, but are not the central focus of the present article.

The purpose of the rest of this section is to collect some qualitative results for the semigroup
S generated by (¢, j) under the additional assumption that the energy functional ¢ is convex. In
this case, S is a semigroup of contractions [10, Théoreme 3.1]. We first characterise invariance of
closed, convex sets under the semigroup generated by (¢, j) in terms of the functional ¢. We then
apply this abstract result in order to characterise positive semigroups, a comparison principle for
two semigroups, order preserving semigroups, domination of semigroups, L*-contractivity of
semigroups and extrapolation, in the case when the underlying Hilbert space H is of the form
L*(2) for a suitable measure space X. Similar results are known in the literature for semigroups
generated by classical subgradients; see Barthélemy [7] (except for the extrapolation result), and
indeed, the following results will be obtained as a consequence of the results in the literature
together with our identification theorem (Theorem 2.9). This is, for example, the case for the
next theorem, which extends [7, Théoréeme 1.1].

We say that a not necessarily densely defined, nonlinear operator S on the Hilbert space H
leaves a subset C C H invariant if SC € C. Accordingly, we say that a semigroup S leaves C
invariant if S (7) leaves C invariant for every ¢ > 0.

Theorem 3.2. Assume that ¢ is convex, proper, lower semicontinuous and j-elliptic, and let S
be the semigroup on H generated by (g, j). Let C C H be a closed, convex set, and denote by P¢
the orthogonal projection of H onto C. Then the following assertions are equivalent:

1. The semigroup S leaves C invariant.
2. For every A > 0 the resolvent J, of 8¢ leaves C invariant.

3. Forevery u € H one has
¢"(Pcu) < ¢ (w).

4. For every it € D(p) there is a b € D(p) such that Pc j(it) = j) and
o) < @(i).

Proof. The equivalence between the assertions (1), (2) and (3) follows from [10, Proposition 4.5]
and [7, Théoreme 1.1]; we wish to prove that (3) and (4) are equivalent. Without loss of general-
ity, we may assume that the equalities in Theorem 2.9 hold without adding a constant to ¢!, that
is, in particular, ¢ = ¢.

Suppose (4) holds and take u € H such that ¢!(x) is finite (otherwise (3) is obviously true).
By the characterisation of ¢" (Theorem 2.9), and the fact that the infimum in the definition of ¢
is a minimum, there is a &t € D(¢) such that j(@t) = u and ¢ (1) = @o(u) = @(&t). In addition, we
can deduce from the hypothesis that there is a ¥ € D(yp) satisfying j(?) = Pcu and

(V) < ().
Again applying Theorem 2.9 yields

@ (Pcu) = go(Pcu) < () < @(@r) = " (w),
14



and so we have proved (3).

Conversely, suppose that (3) is true. Let &t € D(p) such that j(i7) = u. Then the hypothesis,
Theorem 2.9, and the fact that the infimum in the definition of ¢ is a minimum imply that there
is a ¥ € D(¢p) such that j(¥) = Pcu and

¢(9) = ¢(Pcu) < ¢ (u) < (@),
This proves that (4) is true and thus completes the proof. [
The next theorem is equivalent to Theorem 3.2 and extends [7, Théoreme 1.9].

Theorem 3.3. Assume that ¢ is convex, proper, lower semicontinuous and j-elliptic, and let C1,
C, C H be two closed, convex sets such that

PC2C1 c(Cy, (13)

where, as before, Pc, denotes the orthogonal projection of H onto C. Suppose that the semigroup
S generated by (¢, j) leaves C; invariant. Then the following assertions are equivalent:

1. S@®(CyNCy) CCyforeveryt > 0.

2. Forevery u € Cy, one has
P(Pe,u) < @ (w).

3. For every it € D(¢) with j(it) € C, there is a V € D(¢p) such that Pc, j(it) = j(V) and
e(P) < (@)

Indeed, if we take C; = H then we see that Theorem 3.2 is a special case of Theorem 3.3.
However, with a little bit more effort we also see that Theorem 3.2 implies Theorem 3.3.

Proof. The equivalence between assertions (1) and (2) follows from [7, Théoréme 1.9] and the
equivalence between (2) and (3) is shown by using the same arguments as given in the proof of
Theorem 3.2. O

3.1. Positive semigroups

Throughout the rest of this section, (X, B, u) is a measure space and the underlying Hilbert
space is H = L*(Z). This Hilbert space is equipped with the natural ordering, the positive cone
L*(2)* being the set of all elements which are positive almost everywhere, which turns it into a
Hilbert lattice. The lattice operations are denoted as usual, that is, we write u V v and u A v for
the supremum and the infimum, respectively, u™ = u Vv 0 is the positive part, u~ = (—u) V 0 the
negative part, and |u| = u* + u~ the absolute value of an element u € L*(X).

We say that a semigroup S on L*(X) is positive if S(t)u > 0 for every u > 0 and every
t > 0. In other words, the semigroup S is positive if and only if S leaves the closed positive cone
C := L*(2)* invariant. Since the positive cone is also convex, and since the projection onto this
cone is given by

Prsyu=u",

we immediately obtain from Theorem 3.2 the following characterisation of positivity.
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Theorem 3.4 (Positive semigroups). Assume that ¢ is convex, proper, lower semicontinuous and
j-elliptic, that j(D(p)) is dense in H = L*(X), let S be the semigroup on L*() generated by (¢, j).
Then the following assertions are equivalent:

1. The semigroup S is positive.

2. For every u € L*(Z) one has
¢l®) < ¢'w).

3. For every it € D(@) there is a V € D(p) such that j(@)* = j(¥) and
(D) < o(@).

3.2. Comparison and domination of semigroups

Theorem 3.5 (Comparison of semigroups). Let V| and V, be two real locally convex topological
vector spaces, H = L*(2) and let Jji: Vi — L*(Z) and Jj2:Vy— L%(2) be two linear operators
which are weak-to-weak continuous. Further, let o) : Vi = RU{+oo}and ¢, : Vo = RU{+00} be
two convex, proper functionals, which are, respectively, ji- and j,-elliptic, assume that ji(D(¢1))
and j»(D(¢y)) are dense in L*(X), and let S| and S, be the semigroups on L*(Z) generated by
(@1, j1) and (2, j»), respectively. In addition, suppose that C C L*(X) is a closed, convex set
satisfying

uAveC and uvveC foreveryu veC (14)
and that the semigroups S| and S, leave C invariant. Then the following assertions are equiva-
lent:

1. Foreveryu,v e Cwithu <vone has S1(H)u < S,(t)v for everyt > 0.

2. Forevery uy, up € C one has
M A ) + @y V) < @ (uy) + @8 ).

3. For every iiy € D(¢y), ity € D(p) with uy := ji(ity) € C and uy := jr(ity) € C, there are
D1 € D(¢1), 2 € D(@2) such that uy A uy = j1(91), u1 V up = jo(9) and

e1(01) + @2(02) < @1(fty) + @a(ita).

Proof. Although the equivalence between (1) and (2) follows from [7, Théoréme 2.1], we believe
it is instructive to show how this can be derived from Theorem 3.2 if one considers the product
Hilbert space H := L*(X) x L>(X) equipped with the natural inner product, and the product space
V := V| x V, equipped with the natural, locally convex product topology. Let j : V — H be
the bounded linear operator and @ : V — R U {+0co} the functional given respectively by

J(, i) = (j1(in), j2(82)) and
@(ﬁ], ﬁz) = (pl(ﬁl) + (,02(122) for every (ﬁ], ﬁz) eV.

Then @ is convex, proper, lower semicontinuous, j-elliptic, and the semigroup S generated by
(@, j) is just the diagonal semigroup given by

S (ur, uz) = (S1(Ou1, S2(Huy) (15)
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for every t > 0 and every (u;,up) € D(S1) X D(S,). With these definitions, assertion (1) is
equivalent to the property that the product semigroup S leaves the closed, convex set

C={u,v)eCxC:u=<v}

invariant. Note that the orthogonal projection of H onto C is not given by (uj,u;) — (u; A
uy, 1y V up), as one might be led from assertion (2) to assume. However, if we take C; = H
and C, = C, then by Theorem 3.3 and by following the same convexity argument as given in [7,
p-247-250], one sees that the property that S leaves C invariant and assertion (2) are equivalent.

For us, it suffices to show that the assertions (2) and (3) are equivalent. So assume that (2) is
true, and let &; € D(y;) be such that u; := j(i;) € C fori = 1, 2. By Theorem 2.9, u; € D(ga}").
By hypothesis, u; A u; € D(@!), uy V uy € D(¢}). Since the infimum in the definition of ¢
is a minimum, it follows that there are ¥; € D(y;) for i = 1,2 such that j(¥;) = u; A up and
Jj() = uy V up satisfying

e1(01) = @\ (ur A ) and @2(92) = @5 (u1 V up).

Combining this together with the inequality from the hypothesis and again the characterisation
of ¢ (Theorem 2.9) yields

@1(01) + 02(92) = Gy A wa) + @y v ) < Gluy) + @l un) < @1(i11) + @a(in).

Hence we have proved that (3) holds.

Conversely, assume that (3) is true, and let u; € D(¢f') N C and u, € D(¢5) N C. Then
Theorem 2.9 and the fact that the infimum in the definition of ¢y is a minimum imply that there
are fi; € D(g;) such that j(;) = u; and @i(&;) = @H(u;) fori = 1, 2. Let 9, € D(p;) and ¥, € D(¢;)
be as in the hypothesis. Recalling the identity ¢ = ¢, from Theorem 2.9, we obtain

Gy A ua) + @y v n) < o1(91) + @a(D2)

< @1(n) + a(in) = @t ur) + ).
O

We formulate two consequences of Theorem 3.5. We call a semigroup S = (S (£)),s0 on L*(X)
order preserving on C C L*(Z) if for every u, v € C with u < v one has S (f)u < S (¢)v for every
t > 0. By taking the semigroup S := S; = S, (and ¢ := ¢; = ¢,) in the previous theorem, we
obtain the characterisation in terms of the functional ¢ of the property that the semigroup S is
order preserving on C. This extends [7, Corollaire 2.2].

Corollary 3.6 (Order-preserving semigroups). Assume that ¢ is convex, proper, lower semicon-
tinuous and j-elliptic, and that j(D(y)) is dense in L2(3). Suppose that C C L*(2) is a closed
convex set satisfying (14) and that the semigroup S on L*(X) generated by (¢, j) leaves C invari-
ant. Then the following assertions are equivalent:

1. The semigroup S is order preserving on C.
2. For every uy, up € C one has

Gy A up) + @y v ) < @) + oMuy).
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3. For every iy, ity € D(p) with uy := j(it;) € C and up := j(iiy) € C, there are V1, ¥, € D(p)
such that uy A uy = j(01), uy V uy = j(v,) and

e(01) + @(2) < @(ity) + @(it).

Let S| and S, be two semigroups on L>(X). We say that the semigroup S | is dominated by
S5, and we write S| < §», if S5 is positive and

1S1(Oul < S2(0)lul
for every u € L*(Z) and every ¢ > 0. Our next result extends [7, Théoréme 3.3].

Corollary 3.7 (Domination of semigroups). Take the assumptions of Theorem 3.5, and suppose
that S is positive and order preserving on L*(Z)*. Then the following assertions are equivalent:

1. S is dominated by S ,.

2. Forevery u; € L*(Z), u € L*(X)* one has
G (uil A up) sign(ur)) + @5 il v un) < @l + @5 (uo).

3. Forevery ity € D(¢1) with uy 1= ji(f), ity € D(g2) with uy = jr(itn) € L*(Z)* there are
V1 € D(¢1), V2 € D(¢y) such that

(1| A up) sign(uy) = ji(91), 1| V uz = jo(92)

and
e1(01) + @2(02) < @1(@ty) + @a(ia).

Proof of Corollary 3.77. The equivalence of the assertions (1) and (2) follows from [7, Thé-
oreme 3.3] and the equivalence between (2) and (3) is proved by using the same arguments
as given above in the proof of Theorem 3.5. O

3.3. L®-contractivity and extrapolation of semigroups

Lety : H — RU{+o0} be a convex, proper and lower semicontinuous functional on a Hilbert
space H. We say that a maximal monotone operator A C H X H is y-accretive if for all (u1,v1),
(uz,vp) € A and all A > 0 one has

Y(uy —up + A(vy — v2)) = Y(ug — uz).

Similarly, we say that a semigroup S on the Hilbert space H is y-contractive, if for all u;, u, €
D(S) C Hand all r > 0 one has

WS Ouy — S Ouz) < Y(uy — up).

In what follows, a family of typical examples of functionals on the Hilbert space H = L*(Z) will
be the L”-norms (with effective domain L? N LP(X)), and we then also speak of L”-accretivity of
the operator A, or of LP-contractivity of the semigroup S.

The following result will be useful in the sequel.
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Lemma 3.8. ([10, Proposition 4.7]) Let A € HXH be a maximal monotone operator on a Hilbert
space H, and let S be the semigroup generated by —A. Further, let y : H — R U {+00} be a
convex, proper and lower semicontinuous functional. Then A is y-accretive if and only if S is
Y-contractive.

We first characterise L™-contractivity of semigroups. The equivalence of assertions (1) and
(2) in the following theorem follows from Cipriani and Grillo [13, Section 3] and relies again
on Theorem 3.2 and the same product semigroup construction as described in the proof of The-
orem 3.5 (see also Bénilan and Picard [9] and Bénilan and Crandall [8]), while the proof of the
equivalence of assertions (2) and (3) is similar to the proof of the corresponding equivalence in
Theorem 3.2; we omit the details.

Theorem 3.9 (L*-contractivity of semigroups). Assume that ¢ is convex, proper, lower semi-
continuous and j-elliptic, that j(D(p)) is dense in L*(X), and let S be the semigroup on L*(X)
generated by (¢, j). Then the following assertions are equivalent:

1. The semigroup S is L™-contractive on L*(Z).

2. Forevery uy, up € H and for every a > 0, one has

QDH ((u1 vV u|+l§zfa) A (u1+;z+(1)) +<,0H ((u2 A u|+L212+a/) v (M,H;Z,Q))

<) + ).

3. Forevery i1y, ity € D(p) with uy = j(it) and up = j(itp), and for every a > 0, there are ¥y,
vy € D(p) such that

(ul v u1+L2¢2—a) A (u]Jrgzﬂ‘z) — ](f)l)?

(MZ A M1+l§2+(l) v (u]+;2—a) - J(f)z)’

and
e (1) + @ (M) < p(ity) + ().

If in Theorem 3.9 the semigroup S is in addition order preserving, then we obtain a large
number of additional equivalent statements. To that end, we first briefly recall the notion of
Orlicz spaces. Following [27, Chapter 3], a continuous function ¢ : R, — R, is an N-function
if it is convex, ¥(s) = 0 if and only if s = 0, lim,_+ ¥(s)/s = 0, and lim,_,., ¥(s)/s = co. Given
an N-function , the Orlicz space LY(X) is the space

LY(X) := {u : £ > R measurable : fu,b(M) du < oo for some a > 0}
b a
equipped with the Orlicz-Minkowski norm

llel|py :=inf{a@ >0 : fzﬁ(M) du < 1}
b} (04

In addition, for the following theorem, we make use of the set 7, of all convex, lower semi-
continuous functionals ¢ : R — [0, +o0] satisfying (0) = 0.
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Theorem 3.10. Suppose in addition to the assumptions of Theorem 3.9 that j(D(p)) is dense in
H and the semigroup S is order preserving. Then the assertions (1), (2) and (3) from Theorem
3.9 are equivalent to each of the following assertions:

4. 0jpis L™-accretive on L*(Z).
. Ojpis L'-accretive on L*().

5
6. 8¢ is Li-accretive on L*(Z) for all q € (1, o).

7. 0jpis LY-accretive on L*(T) for all N-functions .
8

. 0jp is completely accretive (in the sense of [8]), that is,

f’ﬁ(”l —up)du < fl//(m —uy + A(vi —v2))du (16)
> s

forally € Gy and all (uy,v1), (uz,v2) € 0.
9. The semigroup S is L'-contractive on L*(Z).
10. The semigroup S is Li-contractive on L*(X) for all g € (1, o).
11. The semigroup S is LY -contractive on L*(Z) for all N-functions .

12. The semigroup S is completely contractive, that is,
fl/f(S (Ouy = S(Hup) du < flﬂ(ul —up)du 17
b b

forally € Jo, t > 0and all uy, ur € L*(X).

Moreover, if one of the equivalent conditions (1)-(12) holds, and if there exists ug € L' N L*(X)
such that the orbit S (ug is locally bounded on R, with values in L' N L*(X), then, for every
N-function , the semigroup S can be extrapolated to a strongly continuous, order-preserving
semigroup S, of contractions on LY(Z).

Following the convention of [13], we call a convex, proper and lower semicontinuous func-
tional on L*(Z) which satisfies property (2) of Corollary 3.6 a (nonlinear) semi-Dirichlet form,
and we call it a (nonlinear) Dirichlet form if it satisfies in addition property (2) of Theorem
3.9 above. Accordingly, we call a pair (¢, j) consisting of a weak-to-weak continuous operator
j:V — L*Z) and a convex, proper and j-elliptic functional ¢ : V — R U {+oco} a Dirichlet
form if it satisfies the assertions (3) of Corollary 3.6 and (3) of Theorem 3.9. By Corollary 3.6
and Theorem 3.9, Dirichlet forms are exactly those energy functionals on L*(Z) / pairs (¢, j)
which generate order preserving, L™-contractive semigroups. This characterisation goes back to
Bénilan and Picard [9], who also used the term Dirichlet form in the nonlinear context. Bénilan
and Picard also proved in [9] that semigroups generated by Dirichlet forms extrapolate to con-
traction semigroups on all L4(X)-spaces (g € [1, oo]) and, more generally, on Orlicz spaces; see
also [13, Theorem 3.6] for the L? case. This result is somewhat parallel to the theory of sesquilin-
ear Dirichlet forms; see, for example, [26, Corollary 2.16]. Theorem 3.10 includes these results
from [9, 13, 26].

For the proof of Theorem 3.10, we need first the so-called duality principle for subgradients
established by Bénilan and Picard [9].
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Lemma 3.11 (Duality Principle, [9, Corollaire 2.1 and subsequent Example]). Let ¢ : LX(Z) -
R U {+0} be convex, proper and lower semicontinuous. Further, let y : L*(Z) — [0, c0] be
sublinear, proper and lower semicontinuous, and let y : L*(X) — [0, co] be defined by

d(u) = sup (u,v)y
Yy(v)<1

for everyu € H. Then the subgradient 0™ is y-accretive in L*(2) if and only if 0o is gr-accretive
in L2(Z).

Second, we need the following nonlinear interpolation theorem due to Bénilan and Crandall

[8].

Lemma 3.12 ([8, Proposition 1.2]). Let M(Z) be the space of equivalence classes of measurable
functions f : ¥ — R, equivalence meaning equality p-a.e. on X. Let S : M(X) 2 D(S) —» M(X)
be an operator such that, for every u, v € D(S) and every k > 0, one has either u A(v+k) € D(S)
or(u—kyvveD(S). Then S satisfies

fl//(Su—Sv)d,qun//(u—v)d,u forall y € Jo and all u, v € D(S)
3 b

if and only if S is order preserving and contractive for the L'- and L™ -norms.
Now, we can give the proof of Theorem 3.10.

Proof of Theorem 3.10. By Lemma 3.8, assertion (4) is equivalent to assertion (1) from Theorem
3.9, and for the same reason assertions (5) and (9), (6) and (10), (7) and (11), and (8) and (12)
are equivalent. By the duality principle (Lemma 3.11), assertions (4) and (5) are equivalent.

By Lemma 3.12, and by the assumption that S is order preserving, the now equivalent asser-
tions (1) and (9) imply the assertion (12).

Now assume that assertion (12) holds. Then the inequality in (17) holds for every N-function
¥, as well as for every dilation ¢, := (=) of an N-function ¢ (@ > 0), and for all # > 0, and u,
v € L2(%). In other words, if ¥ is an N-function, then

fzp(w)du < ft//(u)dy foralla > 0,7 > 0 and all u, v € LX(Z).
z @ by @

Taking the infimum over all @ > 0, we find
IS (u— SOVl < |lu—v|ls forallz>0andall u, v € L*(Z),

that is, the semigroup S is LY-contractive. Hence, assertion (12) implies assertion (11).

The implication (11)=(10) follows by choosing ¥(s) = s? (g € (1, 0)), and the implication
(10)=(9) follows from a passage to the limit (g — 1). We have thus proved the equivalence of
the assertions (1)-(12).

Now, assume that one of the equivalent assertions (1)-(12) holds, and assume that there exists
up € L' N L™(T) such that the orbit S (-)uy is locally bounded from R, with values in L' N L*(Z).
The latter assumption together with the fact that S is both L'-contractive and L®-contractive
implies that for every u; € L' N L*(Z) the orbit S (-)u; is locally bounded from R, with values
in L' N L*(Z). Now let ¢ be an N-function. Since L' N L®(Z) is contained and dense in LY (),
since the semigroup S leaves this subspace of L¥(X) invariant, and since S is L¥-contractive
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by assertion (11) and order preserving by assumption, the semigroup S extends to an order-
preserving semigroup S, of contractions on L”(Z). In order to see that it is strongly continuous,
it suffices to prove strong continuity on the subspace L' N L*(Z).

Let u; € L' N L™(Z). Since the orbit S (-)u; is locally bounded with values in L' N L*(Z),
there exists a constant C > 0 such that

sup (IS @uillz + IS Dusll=) < C.
1€[0,1]

Let & > 0. Since y is an N-function, there exists ¢ > 0 such that
YU(s) < e for every s € [0, 6].
Since the function i is bounded on [6, C], there exists Cs > 0 such that
Y(s) < Cs s* for every s € [6,C].

Hence,

lim sup fz WS (O — ) du

NO
< limsup f e|S(Huy —M1|dﬂ+f Cs|S (Huy —Lt1|2d/J
™NO IS (H)uy —ui|<s IS (Huy—uy|>6
< & limsup IS (Huy — wyllp + Cs limsup IS (Huy — wy|I?, < £2C.
N0 ™NO

Slnce &> () was al‘bltra_l‘y, we ()btaln
\lnol f‘ﬂ(l (Z)ul uj |) Iu .

Replacing by y(a™'-) (@ > 0) in this equality and using the definition of the L¥-norm, we
deduce

lim ||S (Huy — uylle = 0.

™NO

This completes the proof. O

Remark 3.13. If we assume in Theorem 3.10 that the underlying measure space (Z, u) is finite,
then the semigroup S is easily seen to extrapolate to a strongly continuous contraction semigroup
on L!(Z), too (contractivity holds in general and is stated in assertion (9)).

Actually, strong continuity in L'(Z) also holds for general measure spaces, if there is an
element uy € L' N L*(X) such that the semigroup S leaves {ug} invariant. We only sketch the
proof. Since the resolvent J; of 8¢ is L'-contractive on L' N L*(T) and since by assumption,
Jiug € L'NL2(T), the inverse triangle inequality implies that J; maps L' NL?(Z) into L' (X). Thus
J1 has a unique extension on L!(Z) (again denoted by J;), and so the operator A := J1_] —1is m-
accretive on L!(Z). By the Crandall-Liggett Theorem [14], —A generates a strongly continuous
contraction semigroup on L' (Z), which by construction of A and the concrete form of its resolvent
coincides with S on L!(Z) by the exponential formula.
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4. Examples

4.1. The p-Laplace operator with Robin boundary conditions on general open sets

Let Q C RY be an open set having finite Lebesgue measure |Q] < co and 1 < p < co. In
this example we introduce a weak formulation of the nonlinear parabolic Robin boundary value
problem

O — Apu+ g(x,u) =0 in (0, 00) X Q,
IVulP=2% + B(x,u) =0  on (0, 00) X Q, (18)
u(0, ) = uy in Q,
without any regularity assumptions on the boundary of Q. For similar problems we refer the

reader to Daners and Drabek [16] and Warma [34]. Throughout this section, we assume that
g: QxR - Randpg:0Q xR — R satisty the Carathéodory conditions:

(1) g(-,z) and B(-, z) are measurable on Q and on 9, respectively, for every z € R,

(i1) g(x,-) and B(y, -) are continuous on R for a.e. x € Q and for a.e. y € 9Q, respectively.

In addition, we assume that

19)

g(-,0) € L*(Q), and the function z - g(x, z) is Lipschitz con-
tinuous on R with constant L > 0, uniformly for a.e. x € Q,

and
the function z — B(y, z) is increasing on R for

a.e. y € 0Q, and there are @, ¢ > 0, r > 1, such that B(y, 2)z > alz|" (20)
and |8(y,z)| < ¢z~ forall z € R and a.e. y € 9Q.

As a first step, we consider the elliptic nonlinear Robin problem

{ =Apu+glx,u)=f in Q,

|Vu|P—2@ +B(x,u) =0 on HQ, @b
av
where f € L9(Q) is a given function for some g > 1 specified below. A general approach for
dealing with elliptic Robin problems on arbitrary open sets goes back to a theory developed by
Maz’ya (cf. Daners [15] in the linear case p = 2 and g = 0), which we wish to review briefly.
This theory is made possible by the following inequality (see [23] and [24, Cor. 2, Sec. 4.11.1,
p-258]), which states that if Q has finite Lebesgue measure, and if the parameters 1 < p, g, r < o
satisfy
d=-pr<pd-1) and g <rd/(d-1), (22)

then there is a constant C = C(d, p, g, 1, |Q|) > 0 such that
ey < € (IVullrqp + lupalliron) (23)

for all u E_Wl’p(Q) N C.(Q). Here C.(Q) is the set of all functions u € C(Q) with compact

support in Q, and W!?(Q) is the classical Sobolev space. We shall refer to inequality (23) as

Maz’ya’s inequality. This inequality motivates the introduction of the following Sobolev-type
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spaces. Firstly, for 1 < p, g < oo let Wll,’q(Q) be the Banach space of all u € L9(Q2) having

all distributional partial derivatives %1’ e, 597?" € LP(Q). We equip Wll,,q(Q) with the natural
norm ||u||Wp1q = |lullza) + IVullrye. Secondly, we define the space V), (€2) to be the abstract

completion of
Vo= {ue W@ n cc.@‘ lully,, < oo) (24)

pr

with respect to the norm
llully,, = IVullr@q + llwpellr @)

where L'(0Q) = L'(0Q, H* "), and H = H?' denotes the (d — 1)-dimensional Hausdorff
measure on the boundary dQ. (Note that in [24], the function space V), ,(€2) is denoted by
W,;,.(Q, 0Q).)

Maz’ya’s inequality (23) says thatif 1 < p, g, r < oo satisfy (22), then the natural embedding

Jo: Voo W, (Q), uru (25)
is well defined and bounded. Moreover, by definition of Vj, the operator
10: Vo= W, Q)X L'(0Q), u > (u,u0),

is well defined and bounded, too, and it is an isomorphism from V; onto its image. The operator
to then has a unique extension to a bounded linear operator

LV (Q) = W, (Q) X L'(6Q)

which is again an isomorphism from V, ,(€2) onto its image. This means we may identify V), .(Q)
with a closed linear subspace of W,l,’q(Q) X L"(09Q). Let p; : Wll,,q(Q) X L'(0Q) — Wll,,q(Q) and

R W,l,’q(Q) X L"(0Q) — L"(0Q) be the canonical coordinate projections. We then define the
bounded linear operators

Ji=piot:V, (Q) — W;,q(Q), (26)

and
tr:=proe:V,(Q) — L'(0Q). (27)

For example, j may be regarded as the embedding of V,, .(Q) into W},,q(Q) induced by Maz’ya’s
inequality. Or, in other words, j is the bounded linear extension of the natural embedding jj
from (25). In an abuse of notation, we will also use j to denote the map V, .(Q) — LI(2) given
by i o p; o, where i : W;’q(Q) — L(Q) is the natural embedding, if there is no danger of
confusion. The operator tr is a natural extension of the trace operator u +— u|y defined on Vj,
and we therefore still call tr u the trace of an element u € V,, .(Q2).

Remark 4.1. There is a potential complication with the map j which Maz’ya did not explore
in [23] or [24], but which has subsequently received a certain amount of attention: j is not
necessarily injective. Since an element u belongs to ker j if and only if there is a sequence (u,)
in W?(Q) N C.(Q) such that

lim Vu, = 0in LP(Q)¢,  lim u, = 0 in LY(Q),
n—oo ) n—oo . (28)
and lim u,p0 = win L'(0Q)
n—.oo

for some w € L"(0Q), the map j being injective is equivalent to w = 0 whenever (28) holds.
This is certainly true if, for example, Q is a bounded Lipschitz domain, since in that case we
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have a trace inequality (see, for instance, [25]); but of course such an inequality does not hold
on arbitrary open sets. This important point was first raised by Daners in [15]; soon afterwards
an example of an Q for which j is not injective was constructed by Warma [33]. This issue
reemerged some time later when Arendt and ter Elst [2, 3] introduced a generalisation of the
notion of trace valid on an arbitrary open set, based in large part on Maz’ya’s inequality.

There is another possible definition of trace, which is a further generalisation (to p, g, r #
2) of the generalisation of trace in [2]. In particular, the following definition agrees with [2,
Section 1] when p=qg=r=2.

Definition 4.2. For 1 < p, g, r < oo, following [2], we say that ¢ € L"(0Q) is a weak trace of
ue Wpl’q(Q) if there is a sequence (u,) in W,Lq(Q) N C.(Q) such that u, — u in W[‘W(Q) and
UnjoQ — @ in L’(BQ)

In other words, ¢ € L"(0Q) is a weak trace of u € W;,q(Q) if and only if the pair (i, ¢) €
L(Vp,r(Q))~
Remark 4.3. (a) It is known that there are domains on which functions may have multiple weak
traces in the sense of Definition 4.2; this is immediately seen to be the case exactly when the
map j is not injective, which in particular is a property of the domain Q and not the function(s)
in question. This can happen if Q2 becomes too “disconnected” from Q in a sense which can
be made precise using the notion of relative capacity; we refer to [2] for more details in the case
p = q = r = 2. Of course, functions in V), () always have unique traces in the sense of (27),
since the map tr is well defined.

(b) Weak traces in the sense of Definition 4.2 depend intrinsically on all three parameters p,
q, r. We expect it is possible that a given function in Wéyq(ﬂ) may have multiple traces for some
r and only one (or even none) for other r, although we do not explore this here.

(c) If p, r > 1 satisfy the first inequality in (22), then one can always find a ¢ > 1 such
that V), .(Q) maps into W;,q(Q) (take g = rd/(d — 1)) so that the maps j and tr from (26) and
(27), respectively, are well defined. Moreover, if u € C2(RY), then, approximating u by itself
wherever necessary, we may identify u canonically with an element of V,, ,(€2) and W[l,’q(Q), and
ujpq 1s both a trace and a weak trace of u.

(d) The definition (27) of the trace of a function in V, .(£2) can be easily extended to any pair
p, r 2 1, even if they do not satisfy the first inequality in (22), since one can always identify
V,,-(Q) canonically with a closed subset of L” ()¢ x L"(0Q); the trace is simply the composition
of this embedding and the projection onto L"(9€2). In the sequel, however, we will always assume
that (22) holds, and so we will tend not to distinguish between the various possible notions of
trace.

We next have a couple more results concerning the space V), .(€2). The following lemma is
quite standard, but we state it for later use.

Lemma 4.4. Let p, r > 1 and suppose H*'(K) < oo for any compact K C 0Q. Then the set
{flloq : 0 € CX(RY)} is a subset of tr V. (Q) and is dense in L'(0Q). In particular, trV, ,(Q) is
dense in L' (0Q).

Proof. By the Stone-Weierstrafl theorem [35, Chapter 0], the set of restrictions of C_° (R?) func-
tions to dQ is dense in C,(0Q). Since H* ! is a Borel regular measure [20], which is finite on
every compact set, C.(0Q) is dense in L"(0Q) (see [31, Theorem 3.14]).
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Now, since we may identify every it € C.° (R?) with an element of V,,-(£2) as in Remark 4.3(c)
in such a way that tr(it) = @t|sn, we may identify the set {iilsq : & € CP(RY)} with a subset of
tr V,, () and conclude that tr V,, .(Q) is dense in L"(0Q). O]

Next, we note that a density argument shows that V,, .(Q) has a lattice structure whose order-
ing is induced by that of the space V, defined in (24) in the natural way. We omit the easy proof,
which follows directly from the fact that Vj inherits the lattice structure of W'*(Q) and C.(Q).

Lemma 4.5. The space V, (Q) is a lattice for any 1 < p, r < oo, and the lattice operations are
continuous. Moreover, assuming p, q, r > 1 satisfy (22), then ¢ is a lattice isomorphism onto its
range, and in particular «(V, ,(Q)) is a sublattice of W,l,’q(Q) X L'(0Q) equipped with its natural
ordering. As a consequence, j and tr are lattice homomorphisms.

With this background, we can return to studying our elliptic boundary value problem (21).
We are now in a position to introduce the notion of weak solutions of the elliptic Robin boundary
value problem (21) on general open sets.

Definition 4.6. Suppose 1 < p, r < oo satisfy (22) with g = 2 and let f € LY (), where ¢’ = q%l.
Then we call &t € V, () a weak solution of the elliptic Robin boundary value problem (21) if
forall € V, (),

f \ValP2Vavh dx + f g(x, j(@))j(P) dx + f By, tri) trddH = f £ i) dx.
Q Q IQ Q

Forallze R, x € Q and y € 0Q we set

G(x,2) = f e 5)ds  and  B(,z) = f B(y, 5)ds.
0 0

Lemma 4.7. Suppose p, r > 1 satisfy (22) with g = 2, and let j be the map given by (26). Then
the functional ¢ : 'V, () — R defined by

(i) = %fIVitlp dx + f G(x, j(i)) dx+f B(y, triry dH (29)
Q Q o0

for every ii € V), (Q) is continuously differentiable and j-elliptic. Moreover, its j-subgradient is
densely defined and given by

djp = {(u, f) € LX(Q) x LX(Q) | i eV, (Q)s.t. j@)=uand¥ €V, (Q)
f [ValP2Vavdx + f g(x, j(@))j(P)dx + f B, tr i) tr ddH = f f j(f/)dx}.
Q Q oQ Q

As mentioned earlier, here we commit a mild abuse of notation by considering j to be the
composite map V), (Q) — W;,Z(Q) — L2(Q). In light of the lemma, we consider that u € L*(Q)

is a weak solution to (21) for a given f € L*(Q) if and only if the pair (u, f) € ;¢ as in
Lemma 4.7.

Proof. By hypothesis on p and r, the operator j is linear and bounded from V,, .(Q) into LX(Q).
It is a standard exercise to show that the assumptions (19) on g and (20) on S imply that ¢ is
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(among other things) continuously differentiable (and in particular Gateaux differentiable) and
that, for every &1, ¥ € V,, (),

¢ (@)D = f IValP2Vav dx + f g(x, j(@)) j(9) dx + f By, trit) trd dH.
Q Q oQ

Since g was assumed to be Lipschitz continuous in the second variable, a.e. uniformly with
respect to the first one (see (19)), for a.e. x € Q, the real-valued function z — g(x,z) + Lz is
increasing on R. Thus the primitive z = G(x, z) + %zz, with L > 0 as in (19), is convex on R for
a.e. x € Q. It follows that the functional ¢, is convex, and one easily verifies that ¢; .. is coercive
for every € > 0. As a consequence, ¢ is j-elliptic, and by Lemma 2.2 (b), the j-subgradient d;¢
takes the form as in the statement.

Observe that the range of j contains the space of test functions C°(Q2) (Remark 4.3(c)), and
is therefore dense in L2(Q), cf. [31, Theorem 3.14]). Since the closure of D(d¢M) = D@ i)
(Corollary 2.7) and D(¢") = J(Vp-(£)) (Theorem 2.9) coincide by [10, Proposition 2.11, p.39],
we deduce that d;¢ is densely defined. [

Before stating our main generation result, we introduce the following notation. Let Sp
and Sy be the semigroups generated by the Dirichlet-p-Laplace operator and the Neumann-
p-Laplace operator on Q, respectively. These operators are, by definition, the subgradients of the
associated functionals ¢p, @y : L2(Q) - R U {+00} given by

: fﬂ Vul” dx i u e W),(Q),

ep(u)
+00 else,

and

5 fﬂ IVul” dx if u € W) ,(Q),

on(u) :
+00 else,

respectively, where V.V;’Z(Q) is the closure of C°(Q2) in W;’Z(Q), while WIILZ(Q) is the closure of
the space WII),Z(Q) n Cc(ﬁ) in W[',Q(Q). In this case of course we have classical subgradients, that

is, the map j is the identity map on L*(Q). It is well known, and easy to verify with the help of
the results from Section 3, that both semigroups S p and Sy are positive, order preserving and
L*-contractive. Moreover, Sp < Sy.

Theorem 4.8. Let ¢ be the functional defined in (29) and suppose that p, r > 1 satisfy (22)
with g = 2. Then the operator —0 ;¢ generates a strongly continuous semigroup S on LX(Q). If
g(x, -) is increasing for almost every x € Q, then the semigroup is a semigroup of contractions,
order preserving, L®-contractive on L*(Q) and extrapolates to an order-preserving contraction
semigroup S, on LY(Q) for any q € [1,00], which is strongly continuous for q € [1,00) and
weak*-continuous if ¢ = oco. If, in addition, g(-,0) = 0, then the semigroups S, are positive.
Finally, if g =0, then Sp <X S.

Proof. The generation result follows immediately from Lemma 4.7 and Theorem 3.1.
For the rest of the proof, assume that g is increasing. Then the functional ¢ is convex and
the semigroup is a semigroup of contractions [10, Théoréme 3.1]. In order to show that it is also
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order preserving, we apply Corollary 3.6. Let i, it; € V), ,(€2) = D(¢). Then, since j is a lattice
homomorphism,

J@) A jlin) = j(in A i) and j(i) V j(iz) = j(in V i) with
iy Nip, iy Vi € Vp’r(Q),

and, noting that the orderings on V, () and L*(Q) are consistent (cf. Lemma 4.5),
(i A i) + @(in Vi)
= %f |Vﬁ]|p]1mlg,2} dx + % f |Vﬁ2|p]1{,;1>,;2} dx
Q Q

+ f G(x, Ja@) L)<y dx + f G(x, j@))Ljay)> jiay dx
Q Q

+ f B, r ) Ligwa <wayw + f B, tr i) L g, >irayy dH
0 90

+ %f |Vﬁ1|p]l[gl>g2] dx + 11—7 f |Vft2|p]l{f,lg,;2} dx

Q Q

+ f G(x, J@aD)Lyjay)> ji)y dx + f G(x, j(i)) L)< ja)y dx

Q Q

+ B()’,trftl)]l{tra,>tra2}d7‘(+f B, tr i) e oy <) AH
50 90

= (i) + @(itp).

By Corollary 3.6, the semigroup is order preserving.
Next, we show that the semigroup is L*-contractive. Let @i, &, € V, (Q) and @ > 0 a real
number. Then

it if |i; — ] < @
U PN i+ —a b +ib+a _ ) +ih—a LN PN
b= V= A 5 = 5 ifiyy —i) < —a
i +in+a

ifiyy — i > a

and
ity if |, —iy| <
Py = (’22 A u1+b2tz+(1) v (uﬁ—;z—a) — ul+1;2—ar if i — 1y < —a
bt g, iy > a

are in V), () and satisfy the first two equalities in Theorem 3.9, assertion (3), with u; = j(fi;)
and up = j(i1); here again, we have used that j is a lattice homomorphism. It remains to check
that (V1) + @(P2) < @(ity) + ¢(it;) in order to see that assertion (3) of Theorem 3.9 is fulfilled.
As this is an argument analogous to the one above, we omit it. By Theorem 3.9, the semigroup
is L™-contractive. The fact that the semigroup extrapolates to the whole scale of L7-spaces now
follows immediately from the preceding two steps and Theorem 3.10.

Now assume in addition that g(-,0) = O almost everywhere. This assumption and the as-
sumption that g(x, -) is increasing for almost every x € Q imply that the primitive G is positive.
For the same reason, using assumption (20), 8 is positive, too. Now let i € V() = D(y).
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Then j(2)* = j(a*) with 4% € V,,,(Q) and

(") = ﬁ fﬂ [ValP 1 jay-0dx + LG(X, J@)Ljs0dx + fag By, tr i) Ly a0y dH
< o(it).

Positivity of the semigroup now follows from Theorem 3.4.

We turn to the last statement and assume now that g = 0. Here we shall apply Corollary 3.7.
For the domination Sp < S, let u; € VOVLP(Q) and &, € V), () with j(&i;) € L*(Q)*. Then i) :=
(u1,0) € «(V, (L)), that is, with an abuse of notation, we have found an element &i; € V()
such that j(it;) = u,. Clearly, (Ju;| A j(irp)) sign(u;) € W;Q(Q), 1] V &t € V), (), and

ep((ur] A j(it2)) sign(ur)) + @] V i)

= %fqullp L jcany) dx + %fle(ftz)l” Lt > jcany) dx
Q Q
+§f|V“1|’7 > ) dX + %fle(itz)I” 1< iy A
Q Q
+f B(y7trﬁl)]l[|lrﬂ1\snﬁz]dq_["'f By, r i) Ljeei>wean) AH
oQ oQ

— 3 [ wapaced [(viaracs [ S0wa L o
Q Q oQ
< @p(uy) + @(ita).
Hence, by Corollary 3.7, S p is dominated by S . O

Remark 4.9. The article [12] characterises all positive, order preserving, local semigroups S
generated by negative subgradients and satisfying Sp < § < Suy. These semigroups are gen-
erated by realisations of the p-Laplace operator with general Robin boundary conditions which
formally include the class of Robin boundary conditions which we consider in this example.
However, in [12], the set Q is supposed to be a Lipschitz domain. The above example shows that
the first domination still holds under relaxed assumptions on Q. It is therefore a natural question
as to whether the domination S < Sy also holds in our context. The decisive question is whether
Corollary 3.7 (3) holds for (all functions in) the spaces V, .(€2) and VNV;‘Z(Q), which in turn seems
to depend on whether V, .(€2) has certain rather subtle lattice-type properties. Since a technical
investigation at this point would take us too far afield, we leave it as an open question.

4.2. The p-Dirichlet-to-Neumann operator

As a weak variational problem, in a certain sense our second example bears considerable
similarity to the nonlinear Robin problem considered above. It will also use much of the same
theory, in particular (keeping the notation from the previous section) the space V,, (€2) for p,
r > 1 and the trace operator tr : V), .(Q) — L"(6€).

However, in this case the map j from our abstract theory is the trace tr, rather than the map
V, () — L(Q), meaning its non-injectivity is intrinsic to the structure of the operator and not a
consequence of Q having rough boundary. We shall again make minimal regularity assumptions
on 0Q, but this approach is also new in the case of smooth boundary (apart from the recent
work [21]; see also Remark 4.11). For more details on the p-Dirichlet-to-Neumann operator on
Lipschitz domains, we refer to [21].
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Here we assume that Q C R? is an open set of finite Lebesgue measure |Q| for which the
topological boundary 9 has locally finite (d — 1)-dimensional Hausdorff measure, that is,

HY(K) < oo for every compact K C Q,

although we expect this could be weakened. We assume that g : Q X R — R is a function
satisfying the Carathéodory conditions (i) and (ii) from the previous example, as well as the
growth condition

{there exists @ € LT (Q) and C > 0 such that (30)

lg(x, 2) < a(x) + C|z|# forall z € R and ae. x € Q.
Our principal aim is to prove well-posedness of the parabolic initial-boundary value problem

=Apit+g(x,i) =0  in (0, 00) X €,
O, + |VaP=20,it =0 on (0, 00) X 0Q, 3D
u(0,-) = uy on 0Q,

for a given initial value u € L*(0Q). This is closely associated with the Dirichlet-to-Neumann
map A, , which — formally speaking — maps the trace trit € D(A, ) € L*(0Q) (Dirichlet data)
of a weak solution # of the elliptic problem

—Apit+ g(x, 1) = 0in Q,

to the outer p-normal derivative |Vii|”~20,# (Neumann data); see below.

As mentioned above, we consider the space V), »(£2) introduced in the previous example (in
particular r = 2). For general g we assume p > Zd so that Mazya’s condition (22) is fulfilled for
q= d 1 ;note thatg — 1 = ‘”1 and ¢’ = dzfl are the exponents appearing in the growth condition
(30). It will be convenient to wrlte it for elements in V), »(Q), u = tr & for their traces, and j(#) for
their embeddings into L&t (). We mention that if g = 0, then the condition on p can be relaxed
to p > 1 since in this case we do not need the embedding j, as one can see from the definitions
of weak solution, p-Dirichlet-to-Neumann operator and underlying energy functional. However,
by definition, elements of & € V,>(Q) still admit both a natural gradient Vii € LP(Q2) and a trace
u = trit € L*(0Q) since V,2(€2) may be identified with a closed subset of L? Q) x L*(0Q) in a
natural way; see Remark 4.3(d).

We call a function & : R, — V,,(Q) a weak solution of the problem (31) if there exists
a function u € C(R,;L2(0Q) N W) 2((0 00); L*(0Q)) such that triz = u almost everywhere,

loc
u(0) = ug, and for every ¥ € V,»() one has

f IValP2Vavi dx + f g(x, j@)j@)dx = —f Outr PdH for a.e. 1 € R,.
Q Q a0
If we define the Dirichlet-to-Neumann map A, ; by

Apg 1=, /) € L2(0Q) x LX@Q)| F € V,p(@) st trit = uand

f IV’ 2Vavs + f g(x, j(@))j(») dx = f FuodH VeV, Q)
Q Q oQ
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then we see that A, is a single-valued operator, and i : R, — V,,5(€) is a weak solution of the
problem (31) if and only if u := trii is a solution to the abstract Cauchy problem

i+ Apou=00n(0,00), u(0)=u.

We show that this latter problem is in fact a gradient system and A,, can be realised as the
tr-subgradient of an appropriate functional.

Lemma 4.10. Suppose g is a function satisfying (30), and that g(x, -) is monotonically increasing
for almost every x € Q. Assume further p > % and let G(x,z) 1= foz g(x, s)ds for every z € R

and almost every x € Q. Then the functional ¢ : V,»(Q) — R defined by

o(ir) = %Lwﬁlp dx + LG(x, Jj(@))dx (32)

for every it € V,,(Q) is convex, continuously differentiable, and tr-elliptic. Moreover, the tr-
subgradient 0y of ¢ is densely defined and coincides with the Dirichlet-to-Neumann map A, .
If g = 0, then the condition on p may be relaxed to p > 1.

Proof. 1t is easily checked that the functional ¢ defined by (32) is continuously differentiable on
V,2(€), and

@) = f IValP2Vav dx + f o(x, j(@))j(D) dx
Q Q

for every @i, ¥ € V,»(€2). Moreover, since g(x, ) is monotonically increasing for almost every
x € Q, its primitive G(x,-) is convex for almost every x € Q. Hence, ¢ is convex, too. Using
the definition of the space V() together with Maz’ya’s inequality, we see that the shifted
functional

@) = @(@) + $lltr 2 50,

is coercive for every w > 0, since under our assumptions on p and g, Maz’ya’s inequality shows
that the term fg G(x, j(@1)) dx can be controlled by the V), ,-norm of i. In other words, ¢ is tr-
elliptic. The equality dy¢ = A, follows from the identification of the Fréchet derivative of
¢ above and from Lemma 2.2 (b). Finally, since the effective domain of ¢ is the entire space
V,2(Q), and since by Lemma 4.4 the trace operator tr has dense range in L*(9Q), one argues
similarly as in the proof of Lemma 4.7 (using Corollary 2.7, Theorem 2.9 and [10, Proposition
2.11, p.39]) that the tr-subgradient of ¢ is densely defined. The case g = 0 and p > 1 is treated
similarly. O

Remark 4.11. If Q has Lipschitz boundary and g = 0, then our construction coincides with
the variational definition of the Dirichlet-to-Neumann map associated with —A,, (cf. [21], for
example, or [2, 3] in the linear case p = 2). In this case, the trace inequality together with
Maz’ya’s inequality (23) implies that V), »>(£2) coincides with the Sobolev space W;Q(Q), up to
an equivalent norm. Moreover, ker(tr) coincides exactly with W(; (Q), the closure of C2(Q) in
the W'P-norm.

Our desired generation result now follows from Theorem 3.1.

Theorem 4.12. Let p and g be as in Lemma 4.10. Then the Dirichlet-to-Neumann operator
A, generates a strongly continuous semigroup S of contractions on L*(0Q). If g = 0, then the
condition on p may be relaxed to p > 1.
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We wish to study the order properties of this semigroup, and in particular show that it extrap-
olates to L1(0Q) for g € [1, o).

Theorem 4.13. Let p and g be as in Lemma 4.10. Then the semigroup S generated by A,
on L*(0Q) is order preserving and L®-contractive. If. in addition, g(x,0) = 0 for almost every
x € Q, then the semigroup is also positive and extrapolates to a strongly continuous semigroup of
contractions on LY (0Q) for every N-function . If g = 0, then the condition on p may be relaxed
top> 1

Proof. Obviously, it is sufficient to show that under the conditions we have imposed on g, the
energy ¢ given by (32) satisfies the assertion (3) of Theorem 3.4, the assertion (3) of Corol-
lary 3.6, and the assertion (3) of Theorem 3.9 with j = tr; this follows in exactly the same way
as in the proof of Theorem 4.8. For the extrapolation one applies Theorem 3.10, by noting that
if g(x,0) = O for almost every x € Q, then the origin in L*(0Q) is an equilibrium point for the
semigroup, that is, S ()0 = O for every ¢ € R,. O

4.3. Coupled parabolic-elliptic systems or degenerate parabolic equations governed by a p-
Laplace operator

Let O € R? be a bounded domain, and let Q C Q be an open subset. We consider the
following coupled parabolic-elliptic system: denoting by D(Aff) the domain of the Dirichlet-p-
Laplace operator on Q (the subdifferential of the functional ¢p from Section 4.1), and given an

fe L*(Q), we search for a function u in (0, 00) X Q together with an extension & to (0, c0) X Q
satisfying
i) e D(A?) for almost every ¢ > 0, and
u=1nin (0,00) X Q
O — Apu = fin (0, 00) X Q,
~A,ii = 0 in (0,00) x (Q\ Q),
2 = 01n (0, 00) x 9.

(33)

This is equivalent to the degenerate equation

i) e D(A?) for almost every ¢ > 0, and
u=1uin (0,00) X Q
1o 0:(1g@t) — Ayt = 1o f in (0,00) X Q, (34)
2 = 01n (0, 00) X 5.
In order to reformulate these problems as an abstract gradient system, we consider the following

setting: We let
V:= WP(Q) and H := L*(Q)

with
W) — R U {+o0},

- f |Val? dx



and

j: Wh(Q) 2 D(j) — LA(Q),

i u:= i,

with maximal domain. Note that j is a closed, and hence weakly closed, linear operator, which
is actually bounded by the Sobolev embedding theorem if p > %. With this choice we have
(u, ) € djp if and only if

there exists 2 € WHP(Q) with ailg = u € L*(Q) such that

f IValP2Vavidx = f fdx for every § € WHP(Q) with g € LA(Q),
Q Q

that is, if and only if there exists an elliptic extension & € D(A?) such that

flg = u,
—A,fi = fin Q and
~A,it=0in Q\ Q.

Hence, the coupled parabolic-elliptic problem (33) or, equivalently, the degenerate parabolic
problem (34) is a special case of the abstract gradient system (12) for the choice of V, H, j and
¢ made above. Note that the functional ¢ is convex and continuously differentiable on Whr(Q).
Moreover, since Q is bounded, the Poincaré inequality implies that the functional is also coercive.
As a consequence, by Theorem 2.6, the j-subgradient ;¢ is maximal monotone and the negative
Jj-subgradient generates a semigroup S = (S (¢));>0 of (nonlinear) contractions on L*(Q) (see also
Theorem 3.1). More can be said about this semigroup S.

Theorem 4.14. The pair (¢, j) generates a strongly continuous contraction semigroup S on
L*(Q) which is positive, order preserving, L®-contractive, and extrapolates to a contraction
semigroup on L1(Q) for every q € [1, 0o], which is strongly continuous for q € [1, 00) and weak*
continuous for g = co. Moreover, Sp < S, where S p denotes the semigroup generated by the
Dirichlet-p-Laplace operator on L*(Q) defined in Section 4.1.

Proof. We have remarked above that —0 ;¢ generates a semigroup S of nonlinear contractions on
L*(Q). Note that the semigroup is defined on L?(Q) since j(D(¢)) contains the test functions on
Q and is thus dense in L?(Q).

For every &t € D(j) C W'P(€2) one has &* € D(j), j(@*) = j(@)* and

lj‘|VLT’|pd)c

P Ja

I—ljf:|VIft|p1m>0]dx
Q

_% fg \ValP dx = o(it).

Hence, by Theorem 3.4, S is positive. Also the facts that S is order preserving and L*-contractive
are proved in a way similar to that already used in the proof of Theorem 4.8. We omit the details.
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In order to show that S p is dominated by S, we shall apply Corollary 3.7. Let u; € Whr(Q)
and i, € Wh(Q) with j(iiy) € L*(Z)*. We extend u; by zero to an element in W'r(Q) (which in
an abuse of notation we will also call u;). Then j((Ju;| A uz) sign(uy)) = (lu1| A j(irn)) sign(u;) €
WP (Q), | V i1, € WHP(Q), and, noting that u; = 0 on Q\ Q,

ep((uil A j(@2)) sign(ur)) + ¢(jur| V fiz)

= % f |Vl,tllp ]l[|u1|Sﬁ2} dx + 1—1) f |Vﬁ2|p ]1{|u1‘>,)2] d.x
Q Q
+ ,l,f:|vul|p ]1{|u1\>a2}dx+%]:|Vﬁ2|p Ty <iy) dx
o) o)
=1 \Vuy P Uy 1<00) dx + | |Vital? dx
P Ja Q

< ep(ur) + @(it2).
Hence, by Corollary 3.7, S p is dominated by S . O

Remark 4.15. (a) The domination S < Sy on L?(Q) is not true in general.

(b) It is possible to replace in (33) or (34) the Dirichlet boundary conditions on the bound-
ary of Q by Neumann boundary conditions if one assumes that Q is a bounded domain with
continuous boundary €. In this case, one puts V = W'7(2) and uses the energy functional

0 W) - R U {+o0},

- f |ValP dx.

This energy functional is clearly convex and continuously differentiable, too. The fact that it is
Jj-elliptic follows from [25, Chapter 2, Théoreme 7.6] or [32, Corollary 4.4].

4.4. Coupled parabolic-elliptic systems or degenerate parabolic equations governed by a 1-
Laplace operator

In this final example we consider a variant of the coupled parabolic-elliptic system (33) from
the previous example with p = 1, that is, with the 1-Laplace operator formally given by A; :=
d1v(|V” ) and generating the so-called total variation flow. This example illustrates in particular
why it can be useful to consider general locally convex topological vector spaces in our abstract
theory. Let Q C R? be a bounded domain with Lipschitz continuous boundary and let Q C Q be
an open, non-empty subset. We consider the coupled parabolic-elliptic system (33) with p = 1,
that is,

i(r) e D(A?) for almost every ¢ > 0, and
u =i in (0, 00) X Q
O — Au = fin (0, 00) X Q, (35)
—A1it = 0in (0, 00) X (Q\ Q).

Here D(A?) is the domain of the 1-Laplace operator on Q as generator of the total variation flow.

Note that here we have left out the boundary conditions from (33), which are in fact redundant

in (33), since they are included in the domain of the Dirichlet-p-Laplace operator. Here, as well,
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the domain D(A?) encodes certain boundary conditions which will, however, not be discussed
here. The operator A? may be introduced as follows. Let

BV(Q) :={ae L'(Q): V1 <i<du; e MQ)VD e CL() : f no;H = — f ¥ du;)
Q Q

be the space of all functions of bounded variation, that is, the space of all functions in Ll(fz) for
which all distributional partial derivatives exist in the space of bounded Borel measures on 2.
We define the rotal variation

Var (i1, Q) := sup{f adivd : 9 e CHQY, IDlle < 1},
Q

and then the space BV(Q) is a Banach space for the norm
gy = Nl 1 gy + Var (@, ).

Recall that BV(Q) is a dual space by [1, Remark 3.12, p. 124]; we denote the weak™ topology
by 7,+. By [1, Definition 3.11, p. 124], u;, — u in the weak™ topology if and only if u;, — u in
L'(Q) and fQ updivy — fQ udiv v for every v € C'(Q)?. The latter convergence corresponds to
weak™ convergence of the partial derivatives y,; in Mb (f)) = CO(Q)’.

Let V := BV(Q) be equipped with the weak* topology which turns it into a locally convex
topological space. By [30, Theorem 3.10, p.64], the weak topology in (BV({), ) coincides
with the weak” topology 7, itself. Hence, by the Banach—Alaoglu theorem, any norm bounded
set in BV(Q) is relatively weakly compact in (BV(Q), Tyt ).

Let

o(fi) := Var (2,Q) (&t € BV(Q)

be the total variation functional. As a pointwise supremum of linear, weak” continuous func-
tions, the total variation is convex and lower semicontinuous on (BV(Q), 7,,+). Next, consider the
identity map

7:BV(Q) 2 D()) — LX),
e i,
with maximal domain. This map is weakly closed. Clearly, by the definition of ¢ and the norm in
BV(Q), and since Q2 is bounded, all sublevels of & — ¢(it) + Ilﬁ”iz(ﬁ) are norm bounded, and thus,

by the Banach—Alaoglu theorem, relatively weakly compact in (BV(Q), 7,). As a consequence,
¢ is J-elliptic. By the operator A? we then mean exactly the negative j-subgradient -0 on
L2(O).

Similarly as in the previous example, we reformulate the problem (35) as an abstract gradient
system by setting in addition H := L*(Q), and by considering the restriction map

Jj: BV(Q) 2 D(j) — LX),

i u:=iq,
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with maximal domain. Again, j is weakly closed. With this choice we have (u, f) € ;¢ if and
only if there exists an elliptic extension it € D(A?) such that

illg = u,
—Ajit = fin Q and
~AMi=0inQ\ Q.

Hence, the coupled parabolic-elliptic problem (35) or, equivalently, the degenerate parabolic
problem (34) with p = 1 is a special case of the abstract gradient system (12) for the choice of
V, H, j and ¢ made above.
By combining [25, Chapter 2, Théoréme 7.6] or [32, Corollary 4.4] with [1, Theorem 3.9, p.
122], we find that .
llal := llétll @) + Var (i, €2)

defines an equivalent norm on BV(Q), and from here one sees that ¢ is also j-elliptic. Hence, by
Theorem 3.1, we immediately obtain the following result.

Theorem 4.16. The pair (¢, j) generates a strongly continuous contraction semigroup S on
LX(Q).
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