RANDOM DYNAMICAL SYSTEMS GENERATED BY STOCHASTIC
NAVIER-STOKES EQUATION ON THE ROTATING SPHERE

Z. BRZEZNIAK, B. GOLDYS, AND Q. T. LE GIA

ABSTRACT. In this paper we first prove the existence and uniqueness of solution to the
stochastic Navier—Stokes equation on the rotating 2-dimensional sphere. Then we show
the existence of an asymptotically compact random dynamical system associated with the

equation.
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1. INTRODUCTION

The aim of this work is to initiate systematic analysis of rotating stochastic fluids on
surfaces, notably on a sphere, and in thin shells. Importance of such problems for geophysical
fluid dynamics and climate modelling are well known. This paper is concerned with two
basic questions concerning the stochastic Navier—Stokes equation (SNS) on the 2-dimensional
rotating sphere. The first one is about the existence and uniqueness of appropriately defined
solutions and the second one is about the existence of stochastic flow and its asymptotic
compactness.
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The deterministic Navier—Stokes equations (NSEs) on the sphere has been object of intense
study since early 1990’s. I'in and Filatov [31, 30] considered the existence and uniqueness of
solutions to these equations and estimated the Hausdorff dimension of their global attractors
[32]. Temam and Wang [45] considered the inertial forms of NSEs on sphere while Temam
and Ziane [46], see also [3], proved that the NSE on a 2-dimensional sphere is a limit of NSEs
defined on spherical shells [46]. In other directions, Cao, Rammaha and Titi [14] proved the
Gevrey regularity of the solution and found an upper bound on the asymptotic degrees of
freedom for the long-time dynamics.

Concerning the numerical simulation of the deterministic NSEs on sphere, Fengler and
Freeden [22] obtained some impressive numerical results using the spectral method, while the
numerical analysis of a pseudo-spectral method for these equations has been carried out in
Ganesh, Le Gia and Sloan in [26].

The question of the existence and uniqueness of solutions to the stochastic Navier—Stokes
equation on 2D bounded domains has been thoroughly investigated by many authors, be-
ginning with the paper by Bensoussan and Temam in 1973[4]. In the case when continuous
dependence on initial data remains open (for example, when the initial data is merely in Ls),
the existence of martingale solutions have been considered by Capinski and Gatarek [15],
Flandoli and Gatarek [24, 25| and Mikulevicius and Rozovskii [36]. The uniqueness of the
martingale solution for the SNS on flat 2D bounded domains has been proved by Ferrario in
[23]. When working in spaces where continuous dependence on the initial data can be ex-
pected, the existence of solutions can sometimes be established on a preordained probability
space. Such solutions are often referred to as “strong” (in probabilistic sense) or “pathwise”
solutions. The existence of pathwise solutions in Lo ([0,7], L) has been established by Da
Prato and Zabczyk [19] and later by others [5, 34]. The existence of local solutions evolving
in Sobolev spaces, such as WP, was addressed by Mikulevicius and Rozovskii in [35] and
Brzezniak and Peszat in [11].

The first result of our work is Theorem 3.2 on the existence and uniqueness of pathwise
variational solutions to the SNS equation on the rotating sphere for a general Gaussian noise.
The only condition we require is, roughly speaking, that the corresponding linear stochastic
equation (obtained by neglecting the nonlinear term in the SNS) has an L*-solution. The
fact that the equation is considered on the sphere and the presence of the Coriolis force lead
to only minor modifications in the proof of existence. We can still use the classical Galerkin
arguments based on expansions into series of vector spherical harmonics. In order to prove
uniqueness we modify the classical argument of Lions and Prodi [33]. Next, in Theorem 3.3
we prove continuous dependence on the force and the driving noise.

The main result of this paper is presented in Theorem 6.11, where we prove that the random
dynamical system associated to equation (3.4) is asymptotically compact. This result is crucial
for the proof the existence of a compact random attractor and the existence of an invariant
measure. These questions are addressed in an accompanying paper [9]. A similar result was
obtained in [27] for the deterministic NSE for a time-dependent force. A similar results for
the stochastic NSE in unbounded domain was obtained in [10]

We emphasize, that the aforementioned results are obtained under the minimal assumptions
on the regularity of the noise and of the external force. In particular, the external force f is
an element of of the dual V' of an appropriately defined energy space V.
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2. THE NAVIER—STOKES EQUATIONS ON A ROTATING UNIT SPHERE

2.1. Preliminaries. Let S? be a 2-dimensional unit sphere in R?, i.e. §2 = {x = (21,22, 23) €
R3 : |x| = 1}. An arbitrary point x on S? can be parametrized by the spherical coordinates

x =X(0,¢) = (sinf cos ¢,sinfsinp,cosf), 0<60<m 0<¢ <27

If x = X(0, ¢) as above, then the corresponding angles 6 and ¢ will be denoted by 6(x) and
$(x), or simply by 6 and ¢. By X we will also denote the unit normal vector field on S?, i.e.
X(x) = x, for x € S%.

Let & = 0(0,¢) and ¢ = ¢(0,¢) be the standard unit tangent vectors to S? at point
%X(0,¢) € S? in the spherical coordinates, that is

6 = (cosf cos ¢, cosfsing, —sinf), ¢ = (—sine,coso,0).
For a scalar function f on S?, its surface gradient is given by
0 f 1 of
V= a0 o+ sin 6 %

Unless specified otherwise, by a vector field on S? we mean a tangential vector filed, i.e. in
the language of differential geometry, a section of the tangent vector bundle.
For a vector field u = (up, ug) on §?, i.e. u = upf + uyp, its surface divergence is given by

. 1 0
divu = " (80(u081n0)+&b ) .

The velocity field u(X,t) = (ug(X,t),uy(X,t)) of a geophysical fluid flow on a rotating unit
sphere S? C R? under the external force f is governed by the Navier-Stokes equations (NSEs),
which is written as [21, 43]

1 ~
(2.1) Ju+Vyu—rvLhu+w xu+-Vp=f divu=0, u(x,0)=um.
p

Here v is the viscosity and p is the density of the fluid, the normal vector field w = 2Q(cos §)x
is the Coriolis acceleration, V and div are the surface gradient and divergence, respectively.
The covariant derivative Vyu is the nonlinear term in the equations. Here, the operator L is
given by [43]

(2.2) L = A + 2Ric,

where A is the Hodge Laplacian (or Laplace-de Rham) operator and Ric denotes the Ricci
tensor, which in case of the sphere coincides with the Riemannian tensor.
It is easy to check that the Ricci tensor of the sphere is given by,

. 1 0
(2.3) Ric = [ 0 sin20 ]

We consider now the nonlinear term V,u. Given two vector fields u and v on S?, by [20],
we can find vector fields @1 and v defined in some neighbourhood of the surface S? and such
that their restrictions to S? are equal to, respectively, u and v, i.e. t|gz = u € TS? and
V|s2 = v € TS?. Then we put

[V u( (Z vi(x)0;a > = mx((V(x) - V)a(x)), xe€S?
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where V is the usual gradient in R? and, for x € S2, my is the orthogonal projection from R3
onto the tangent space TyxS? to S? at x.

Note that, by decomposing 11 and v into tangential and normal components of TyS?, using
the orthogonal properties of mx, one can show that

(2.4) (W x V) =u x ((x-v)x) + (x-u)x x v for any x € S%

In the above formula, as in many to follow, unless there is a danger of ambiguity, we omit the
symbol x. For example, the LHS of (2.4) should be read as mx(t(x) x v(x)).
We set v = u and use the formula
2

(@@)ﬁ:@";’—ax (V x @)
to obtain
[uf? - "
(25) Vuu =V T — F;(u X (V X u))
Using (2.4) for the vector fields i and ¥ = V x 11, we have
(2.6) (@ x (Vxa)=ux((x-(Vxa)x)+ (@ -x)xx (Vxua), xecS

With a vector field u on S?, since the normal component is zero, (2.6) is reduced to
(2.7) (@ x (Vxa))=ux((x-(Vxu)x), xeS2.
So, for a vector field u on S?, one can define
(2.8) curlu ==X - (V x 0)s2-
Given a tangential vector field v on S?, with a slight abuse of notation, we write
v X curlu := v x x(curlu).
Hence from (2.7), (2.8) we obtain
el x (7 x @)](x) = [u(x) x lewrlu(x) x €82,
and thus
(2.9) Vau =V ]1122 —u x curlu.

We have the following well-defined operators [30]:

Definition 2.1. Let u be a tangent vector field on S?, and let the vector field 1 be normal
to S?. We set

(2.10) curlu = (X-(V x@))|s2,  Curlep = (V x 9)|ps2,

where (as before) the vector field 0 is defined in some neighbourhood of S* in R® and satisfies
ﬁ|S2 = u.

The first equation in (2.10) indicates a projection of V x @ onto the normal direction while
the second equation means a restriction of V x 1) to the tangent field on S?. The definitions
in (2.10) are independent of the extensions @ and 1. A vector field ¥ normal to S? will often
be identified with a scalar function on S? when it is convenient to do so. The relationships
among Curl of a scalar function 1, Curl of a normal vector field w = wX, of a scalar function
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v, and curl of a vector field v on S? and the surface div and V operators are given as (see
[14])

(2.11) Curlyp = —xx Vp, Curlw = —-XxVw, curlv=—div(Xxv).

The surface diffusion operator acting on vector fields on S? is denoted by A (known as
the vector Laplace-Beltrami or Laplace-de Rham operator) and is defined as

(2.12) Av =Vdivv — Curlcurl v.
Using (2.11), one can derive the following relations connecting the above operators:

(2.13) div Curlv = 0, curl Curlv = —XAuw, A Curlv = Curl Av.

We introduce the standard inner products on the space L?(S?) of square integrable scalar
functions on S?, and on the space L?(S?) of vector fields on S?, denoted by :

(2.14) (Ul, ’U2) = (U1, UQ)L2(S2) :/’U1U2 ds, V2,V2 € L2(S2),
S

(2.15) (vi, v2) = (v1, V2)r(g) —/ vi - v dS, u,v € L(S?),
S2

where [, vdS denotes integration with respect to the surface (or riemannian volume) measure
on S?. In the spherical coordinates we have, locally, dS = sin #dfd¢. Throughout the paper,
the induced norm on L2(S?) is denoted by || - || and for other inner product spaces, say X
with inner product (-, -)x, the associated norm is denoted by | - || x.

We have the following identities for appropriate real valued functions and vector fields on
S?, see for instance [30, (2.4)-(2.6)].

(216) (va V) = _(¢7 diVV),
(2.17) (Curly, v) = (¢, curlv),
(2.18) (Curlcurlw, z) = (curlw, curlz).

In (2.17), the L2(S?) inner product is used on the left hand side and the L?(S?) inner product
is used on the right hand side. Throughout the paper, we identify a normal vector field w
with a scalar field w by w = Xw and hence we put

(219) (1/}7 W) = (¢, w)L2(Sz)7 W= ﬁwv 1/),’(0 € LQ(S2)

Using the identity (2.16) the unknown pressure can be eliminated from the first equation
in (2.1) through the weak formulation.

2.2. The weak formulation. We now introduce Sobolev spaces H*(S?) and H?*(S?) of scalar
functions and vector fields on S? respectively.

Let v be a scalar function and let u be a vector field on S?, respectively. For s > 0 we
define

(2.20) 11202y = 112252 + 1 (—A) 2022 2,

and

(2.21) a2y = llall® + (=)l ?,
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where A is the Laplace—Betrami and A is the Laplace-de Rham operator on the sphere. In
particular, for s =1,
2 2
[allf g2y = [l + (u,—Au)
(2.22) = |Ju||? + ||divu* + ||curlu]|?,

where we have used formulas (2.12),(2.16)—(2.18).
By the Hodge decomposition theorem [2, Theorem 1.72] the space of C*° smooth fields on
S? can be decomposed into three components :

(2.23) C®(TSH=GaVoH,
where
(2.24) G={Vi:9pcC®SH}, V={Culy:ypcCS?},

and H is the finite-dimensional space of harmonic fields. Since the sphere is simply connected,
H = {0}. We introduce the following spaces

H = closure of V in L*(S?),
V = closure of V in H'(S?).
Note that
H = {ucl?S?:divu=0},
V = HNHY(S?).

Since V is densely and continuously embedded into H and H can be identified with its
dual H’, and denoting by V'’ the dual of V', we have the following Gelfand triple:

(2.25) VcCH=H cV.
We consider the following linear Stokes problem, i.e. given f € V', find v € V such that
(2.26) vCurlcurlu — 2vRic(u) + Vp=f, divu=0.

Taking the inner product of the first equation of (2.26) with a test vector field v € V and
then using (2.18), we obtain

(2.27) v(curlu,curlv) — 2v(Ricu,v) = (f,v), veV.
We define a bilinear form a : V x V — R by
a(u,v) := (curlu, curlv) — 2(Ricu,v), u,vevV.
In view of (2.22) and (2.3), the bilinear form a satisfies
a(u,v) < ulgs V],

and hence it is continuous on V. So by the Riesz Lemma, there exists a unique operator
A: V — V' such that a(u,v) = (Au,v), for u,v € V. Using the Poincaré inequality, we
also have a(u,u) > a|lul|}, for some constant o > 0, which means a is coercive in V. Hence
by the Lax-Milgram theorem the operator A : V' — V' is an isomorphism. Furthermore, by
using [42, Theorem 2.2.3], we conclude that the operator A is positive definite, self-adjoint
and D(A1/2) = V. Thus, the spectrum of A consists of an infinite sequence 0 < \; < Ay <
... < A = o0 of eigenvalues (of finite multiplicity), and there exists an orthogonal basis
{w¢}s>1 of H consisting of eigenvectors of A.
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By using the stream function 1, for which wy = Curl ), and identities (2.13) we can show
that A\, is an eigenvalue of the Laplace-Beltrami operator A. It is well known that, see [37],
these eigenvalues are \; = ¢(¢{+1) for £ = 0, 1, ... and that the eigenfunctions are the spherical
harmonics Yy, (6, ¢), for 6 € [0, 7], ¢ € [0,27), which are defined by (in spherical coordinates)

(204 1) (£ — |m|N]"?

2.28 Yom(0, ) = P[™(cos 0)e"™¢ =—l,...0
( ) @,m( 790) A (£+’m|)' 4 (COS )6 y M ) IR)
with P, being the associated Legendre polynomials.
Hence for each positive integer £ = 1,2, .. ., the eigenvectors of the operator A corresponding
to the eigenvalue A\, are given by
(2.29) Zim(0,0), m=—L,...0L
Since {Zy, : € =1,...;m = —{,...,{} is an orthonormal basis for H, an arbitrary v € H
can be written as
00 )4
(2.30) v=> "> TmZim,  Ogm = / V- ZpndS = (v, Zgm).
l=1 m=— 52
Next we define an operator A in H as follows:
(2.31) D(A) = {ueV:Auec H},
' Au = Au, ueD(A).

Let P be the Leray-Helmholtz orthogonal projection from L2(S?) to H. It can be shown
[28] that D(A) = H?(S?) NV, A = —P(A + 2Ric), and A is self-adjoint in H. It can also be
show that V = D(A'/?) and

lull¥ ~ (Au,u), ueD(A),
where A ~ B indicates that there are two positive constants ¢; and ¢p such that c;A < B <
CQA.

Let us now recall the definition of the fractional power A®/? of the Stokes operator A in
H. For any s > 0 its domain is given by

[e%) ? [e%) VA
(2.32) D(A/?) = {v €EH :v= Z Z VomZom, Z Z X |Bem|? < oo},

=1 m=—{ =1 m=—{

which is equal to the set of divergence-free vector fields from the Sobolev space H*(S?). For
v € D(A®/?), we define

oo l
(2.33) Avi= SN NN Zen € H.
{=1 m=—¢
The Coriolis operator Cy : L2(S?) — LL2(S?), is defined by the formula
(2.34) (C1v)(x) = 2Qcos f(x x v(x)), x € S?

From the definition, it can be seen that Cj is a bounded linear operator defined on L2(S?).
In the sequel we will need the operator C = PC; which is well defined and bounded in H.
Furthermore, for u € H

(2.35) (Cu,u) = (Cju,Pu) = /S2 2Qcosf(x)((x x u) - u(x))dS(x) = 0.
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We consider the trilinear form b on V x V x V, defined as
(2.36) b(v,w,z) = (VMyw,z) = / Vow -z dS, v,w,z € V.
SQ

Using the following identity
(2.37) 2Vyv = —curl(wxv)+V (w-v)—vdivw
4+ wdivv — v X curlw — w X curlv.

and (2.17), for divergence free fields v, w, z, the trilinear form can be written as

1
(2.38) b(v,w,z)—z/ [-vxw-curlz+curlv X w-z — v x curlw - z] dS.
S2

Moreover [30, Lemma 2.1]
(2.39) b(v,w,w) =0, b(v,z,w) = —b(v,w,z) veV,w,zeH(S?.
We have the following inequality from [31]
1/2 1/2
(2.40) lullose) < Cllull g Iul?, u e H(S?).

Thus, using (2.12), (2.17), (2.31), and (2.38), a weak solution of the Navier-Stokes equa-
tions (2.1) is a vector field u € L%([0,T]; V) with u(0) = ug that satisfies the weak form of
equation (2.1), i.e.

(2.41) (0¢u,v) + b(u,u,v) + v(curlu, curl v) — 2v(Ric u,v) + (Cu,v) = (f,v), velV

This weak formulation can be written in operator equation form on V’, the dual of V. Let
f € L%([0,T);V’) and ug € H. We want to find a vector field u € L2([0,T];V), with
dyu € L2([0,T); V') such that

(2.42) Ju+rvAu+B(u,u)+ Cu=f{, u(0) = uy,
where the bilinear form B : V x V' — V' is defined by
(2.43) (B(u,v),w) = b(u,v,w) weV.

With a slight abuse of notation, we also denote B(u) = B(u, u).
The following are some fundamental properties of the trilinear form b; see [22]: There exists
a constant C' > 0 such that

1/2 1/2
[l 2| ali 2 VIR AV Y2 w], weV,ve D(A),we H,

(244)  [p(u,v.w)| < O3 Ju 2| A2 |v]lv]iwll, ue D(A),v e V,weH,

1/2 1/2
a2l vl 2w, w v, w e V.
We also need the following estimates:
Lemma 2.2. There exists C > 0 such that
(2.45) b(u, v, w)| < Clufl|w](lcurl v e (s2) + [[V[Loe(s2)), uwe€ H,veV,veH,

and

(2.46) b(w, v, w)| < Cllullllvlivw]"?|Aw[|'?, ue H,veV,we DA),
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and

(2.47) b(u, v, w)| < Cllullpay IVIIvIwllLaszy, veV,uwe H (S?).

Proof. Following [30, Page 574], for u € C*®(TS?), we extend u to the spherical layer Q =
S?2x I, I=(ry,m2),0<7r; <1< ry< oo by the formula

(2.48) u(x) = e(jx))u(x/x]), x€Q,

where ¢ € C§°(I), ¢(t) >0, t € I, and (1) = 1. Since

72
/ G = / P (r)dr / [ufPds,
S2xT T1 S2

there exists ¢, = ¢,(p,r1,r2) such that

(2.49) [QllLrs2x) = epllullir(s?)-

Using identities (4.24)—(4.26) and inequality (3.7) from [30] we can also deduce that there
exists ¢ > 0 such that for every tangent vector field u € V,

(2.50) Va2 o) < cllullv,
and
(2.51) VLo o) < c(l[carlul|gee g2y + [[uflpeo (s2))-

Suppose u,v,w are extended from S? to the spherical layer S? x I by (2.48). Then from
[30, Lemma 4.3] we have

(2.52) b(u,v,w) = cb(t1, v, W),
where b is the extenstion of b to ), i.e.,

b(@, v, W) = Z/ ‘%Zuvldx
1,j=1

Since by the Cauchy-Schwarz inequality

- 81}1 -
(@, 7, %) Z | | < B9 5

by restricting to the sphere by (2.52) and using (2.51) we obtain (2.45).
On the sphere S?, we have the following version of Sobolev embedding inequality [2, Propo-
sition 2.11]

1 1 s
(2.53) HUHM(S2) < CH“HHS(S% s <1, 5 = 9 o
By the Cauchy-Schwarz inequality, we have
e )= |3 | s < lallay I 9¥]eey o

1,j=1
Restricting to the sphere by (2.52) and using (2.50) we obtain

[b(w, v, w)| < Cllal[[[v]lv[IwllLee(s2)-
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By the Sobolev imbedding theorem (2.53) and the Holder inequality for Riemannian manifolds
(see [2, Proposition 3.62]) we have

lwllLoe(s2) < Iwll"?||Aw]'/2.

Combining those inequalities, we arrive at inequality (2.46).
By the Holder inequality, we obtain

3

S _ O _ - -
B w)| = | [ 3557 ] < (s [V ko [ ¥l
Go a0
Restricting to the sphere by (2.52) and using (2.50), we obtain (2.47). O

In view of (2.47), b is a bounded trilinear map from L*(S?) x V' x L4(S?) to R. Moreover,
we have the following result:

Lemma 2.3. The trilinear map b : V x V x V — R has a unique extension to a bounded
trilinear map from (L*(S*) N H) x L*(S?) x V to R.

It follows from (2.47) that b is a bounded trilinear map from L4(S?) x V x L4(S?) to R.
It follows that B maps L.4(S) N H (and so V) into V' and

(2.55) B(wv: < Cillulfas) < Collullllully < Cslullf;, ueV.

3. STOCHASTIC NAVIER—STOKES EQUATION ON A ROTATING UNIT SPHERE

By adding a white noise term to (2.1), we obtain the stochastic NSE on the sphere, which
is the main object of our analysis: is

(3.1) Ju+Vyu—rvLhu+w xu+Vp=~£f+n(x,t), divu=0, u(x,0)=up.

We assume that ug € H, f € V' and n(z,t) is a Gaussian random field which is a white noise
in time. By applying the Leray-Helmholtz projection we can interpret equation (3.1) as the
following abstract It6 equation in H

(3.2) du(t) + Au(t)dt + B(u(t),u(t))dt + Cu = fdt + GdW (t), u(0) = uo.

Here f is the deterministic forcing term and ug is the initial velocity.

We assume that W is a cylindrical Wiener process [18] defined on a probability space
(Q,F,P). G is a linear continuous operator, which determines the spatial smoothness of the
noise term, satisfying further assumptions to be specified later.

Roughly speaking, a solution to problem (3.2) is a process u(t), t > 0, which can be
represented in the form u(t) = v(t) + z4(t), where z,(t), t € R, is a stationary Ornstein—
Uhlenbeck process with drift —vA — C — o, i.e. a stationary solution of

(3.3) dzo, + (VA + C + a)zydt = GAW (t), teR,

and v(t), t > 0, is the solution to the following problem (with vo = ug — z4(0)):
v =—-—vAv —B(V+2,,Vv+2,) — Cv+az, +f,

(3.4)
v(0) = vo.

Definition 3.1. Suppose that z € L{ ([0,00);L4(S?)), f € V' and vo € H. A function
v € C([0,00); H)N L2 ([0,00); V) is a solution to problem (3.4) if and only if v(0) = vo and

(3.4) holds in the weak sense, i.e. for any ¢ €V,
(35) at(v7 ¢) = _V(V7 A¢) - b(V +z,v+z, ¢) - (CV, d)) + (az +f, ¢)
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We remark that for (3.5) to make sense, it is sufficient to assume that v € L2(0,T;V) N
L0, T H).

Theorem 3.2. Assume that a >0, z € L _([0,00);L4(S*) N H), vo € H and f € V'. Then

loc
then there exists a unique solution v of problem (3.4).

Theorem 3.3. Assume that ug, — ug in H, and, for some fixed T > 0,
2, — z in LY([0,T;;L*(S*) N H) and £, — f in L*(0,T; V).

Let us denote by v(t,z)ug the solution of problem (3.4) and by v(t,z,)ug, the solution of
problem (3.4) with z,f,uy being replaced by zy, £,, up,. Then

V(-2 )ug, — v(-,z)ug in C([0,T); H) N L*(0,T;V).

In particular, v(T,zy)ug, — v(T,2z)ug in H.

4. PROOFS OF THEOREMS 3.2 AND 3.3

4.1. Proof of Theorem 3.2. For the proof, we need the following classical result, see [44,
Lemma III.1.2].

Lemma 4.1. Suppose that V. C H = H' C V' is a Gelfand triple of Hilbert spaces. If a
function u belongs to L*(0,T;V) and its weak derivative belongs to L*(0,T; V"), then u is
a.e. equal to a continuous function from [0,T] to H, the real-valued function ||[u||? is absolutely
continuous and, in the weak sense of (0,T'), one has (with (-,-) being the duality between V'

and V')
(4.1) Oellu(t)* = 2(pu(t), u(t)).

Let us assume that Xg C X C X; are Hilbert spaces with the injections being continuous
and the injection of Xy into X is compact.
If v is a function from R to X;, we denote by © its Fourier transform

o(1) = / e 2Ty (t)dt.
R
The fractional derivative in ¢ of order v of v is the inverse Fourier transform of the X;-valued
function {R > 7+ (2in7)Y0(7)}, i.e.
D}v(r) = (2ir7)"0(1), T€R.
For a given v > 0, we define the space
H2(R; Xo, X1) = {v € L*(R; Xo) : Djv € L*(R; X1)}.

This is a Hilbert space equipped with the norm

~ 1/2
1l x0,x0) = (10122 Rixg) + 710N r2ixy)

For a given set K C R, the subspace 7—[}(’2 of H2 = HY2(R; Xo, X1) is defined by
H}gQ(R; Xo, X1) = {u € H'(R; Xo, X1),supp u C K}.
The compactness theorem ([44, Theorem I11.2.2]) is stated as follows

Theorem 4.2. Suppose that Xg C X C X; is a Gelfand triple of Hilbert spaces and the
injection of Xg into X is compact. Then for any bounded set K and v > 0, the injection of
H7(R; Xo, X1) into L*(R, X) is compact.
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Part I. Existence of solutions

Let Hy, = lin span{Z,, : £ = 1,...,L;|m| < L} with the norm inherited from H and
Vi, = lin span{Zy,, : ¢ = 1,...,L;|m| < L} with the norm inherited from V. We denote
by Pr, the orthogonal projection from H onto Hp. We consider the following approximate
problem for (3.4) on the finite dimensional space Hy:

{ vy = PL[—VAVL—B(VL)—B(VL,Z)—B(z,vL)—CvL+F],
vr(0) = Ppvo,

where F' = —B(z) + az + f.
From the condition z € L{ ([0,00);L4(S?) N H) and Lemma 2.3 we conclude that F €

loc

(4.2)

L2(0,T; V).
The equation (4.2) can written in the following equivalent form
d
(4.3) { L = G(tvi(t), t>0,
VL(O) = PLV07

where the function G(t,v) is a function locally Lipschitz with respect to v and measurable
with respect to t.

By the local existence and uniqueness theorem for ordinary differential equations, the
system of nonlinear differential equations (4.3) has a maximal solution defined on some interval
[0,T7). If T1, < oo, then |Jur(t)|| must tend to 400 as t — tr; the a priori estimates we shall
prove later show that this does not happen and therefore t;, = oo.

We observe that

—v(PpAvy,vy) = —v(Avy,vy) = —VHVLH%/
and by (2.39)
(PLB(vr,ve) = (B(ve),ve) =0, (PB(z,vr),ve) = (B(z,vL),vL) =0,
and by (2.35),
(PLCVL,VL) = (CVL,VL) =0.

Using (2.47),(2.40) and the Young inequality (ab < a?/p + b?/q with p =4 and ¢ = 4/3) we
have

b(ve,vi,z)| < Clviluae)Ivelvizle:
< ClIvil2Ivelllzllae)
(4.4 < VLl + Dlvl
We also have
(4.5) (F(t),ve) < |F@)vlvely < %HF(t)HZw + 2l

Therefore, using Lemma 4.1 with the triple V7, Hz,, V/ we have on [0,T")

1

5(9tHVL(7f)||2 = —v|veli —b(veL(t),ve(t),2(t) + (F(t),ve(t)), t € [0,00).
Using (4.4)-(4.5) we conclude that

C 2
(4.6) alve @I +vive @ < ;HVLIIQHZH@@) + ;HF(t)szu t € [0,00).



STOCHASTIC NAVIER-STOKES ON SPHERE

Next by using the Gronwall lemma, we obtain

C t
IVe@IF < Ive(0)]exp <3 / uz<r>\ﬁ4<s2>d7)

+/ 1E ()7 exp V3/ HZ(T)”M(s?)dT ds,t € [0, 00).

o Vv
Let us fix T' > 0. Denoting
c (7 4 T2 2
Ur(z)=exp| 5 | 2(7)lLagedr ) <oo, Cr= [ —|E(s)]v,
0 0o V

we find that

Ve @®I? < Ve (0)]*¥r(2) + Cr < [[v(0)[*¥r(2) + CF < 00, t€[0,T).

Therefore,

(4.7) sup [vi(t)|[* < Wr(2)[|v(0)[? + Cr,
t€[0,T)

which implies that
(4.8) the sequence {v} is bounded in L*°(0,T; H).
Next we integrate equation (4.6) from 0 to 7" and then using (4.7) we obtain

T
VLD + v /0 Vi (6)2 dt

¢ T 4 2 2 T 2 2
s 12 () I s2) v ()]7de + ; I1E@)[7-dt + [[v 0]

C

< -
= ]/3

The last inequality implies that
(4.9) the sequence {v} is bounded in L*(0,T;V).

T T
(Wr(2)||vL(0)]2 + Cr) /0 (0 gyt + /0 |E@)[3dt + v (0)]2

13

The claims (4.8) and (4.9) are sufficient to infer that the sequence {vy} has a subsequence
that converges weakly in L2(0,T;V) and weakly* in L>(0,T; H). However, in order to show
that the limit function v is a solution to our problem, we need to show that vy converges to

v in the strong topology of L?(0,T; H).

Let vz, = 1(o,7)vL and let the Fourier transform (in the time variable) of v, is denoted by

vr. We want to show that
/ [T[27||¥L(7)||?dt < oo for some v > 0.
R

We observe that (4.2) can be written as
d

(4.10) @GL = f'L + VL(O)(50 — VL<T)(5T,

where d¢, 07 are Dirac distributions at 0 and 7" and
f, = F—-vAvy—Bvy—B(vy,z)—B(z,vy) — Cvp,

fo = lonfc
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Applying the Fourier transform (with respect to the time variable ¢) to (4.10) we obtain
2inTvy () = f.(7) + v (0) — vi(T) exp(=2inT7), T €R,

where v, and f;, are the Fourier transforms of @z, and f;, respectively. By multiplying this
equation with the Fourier transform of v; we obtain

(4.11)  2in7||[Vp(0)|? = EL(7), V(1)) + (v(0),vL(1)) — (vL(T),¥L(7)) exp(—2ixTT).
From the Parseval equality and (2.39) and (2.35), we have

<fL(T),\A’L(T)> = <fL,VL> = (F, VL) — I/(AVL,VL) — b(VL,Z,VL)
Therefore, by using the Cauchy-Schwarz inequality and (4.4), we have

C v
(4.12) (e vo)l < 1Pl lvellv +vIvelly + lvelPlizliag) + vl

Taking into account the fact that ||vp|| is bounded (cf.(4.7)), we conclude

T T
3v 1
[ tgelve < [ (11 + Zivale + Sl ) de
0 0

and this remains bounded since F € L*(0,T; V'), z € L{ .([0,00); L*(S?)) and v/, remains in
a bounded set of L(0,T;V) (cf.(4.7)). Therefore,

(4.13) sup HfL( )HV’ S C, VL.

TER
Due to (4.7), |[vr(0)|| < C, ||[vr(T)|| < C, and we deduce from (4.11) and (4.13) that
(4.14) TVl < eall¥ellv + esllVell < eallvellv.
For « fixed, v < 1/4, we observe that |77 < C(y)(1 + |v])/(1 + |7|172) for all 7 € R and

hence
R 1+ |7 .
[irEemitar < c6) [ e P
R L+ |72

|7[[[VL(r)|Idr
(4.15) < C5A L e [ 9l

The last integral of (4.15) is bounded by Parseval identity and by (4.9). We bound the first
integral by (4.14),

TIVe(lPPdr /IIVL 7)|lvdr

R 1+][7['72 — L+ |7t

where we have used the Parseval equality and the Cauchy-Schwarz inequality in the last step.
The first integral in (4.16) are finite since v < 1/4 and the second integral is bounded as
L — oo by (4.9).

Hence, we have shown that

(4.17) V1, belongs to a bounded set of H?(R;V, H)

and this will enable us to apply the compactness result of Theorem 4.2.
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Because of (4.8) and (4.9), without loss of generality we may assume that there exists
v € L?(0,T; V)N L>(0,T; H) such that

(4.18) {VL — v, weakly in L*(0, T; V),

vy — v, weakly-star in L*>°(0,T; H).

Since the sphere S? is bounded, the embedding H!(S?) — L2(S?) is compact, and since
(4.17)

(4.19) V1, is bounded in H7(0, T; H'(S?),L3(S%)).
By Theorem 4.2 the imbedding H7(0, T; H!(S?), L%(S?)) — L%(0, T;1L?(S?)) is compact, we

may deduce from (4.19) that we can find a subsequence {v} (which is denoted as the whole
sequence for sake of simplicity of notation) such that

(4.20) vy — v strongly in L%(0,T;L*(S?)).

It remains to show that v € C([0, T]; H) and that v is a solution to problem (3.4). To prove
the latter we take a continuously differentiable function ¢ : [0,7] — R such that (T") = 0.
Then by taking the inner product of (4.2) with (¢)¢ where ¢ € Hy for some ¢ € N* then
integrating by parts, we get

T T
- / (i (), () $)dt = v / (PLAVL(E), (1) $)dt
0 0
T T
(421) /0 (PLB(vL (), d(t)d)dt + /0 (PLB(vi(t),2), (1))t

T T
4 / (PLB(z. vi (1)), (1) $)dt + / (PLE(t), $(8)) dt + (v1.(0), (0)).
0 0

We aim to take the limit of (4.21) when L — co. Since ¥(-)¢ € L?(0,T;1L?(S?)) and (4.20)
we can use the Cauchy-Schwartz inequality to infer that

T
/0 (vi(t) = V(). 9/ ()) — .

Therefore, the left-hand side of (4.21) converges to — fOT(v(t), Y (t)@)dt.
Next let us take ¢ < L so that Hy C Hy, and Pr,¢ = ¢. For the first term on the right-hand
side of (4.21), we observe that

T T
/0 (PLAVL(E) $(D)$)dt = /0 (Avi(t), () PLo)de

T T
- / (Avi (), (1))t = / (vi(t), ¥(0) Byt
0 0

Since 1 (-)¢ € L*(0,T;V), it follows from (4.18) that, as L — oo,

T T T
/ (PLvL(t), w(t)d)dt — / V(8 B(0) D)y = / (vL(t) = v(t), b(8)b) vt — 0.
0 0 0

For the second term in the right-hand side of (4.21), we need to prove the following lemma
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Lemma 4.3. Suppose u : [0,T] x S> — R? is a C! function and all first derivatives of
components of u are bounded on S? x [0,T]. Suppose v,, — v weakly in L*(0,T;V) and
strongly in L*(0,T;1L%(S?)). Then

/0 b vn(t). (), u(t))dt — /0 b (0), v(t), u(t))dt
Proof. By (2.39) we have b(vy,, Vi, u) = —b(vy, u, vy,). We also have
b(Vin, 0, vi) — b(v,u,v) = b(vp,, 0, vy, — V) + b(vy, — v, u,v).
Using (2.45), we have
b6V, 0, Vi = V)| < Cllvin[[[vim = v][([lcurlullpe s2) + [[ul[Lo s2))-

In view of (4.9)), and v,, — v strongly in L?(0,T; H) we conclude that
T
/ b(Vin, U, Vi, — v)dt — 0.
0
Similarly, we can show that
T
/ b(vp, —v,u,v)dt — 0.
0

Hence the lemma is proved. O

Corollary 4.4. Suppose {vy,} is bounded in L*>(0,T;H), v € L*(0,T;H), and v, — v
weakly in L2(0,T;V) and strongly in L?>(0,T;1L2 (S?)). Then for any w € L*(0,T;L*(S?)),

loc

T T
/ Do (), Von (1), w(t))dt — / b(v(), (1), w(t))dt.
0 0

By applying Lemma 4.3 to the second term on the right-hand side of (4.21) with u(t,X) =
Y(t)p(X), for t € [0,T], X € §?, and noting that (PLB(vy),v(t)¢) = (B(vy),vPro) =
(B(vy),vé) =b(vr,vr,¥¢), we obtain the following convergence:

T T
RGO RO A SR ORACRECT
T
o RS CR RIS
We now consider the third term on the right-hand side of (4.21). Since
T T
| B wwod — [ (B0
0 0

T T
_ / (B(vy,2), (t)d)dt = / b(vi, 2, (1)) dt,
0 0
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by using (2.39) and (2.45) we obtain
T

T
<anbu¢@wﬁ—Awaw@@ﬂ

0

T T
‘/bwuw—wmmmwm@ﬁk;/bwao—wm¢@¢mﬁ
0 0

T
g/’wwﬂw—vu»ww¢aut
0

T
SC/O v (t) = v(@) [zl ([ @) curl @llLee(s2) + [[1(E)plloe(s2))-

Since vy — v strongly in L%(0,T; H), and z € L*([0, T]; L*(S?)) we conclude that the last
integral converges to 0 as L — oo. Therefore,

T T
| (B v~ [ bv.a v o,
0 0

Similarly, we have

T T
| (B vt~ [ bl vedt o
0 0

As for the fifth term on the right-hand side of (4.21) we have

T T
| ey it = [ (R e
0 0

Hence, by taking L — oo in (4.21), we arrive at

T T
—/(mewwmnvw/<Awmwm@ﬁ
0 0
T T
(4.22) +A<B@@»w@mmvyA<waﬂxww@ﬁ

T T
+/<mnwmww@w+/<ﬂmwm@ﬁ+mwmw»
0 0

Since (4.22) has been proved for any ¢ € ;- Hy, and the set J7”; Hy, is dense in V, by
using a standard continuity argument we can show that (4.22) holds for any ¢ € V' and any
Y € C4([0,T)). In particular, it is satisfied for all » € C}(0,T). Hence, v solves problem
(3.5) and hence it satisfies equation (3.4).

Now we will show that v € C([0,T], H). Since v solves (3.4), v € L*(0,T;V) and A :
V — V' is a bounded linear operator, Av € L?(0,T;V’). Since z € L{ ([0,00); L*(S?)) N
L% ([0,00); V"), it follows from Lemma 2.3 that all terms —B(z) + az + f € L?(0,T; V"),
B(v),B(v,z),B(z,Vv) belong to L?(0,T;V"). Hence d;v € L?(0,T;V’). Thus, it follows from
Lemma 4.1 that v € C([0,T]; H).

Next, we will show that v(0) = vo. Recall that v € L?(0,T;V) N C([0,T); H). Ov €
L?(0,T; V') and v satisfies (3.4). Let us take an arbitrary function ¢ € V and ¢ € C3([0,T))
such that ¢(0) = 1. Multiplying equation (3.4) by 1(t)¢ and then using integration by parts,
we obtain
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T T
- / (V(E) (0 $)dt = —v / (Av (1), ¥(t)d)dt
0 0
T T
(4.23) 4 /0 (B(v(t)), (t)d)dt + /0 (B(v(t), 2), v(t)d)dt

T T
" / (B(z. v (1)), ¥(t)d)dt + / (F(1), 9(t)8) dt + (v(0), ¥(0)).

By comparing equation (4.22) to (4.23) we infer that (vo—v(0), ¢)1(0) = 0. Since 1(0) =1
we infer that (vo — v(0),¢) = 0, for all ¢ € V. Hence, since V is dense in H, we obtain
v(0) = vo.

Part II. Uniqueness of solutions This is based on the proof of the uniqueness of solutions
due to Lions-Prodi [33]; see also Theorem III.3.2 in [44]. Let us assume that v; and vg are
two solutions of (3.4), and we let w = v; — vo. Then, by definition both v; and v (and
hence w as well) belong to L?(0,T; V)N C([0,T], H), and by the argument above their weak
time derivatives belong to L?(0,T;V"). Moreover, w solves the following:

(4.24) {ﬁtw +vAw = -B(w,z) - B(z,w) - B(w,v1) — B(v2, w),

w(0) =0.
The regularity of w allows us to integrate (4.24) against w and then use Lemma 4.1 and
(2.39) to obtain
orl|wl* + 2v||w|3 = —2b(w,z, w) — 2b(W, Vi, W).
By using (2.39),(2.47),(2.40), and then the Young inequality, we get
3/2
ol +2vwl} < ClwlYAIwll 2 (Izlusse) + [Villass)

3v
- 4

A

Il + S 2Vl + el
Therefore,
AW < IRV ey + 2o ae. on (0.7).
Since fOT Hle]‘f}(SQ) + \\z\\ﬁ4(82)dt < oo and w(0) = 0, by applying the Gronwall Lemma, we

infer that ||w(0)||?> = 0 for all £ € [0,7]. This means that v (t) = vo(t) for all t € [0, 7], which
proves the uniqueness of the solution.

4.2. Proof of Theorem 3.3. We introduce the following notations:
vip(t) = v(t,z,), v(t)=v(t,z), yault)=v(t,z,) —v(tz), tel0,T],
Zp = Zp — Z, /f\n:fn—f.
It is easy to see that y,(t) solves the following initial value problem:

(4.25) {atyn(t) — VAyL(t) = B(va(t) + 20 (t)) + B(v(t) + 2(t)) — Cyn + aZp + £y,
yn(O) = Ugn — Up.
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It follows from Lemma 4.1 that 19|yn(t)I*> = (deyn(t),yn(t)). Therefore, noting that
(Cyn,yn) =0,

1
§3t||yn(t)|!2+V(Ayn,yn) = —b(Yn, Vo, ¥n) — b(V, ¥, ¥n)

b(/z\n, Vn, Yn) - b(Z, Yn, Yn) - b(Vn, /Z\na Yn)
b( ny 2y Yn) - b(zna/z\na Yn) - b(/Z\n, z, Yn)

o~

+a(/z\n7Yn) + (fann)v t>0.

By using the Young inequality, in view of inequalities (2.40) and (2.47), we infer that

b(¥n, Vi, ¥n) < [¥nllZase) [Vally < lyallllynllv[vally

v 5
< ;OHynHQV + ;HVnH2vanH2,
bV, Y, ¥n) < | < Vo llyall?
Y, ¥n) < IVlias2) lynllv lynllies) < Ivlivasz lynlly " llynll
v 2 153 214,114
< ?OHYRHV + m”}’nH IVILas2)
b(Zn, Vi, Yn) < Hin”L‘l(S?)HYnHVHVnHJL‘l(S?)
v LI
< 2—0HynH2V + ;HZuHi&(g?)HVnHHVnHv
b < < 32 1y /2
(2, ¥n,¥n) < lzllLas) lynllvIiynllLasz) < lzllas)lynlly 7 llyal

v , 153 -
< ?O”YRHV + @H}%” 2]l 4 (s2)

IN

(Vi Zns Yn) < [[VallLags) [ynllv [[Zn]lLse)

v 5 ~
< %Ilynll?/ + ;”VHHHVHHVHZTL”]?}(S?)
b(Yns 2 yn) < [[ynlltasllzlv < llyalllynllviizly
v 5
< %Ilynll%/ + ;HZH%/IIynHQ,

IN

b(2n, Zn, Yn) < [|ZnllLas2) [nllvIZn|lLss2)

IN

4 2 5 2 =~ 12
%HYnHV + llzaliase) [Znllias2)

IN

b(Zn, 2, ¥n) < |[ZnllLa2) lynllv izl s

IN

v 5 -
%HYnH%/ + ;||Z||i4(s2)||zn||i4(s2)

IN

a(zn,yn) < allynllv|zallv:

v 5a?
%H}%”%/ + THZnH%ﬂa

~

(fnaYn)

IN

[ynllvlI£allv:

IN

v 2 55 12
%HYnHv + Il
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Hence we have, weakly on (0,7,
2 2 _ 10 2 5 15° 201 (|4
Ocllyall” +vlynlly < —lvalvlyal”™ + 5 slynll "I vilLsse)

10, . 2 1 s 2 4
+ 7Hzn‘|n,4(sz)HVnH||Vn”V + ﬁHYnH 12l s (s2)
10

~ 10
+ — IValllvnllviZaltsse) + Izl v

10 2 =2 10, 12 =12
+7HZ7L||]L4(S2)HZTLH]]}(S?) + 7“ZHL4(S2)”ZTLHIL4(SQ)

I

1002
14

~ 10~
+ 1205 + > [Eall7-

Integrating the above inequality from 0 to ¢, for ¢ € [0, T, we get

|WAMF+VAH&MM@%SH%®N2

(4.26) o ,
+ 5 [ s+ [ u@lya(s)iPas, e .7

where
B = 2l e VallIVally + Ivall [V llv [ZnlZs g2y + a2 g2y [En 22 g

+l1zlEs ) [Znlliss2) + o 12V + [Eallir,

10 153 153 10
Ivall® + o 5 lIVIEae) + 5 5 l2lliase) + =l

Tn 2v

v

Then by the Gronwall inequality,
5 5 10 t t
a1 < (a1 + 2 [ s o ([ utsras).

We observe that
g r 2 2
/0 Bn(s)ds = /0 U1zn () IEa 2y [V () TV () lv + [1vn () [l va($)]Iv[[Zn ()74 s2)
+ 120 (5) |17 252) 120 () 1 1(s2) + 12(5)[F 2y [ (5) [T 152
+ | Zn ()| + [[£a(s)|7]ds,
< [2lvallpee o760 Vel 20,7+
HZnH%‘l(O,T;]I}) + ||Z||%4(0,T;]L4)] |’En||%4(0,T;L4)

+ O‘2||/Z\TLH%2(O,T;V’) + ||fn||%2(o,T;v/)-
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Therefore, fo Bn(s)ds — 0, as n — oo. Since [|y,(0)|| — 0, as n — oo and for some
constant C' < oo and all n €N,

T 3
10 153 15 10
[ vt = [ (vl + 5 + g llaen + el ) s

10 5 152 9 9
> 7||VHHL2(0,T;V) + +ﬁ||v||L2(O,T;H)HVHL?(O,T;V)

].53 4 10 2
+ ﬁHZHL“(O,T;L‘l) + 7HZHL2(0,T;V)

<,
we infer that y,(t) — 0 in H as n — oo, uniformly in ¢ € [0, 7]. In other words,
v(-,zn)ug, — v(,z2)ug in C([0,T]; H).

From inequality (4.26) we also have

T 10 T T
V/ lyn(s)¥ds < yn(0)]* +— /Bn(S)dS +/ Y (8)[lyn(5)[*ds
0 0

T
< ya(O)] + 2 / Bu(s)ds + sup [lya(s)|? /O a(s)ds.

s€[0,T7]
Hence, fOT lyn(s)||?-ds — 0 as n — oo and therefore,

V(- Zp) g, — v(-,z)uy  in L*([0,T]; V).

5. ORNSTEIN-UHLENBECK PROCESSES

5.1. Preliminaries. Let yx be a standard cylindrical Gaussian measure on a real separable
Hilbert space K. Let us recall that for a real separable Banach space X, a bounded linear
operator U : K — X is said to be y-radonifying iff the cylindrical measure vy = yx o U™!
extends (uniquely) to a countably additive probability measure on the Borel o-algebra of X.
By R(K,X) we denote the Banach space of y-radonifying operators from K to X with the
norm

1 L rgrexy == (/ x|XuU<dx>)1/2, U e R(K, X).

Let U : H — H be a bounded symmetric operator with the complete orthonormal system
of eigenfunctions (e;) C L? (S?) and the corresponding set of eigenvalues ()\;). It follows from
[13, Theorem 2.3] that for a self adjoint operator U > ¢l in H, where ¢ > 0, such that U !
is compact, the operator U~% : H — LP(S?) is well defined and ~-radonifying iff

p/2
(5.1) /S 2 [zg: )\g_Qsleg(X)P] dS(x) < oco.

Lemma 5.1. Let A denote the Laplace—de Rham operator on S®. Then the operator
(5.2) (=A% H — LYS?) is v — radonifying iff s > 1/2.
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Proof. Let us recall that all the distinct eigenvalues of —A are Ay = ¢(¢{+1), £ =0,1,... and
the corresponding eigenfunctions are given by the divergence free vector spherical harmonics
Ym for |m| < £, £ € N [47, page 216]. Let us recall also the addition theorem for vector
spherical harmonics [47, formula (81), page 221]

20 + 1
S Yem®)P? = Z12R), xe 8
m|<¢ dm

and the fact that Pp(1) = 1 with P, being the Legendre polynomial of degree ¢. Therefore,
(5.1) yields

4/2
1 —2s Y 2
L[+ )7 32 ef?| - as
=0 |m|<¢
2041 ]
:/ [Z(€(€+1))_25 + Py(1)| dS < o0
§2 47
=0
if and only if s > % and the lemma follows. O

Let X = LL4(S?) N H denote the Banach space endowed with the norm
lzllx = llzlla + llzllLas2)-
It can be shown that X is an M-type 2 Banach space, see [7] for details.
It follows from Lemma 5.1 that the operator
(5.3) A% H — LYS* N H is y-radonifying if s > 1/2.

Let us recall, that the Stokes operator A generates an analytic Co-semigroup {e~**};>0 in X.
While this fact is known, we could not find a direct reference. We provide a brief argument in
Theorem 7.1 in the Appendix. Since the Coriolis operator C is bounded on X we can define
in X an operator

A=vA+C, dom(A)=dom(A),

with v > 0.

Proposition 5.2. The operator A with the domain dom(A) = dom(A) generates a strongly

continuous and analytic semigroup {e‘tA}tZO in X. Then there exist certain M > 1 and
w>0

(5.4) le™™ | £ex,x) < Me™ ™, ¢ >0.
Moreover, for any § > 0 there exists Mg > 1 such that

~0 A
(5.5) A e | o x) < Mst e, t>0.

Before we embark with the proof of the above result let us formulate the following quite
obvious its consequence.

Corollary 5.3. In the framework of Proposition 5.2 let us additionally assume that there

« <=5
exists a separable Hilbert space K C X such that AX C K and the operator A~ : K — X is
y-radonifying for some 6 > 0. Then

o0 L2
/ He_tAH dt < oo.
0 R(K,X)
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Proof of Proposition 5.2. Since C is a bounded linear operator on X, Theorem 7.1 and Corol-
lary 2.2 on p. 81 of [38] imply that the operator A is a generator of another analytic Cp
semigroup on X.

Suppose u(t) = e {¥A+Clyy for some ug € V ¢ X. We will show first that

(5.6) | ol = [ e A Ou ) < .

By Lemma 4.1 and equation (2.35) we have

a2 = (1), ut) = ~(vAu,w) — (Cu,u) = —v|ull?.

2dt
Hence
(5.7) L4 —la®)? + vllu@)|f = o.
2 dt
Since ||lul|? = [|AY2u]|? > A\ ||Ju/|?, we obtain
S Sl < 2w ()

Using the Gronwall inequality, we obtain |[u(t)||* < e=2*1"*||ug||? for ug € H' (S?), hence for
all ugp € X by the density argument and (5.6) follows.
We also deduce from (5.7) that

T
la(T)|* +2V/ la(@®)[}-dt = [u(0)]?,
0

and letting T" — oo we obtain

(5.8) /0 T @) < oo,

for all uy € H. Using inequality (2.40), the Cauchy-Schwarz inequality and inequalities (5.6)—
(5.8) we obtain

/OOO [u(t)l|fadt < (/OOO !!u(t)lliadt>1/2 (/OOO Hu(t)H?th) "

Using Theorem 1.1 on p. 116 of [38] with X = LL*(S?) N H we conclude that He*tAHﬁ(X,X) <
Me™* for some constants M > 1 and p > 0.
Using [38, Theorem 6.13, page 74] with X = L4(S?) N H we arrive at conclusion (5.5). [

Let E be the completion of A°(X) with respect to the image norm
IVle = |Av]x, veX.
For ¢ € (0,1/2) we set

t) —w(s)|e
ct = C(R.E) : w(0) =0 [

The space 01 /2 (R, E) equipped with the the norm

ol p) = s> a2l
) = S oSl + 1 + 5
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is a nonseparable Banach space. However, the closure of {w € C§°(R) : w(0) = 0} in
Cf /2( E), denoted by Q(&, E), is a separable Banach space.

Let us denote by C »(R, X) the space of all continuous functions w : R — X with O(1 +
|t|1/2) growth condition, i.e. for some C' = C(w) > 0,
(5.9) lw(t)| < C(1+t]Y?), teR.
The space C (R, E) endowed with the norm

w®)| e

||w||cl/2 (R,E) = W

is a nonseparable Banach space.

We denote by F the Borel o-algebra on Q(¢, E). One can show that [6] for £ € (0,1/2),
there exists a Borel probability measure P on Q(¢, F) such that the canonical process wy,
t € R, defined by

(5.10) wi(w) == w(t), we Q¢ E),

is a two-sided Wiener process such that the Cameron-Martin (or Reproducing Kernel Hilbert)
space of the Gaussian measure £(w;) on E is equal to K. For ¢t € R, let F; := o{w; : s < t}.
Since for each t € R the map z oy : E* — L?(Q(¢, E), 7, P), where iy : Q(&, E) v+ 7(t) €
E, satisfies E|z o i;|* = t|z]%, there exists a unique extension of z o i; to a bounded linear
map W; : K — L*(Q(¢, E), Ft,P). Moreover, the family (W;);cg is an H-cylindrical Wiener
process on a filtered probability space (2(&, E), (F)tcr, P) in the sense of e.g. [12].

5.2. Ornstein-Uhlenbeck process. The following is our standing assumption.

Assumption 1. There erists a separable Hilbert space K C HNIL*(S?) such that for a certain
0 €(0,1/2), the operator

(5.11) A% K-> HN LY(S?) is y-radonifying.

It follows from (5.3) that if K = D(A?®) for some s > 0, then Assumption 1 is satisfied. See
also remark 6.1 in [10].
On the space Q(&, E) we consider a flow ¥ = (¥;)cr defined by

() =w(-+1t) —w(t), weQEE), tekR.

For £ € (6,1/2) and w € 01/2(R>X) we define

(5.12) (1) = 2(A: @) / A=A (G0 — (r))dr, L ER.
By Proposition 5.2, for each § > 0 there exists C' = C(§) > 0 such that

(5.13) HA‘Se*tAHL(X,X) <Ct %M, t>0.

This was an assumption in [10, Proposition 6.2]. Rewriting that proposition in a slightly more
general form we have

Proposition 5.4. For any a > 0, the operator —(A + al) is a generator of an analytic
semigroup {e " AteDY oo in X such that

HA e t(A+al) HE(X,X) < Ct—ée—(u—&-a)t’ t>0.
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Ift € R, then 2(t) defined in (5.12) is a well-defined element of X and the mapping & — (1)
is continuous from C (R, X) to X. Moreover, the map % : ct (R, X) = C12(R, X) is well

1/2 1/2
defined, linear and bounded. In particular, there exists a constant C' < oo such that for any
€ Cf (R, X)
(5.14) 2(@)] < CA+ )@ 12w, x)-

The following results are respectively Corollary 6.4, Theorem 6.6 and Corollary 6.8 from
[10].
Corollary 5.5. Assume that A is a generator of an analytic semigroup {e*tA}tZO such that
A has bounded inverse. Then for all —oo < a < b < oo andt € R, for © € Cf/z(R,X) the
map
@ (3(0)(1), 2(@)) € X x L*a,b; X)
is continuous. Moreover, the above result is valid with the space s (R, X)) being replaced by

1/2
Q€ X).

Theorem 5.6. Assume that A is a generator of an analytic semigroup {e*tA}tZO such that
A has bounded inverse. Then for any w € C’f/g(R,X),
2(Wsw(t)) = 2(w)(t+s), t,seR.
In particular, for any w € Q and all t,s € R, 2(9;w)(0) = 2(w)(s).
For § € (1 /»(R, X) we put
(1) =C(t+s), t,seR.

Thus, 75 is a linear a bounded map from C' /2(R, X) into itself. Moreover, the family (7s)ser
is a Cp group on O /5(R, X).
Using this notation Theorem 5.6 can be rewritten in the following way.

Corollary 5.7. For s e R, 7,02 = 201y, i.c.
To(3(W)) = £(05(w)), w € C} (R, X).
We define R R
Za(w) == 2(A + al; (A + al) w) € Cy (R, X),
i.e. for any t > 0,
t R
(5.15) Zo(W)(t) = / (A + o) e (=) (Atal)

—00
(A4 al)%w(t) — (A + al) Cw(r)]dr
By the fundamental theorem of calculus, we obtain

t -
Pl —(Atan) [ (Atan)e R

—00

(A +al)"%w(t) — (A + al)"0w(r)]dr + w(t),
where w(t) = dw(t)/dt. Hence z,(t) is the solution of the following equation
dz(t)

dt

(5.16) + (A +al)z, =o(t), teR.
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It follows from Theorem 5.6 that
(5.17) 2o (0sw)(t) = Za(W)(t+5), w € Cf,H(R,X), t,5 €R.

Similar to our definition (5.10) of the Wiener process w(t), t € R, we can view the formula
(5.15) as a definition of a process z4(t), t € R, on the probability space (Q(&, E), F,P).
Equation (5.16) suggests that this process is an Ornstein-Uhlenbeck process.

Proposition 5.8. The process z,(t), t € R, is a stationary Ornstein-Uhlenbeck process. It
is the solution of the equation
dzo(t) + (A + al)zodt = dw(t), teR,
i.e. for allt € R, a.s.
t .
(518) Za(t) - / 6_(t_s)(A+aI)dw(S),
—00

where the integral is the Ito integral on the M-type 2 Banach space X in the sense of [7].
In particular, for some constant C' depending on X,

2
E|Za ‘X — ‘/ A+al (t— s)dw( )
X
(5.19) < C/ |’€_(A+a1)(t_5)H%z(K,X)dS
(520) < C/O 672a8||673AH?2(K,X)d8.

Moreover, E|zq(t)|% tends to 0 as o — o0.

Proof. Stationarity of the process z, follows from equation (5.17). The equality (5.18) follows
by finite-dimensional approximation, and inequality (5.19)—(5.20) follows from [7].
By Corollary 5.3

(5.21) /0 le™* | F e xyds < 0.

Hence, using the Cauchy-Schwarz inequality, we conclude that the last integral is finite.
Finally, the last statement follows from (5.20) by applying the Lebesgue Dominated Con-
vergence Theorem. O

By Proposition 5.8, z,(t), t € R, is a stationary and ergodic X-valued process, by the
Strong Law for Large Numbers (see Da Prato and Zabczyk [19] for a similar argument),

(5.22) lim — / |0 (5)|%ds = Blza(0)[%, as.

t—oo t

Denote by Q4 (&, E) the set of those w € Q(&, E) for which the equality (5.22) holds true.
It follows from Corollary 5.7 that this set is invariant with respect to the flow 6, i.e. for all
a>0andall t € R, 9,(Q(& E)) C Q0 (&, E). Therefore, the same is true for a set

=W E
n=0
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It follows that as a model for a metric dynamical system we can take either the quadruple
(QUE E), F,P,9) or the quadruple (Q2(&, E), F,P, 1), where F,P, and 9 are respectively the
natural restrictions of F,P and 9 to Q(&, E).

6. RANDOM DYNAMICAL SYSTEMS GENERATED BY THE STOCHASTIC NSES ON THE
SPHERE

In this section we use standard constructions and basic theory of random dynamical systems
as presented in a fundamental monograph [1]. For a short summary of facts relevant for this
section the reader may consult [8] or [10].

We fix a parameter a > 0 that we will vary in the following sections. We also fix £ € (d,1/2)
and put Q = Q(&, E).

We define a map ¢ = ¢, : Ry X Q x H — H by

(6.1) (t,w,x) = V(t, 20(w))(X — 2a(w)(0)) + 24 (w)(t).
In what follows, we put for simplicity z = z,.

Because z(w) € C/2(R, X), z(w)(0) is a well-defined element of H and hence ¢ is well
defined. Furthermore, we have the main result of this section.

Theorem 6.1. (p,¥) is a random dynamical system.

Proof. All properties of a random dynamical system, except the cocycle property, follow from
Theorem 3.3. Hence we only need to show that for any x € H,

ot + s,w)x = p(t, Jsw)p(s,w)x, t,s€RT.

The proof follows from apply similar techniques used in [10, Theorem 6.15] to the stochastic
Navier-Stokes equations on the sphere. ]

Suppose that Assumption 1 is satisfied. If us € H, s € R, f € V' and Wy, t € R is a two-
sided Wiener process introduced after (5.10) such that the Cameron-Martin (or Reproducing
Kernel Hilbert) space of the Gaussian measure £(w7) is equal to K. A process u(t), t > 0,
with trajectories in C([s, 00); H)NLZ ([s,00); V)NLE ([s,00); L4(S?)) is a solution to problem

(3.2) iff u(s) = us and for any ¢ € V, ¢t > s,

(u(t), ¢) = (u(s),¢) —v [ (Au(r),¢)dr — [ b(u(r),u(r),¢)dr
oo

_[(Cu(r),¢)dr+/:(f,¢)dr+/:<¢,dWr>.

Proposition 6.2. In the framework as above, suppose that u(t) = z(t) + va(t), t > s,
where v, is the unique solution to problem (3.4) with initial data ug — z4(s) at time s. If the
process u(t), t > s, has trajectories in C([s,00); H) N LE ([s,00); V) N LE ([s,00); L4(S?)),
then it is a solution to problem (3.2). Vice-versa, if a process u(t), t > s, with trajectories
in C([s,00); HYNLZ ([s,00); V)N LE ([s,00); L4(S?)) is a solution to problem (3.2), then for

any o > 0, a process vo(t), t > s, defined by zo(t) = u(t) —va(t), t > s, is a solution to (3.4)
on [s,00).

Our previous results yield the existence and the uniqueness of solutions to problem (3.2)
as well as its continuous dependence on the data (in particular on the initial value uy and the
force f). Moreover, if we define, for x € H, w € , and ¢t > s,

(6.3) u(t, s;w,ug) := p(t — s;9sw)ug = v(t, s;w,ug — z(s)) + z(t),
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then for each s € R and each uy € H, the process u(t), t > s, is a solution to problem (3.2).
Before presenting the main results of this section, we discuss the weak continuity of the
RDS generated by the SNSE on the sphere.

Lemma 6.3. If T' > 0 then the map
H>xwv(-,x) € L*([0,T]; V)
1s continuous in the weak topologies.
Lemma 6.4. Let T > 0. Then the maps
H>xw—v(t,x)e H, te]l0,T],

are uniformly continuous in the weak topologies. More precisely, if X, — x weakly in H, then
forany ¢ € H, (v(-,%y),¢) = (v(-,x), @) uniformly on [0,T], as n — oo.

We have the Poincaré inequalities
[ul? > A\i|jul|?, forallueV,
|Aul?> > A|lul|?, for all u € D(A).

For any u,v € V, we define a new scalar product [-,-] : V' x V — R by the formula

[u,v] = v(u,v)y — v3(u,v). Clearly, [, is bilinear and symmetric. From (6.4), we can

(6.4)

prove that [-,-] define an inner product in V with the norm [-] = [-,-]"/2, which is equivalent
to the norm || - ||v.

Lemma 6.5. Suppose that v is a solution to problem (3.4) on the time interval a,c0) with
z € L (R, LY(S?))NLE (RT, V') and o > 0. Denote g(t) = az(t)—B(z(t),z(t)), t infa,00).

Then, for anyt > T > a,

—v\ (t—T 302 [t 2(s)112 . Vds
V()] < [[v(r)|2e M+ 55 1262

6.5 t
v 3/ (lg(s) 12 + [£]2)e MO+ LI g
14 T

VDI = [[v(7)]Pe™ A

(6.6) t
2/ e MU (b(v(s),2(s), v (1)) + (&) v(s)) + (£, v(s)) — [V(s)]*)ds
Here the scalar product [-,-] : V x V. — R is defined by the formula [u,v] = v(Au,v) —
vAL(u,v).
2
Proof. By [44, Lemma III.1.2], we have %GtHv(t)H = (v(t),v(t)). Hence
LIVIP = AV, )~ (Ov,v) — (B, ¥),v) — (B(2,v).v)
(6.7) — (B(v,2z),v) + (g,v) + (f,v)

= UHVH%/ - b(V,Z, V) + <g,V> + <f,V>.
From (2.47) and invoking the Young inequality, we have

b(v, 2, v)| < Cl[vllLa[lvv 2]

3C"?
< vy + WIIVIPHZHE%

v
6
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and
(g, v) + (& )| <llgllv[lvilv + IEllv-lIvilv
Vion2 o S 2 3 g2
< - -~ ! D f /.
< LI+ gl + o615
Hence from (6.7) and (6.4), we get

d

iy 3C?
dt

3 3
O < =vIv@)* + == l2OIL VO + ~ g @1 + Sl

IN

3C? 3 3
(= + 202 ) IOl + el + 1

Next, using the Gronwall Lemma, we arrive at (6.5). By adding and subtracting 1/%Hv(t)\|2
from (6.7) we find that

(639 LIVl + vl + 20w (o)
(6.9) = 2b(v(t),z(t),v(t)) + 2(g(t), v(t)) + 2(f(t), v(t)).
Hence (6.6) follows by the variation of constants formula. O

Proposition 6.6. The RDS ¢ is asymptotically compact provided for any bounded set B C H
there exists a closed and bounded random set K(w) absorbing B.

Let us recall that the RDS ¢ is independent of the auxiliary parameter « € N. For reasons
that will become clear later, we choose a such that El|zq (0)[|2, < %, where z,(t), t € R, is
the Ornstein-Uhlenbeck process from Section 5, C' > 0 is a certain universal constant, A; is

the constant from (6.4) and v > 0 is the viscosity.

Proof. Suppose that B C H is a bounded set, (£,)72; is an increasing sequence of positive
numbers such that ¢, — oo and (x,), is a B-valued sequence. By our assumptions we can
find a closed bounded random set K(w) in H that absorbs B. We fix w € Q.

Step 1. Reduction. Since K(w) absorbs B, for n € N sufficiently large,
O(tn, V¢, w)B C K(w). Since K(w) is closed and bounded, and hence weakly compact,
without loss of generality we may assume that ¢ (t,,9_,w)B C K(w) for all n € N and, for
some yo € K(w),

(6.10) O(tn, V¢, w)xy, —yo weakly in H.
Since z(0) € H, we also have
o(tn, V_t,w)xy —2z(0) = yo—2z(0) weakly in H.

In particular,

(6.11) lyo — z(0)|| < liminf||e(tn, 0—t,w)x, — 2(0)]|.
n—o0
We claim that it is enough to prove that for some subsequence {n'} C N
(6.12) o — 2(0)]] > Timsup [l (tu, U1, 0)%ur — 2(0)]]-
n'—oo

Indeed, since H is a Hilbert space, (6.11) in conjunction with (6.12) imply that
O(tn, I_t, w)x, —2(0) = yo —z(0) strongly in H
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which implies that
O(tn,V_t,w)xy, — yo strongly in H.
Therefore, in order to show that {y(tn,V_¢,w)Xn,}rn is relatively compact in H we need to
prove that (6.12) holds true.
Step II. Construction of a negative trajectory, i.e. a sequence (y)
K(Wpw),n € Z—, and yr = p(k — n,9w)yn, n < k < 0.
Since K (¥_jw) absorbs B, there exists a constant Nj(w) € N, such that

{o(=1+ty, V14,0 1w)xy : 1 > Nij(w)} C K(V-_1w).

0

n=—oo

such that y, €

Hence we can find a subsequence {n'} C N and y_; € K(¥_jw) such that
(6.13) O(—1+ty, V¢ , W)Xy — y_1 weakly in H.

We observe that the cocycle property, with ¢t = 1, s = ¢, — 1, and w being replaced by ¥ _; ,w,
reads as follows:

(tn, U, w) = (1,0 1w)p(—1 + ty, Uy ,w).
Hence, by Lemma 6.4, from (6.10) and (6.13) we infer that ¢(1,9_1w)y—_1 = yo. By induction,
for each k = 1,2,..., we can construct a subsequence {n®¥)} ¢ {n*~D} and y_; € K(9_yw),
such that (1,9 _pw)y_r = y_r+1 and

(6.14) o(—k + tn<k),19,tn(k)w)xn(k> — y_j weakly in H, as n®) — 0.

As above, the cocycle property with t = k, s = ¢, and w being replaced by ¥_; oW
yields
(6'15) cp(tn(k),ﬁ*tn(k)w) = @(kaﬂ—kw)(p(tn(k) - kvﬂftn(k)w)v keN.
Hence, from (6.14) and by applying Lemma 6.3, we get
Yo=WwW— lim Sp(tn(k) ) ﬁ—t (k)w)xn(k)
n(k) 500 n
=w— lim ok, d_pw)e(t,w —k, ﬁ_tn(k)w)xn(m

(6.16) n(®) —o0
= ok, V_gw)(w — Am Pty = k0t w)Xp00)

n — 00
= o(k,V_kw)y -k,
where w-lim denotes the limit in the weak topology on H. The same proof yields a more
general property:
0,V pw)y—k =y -kt if0<j < k.

Before continuing with the proof, let us point out that (6.16) means precisely that yo =
u(0, —k;w,y_x), where u is defined in (6.3).
Step III. Proof of (6.12). From now on, unless explicitly stated, we fix k € N, and we will

consider problem (3.2) on the time interval [—k,0]. From (6.3) and (6.15), with ¢ = 0 and
s = —k, we have

ot Ot @)Xy — z(0)||?
(617) = ng(kv lg—kw)gp(tn(k) - k,ﬁftn(k)OJ)Xn(k) - Z(O)H2

= [V (0, —ksw, p(tym — k0t w)X,0 — 2(=k))|*.
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Let v be the solution to (3.4) on [—k, c0) with z = z,(-,w) and the initial condition at time
—k: v(=k) = @(t,m — k.9, w)x,00 —z(—k). In other words,

v(s) =v(s, —k;w, o(t,w — k,ﬁ_tn(k)w)xn(m —z(—k)), s> -k
From (6.17) and (6.6) with ¢ = 0 and 7 = —k we infer that
(s Ity @)X = 2(0)1* = €™ H ||t = Ky Dty ) X0 — 2(=H) |12
(6.18) 0o )
2 [ b (s) () v(5) + (B9 (5) + (. (5) = [v())ds.

It is enough to find a nonnegative function h € L'(—o0,0) such that

—k
(6.19) Hmsup [lo(t,00, V-t @)%, 00 —Z(O)IIQS/ h(s)ds + [|yo — 2(0)|>

n(k) 500
For, if we define the diagonal process (m;)32, by m; = 49, j € N, then for each k € N, the se-
quence (m;)32, is a subsequence of the sequence (n*)) and hence by (6.19), lim sup; [[¢(tm; ﬁ_tmjw)xmj =

0)]? < f_oo h(s)ds + |lyo — z(0)||>. Taking the k — oo limit in the last inequality we infer
that

limsup [ ¢ (tm,, -, 0)%m, — 2(0)]* < [lyo — 2(0)||?,
J

which proves claim (6.12).
Step IV. Proof of (6.19). We begin with estimating the first term on the RHS of (6.18). If
—t,,x) < —k, then by (6.3) and (6.5) we infer that
ot — k)X — 2(=K)|
= [[v(=k, —t,00); 9w, X, ) — 2(—,0)

2
”2 —vAL(t, (k) —F)+ se ok (k) llz(s)[|? 4 ds

HQ —vAik

< eiy)\lk{ Hxn(k) - Z( n<k))

(6.20) - .
3 - —uM (—k— 3c? -k 2 4
2 [ g+ e e o L Oy
Vit m
3 3
< 2171(’“) —+ QIIn(k) =+ ;IIIn(k) + ;IVn(k),
where
—vAt 30 f_ llz(s)]|%, ds
Loy =[x, %€ k) o
—vAit, () +3E f? o I2(@)I2,ds

IIn(k) = Hz(tn(k))H2e

it = | IMﬂWJWHWKWWWM
n
k)

-k
IVW:/ 1£(s) B et 5 S @
n

=tk
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We will find a nonnegative function h € L!(—o0,0) such that
—k
(6.21) limsup [l@(t,m — k0t W)X 00 — z(—k)||2e "M < / h(s)ds, ke N.

n(k)—>oo — 0

This will be accomplished as soon as we prove the following four lemmas.
Lemma 6.7. limsup,,x)_,., 1, = 0.

Lemma 6.8. limsup,,x)_,., 11, = 0.

2
Lemma 6.9. [0 [g(s)|2,e " 0 [ 1=l

SC’
Lemma 6.10, [°_ ¢ s+ *0 [TIe@IZde o o

Proof of Lemma 6.7. We recall that for a € N, z(t) = z,(t), t € R, being the Ornstein-
Uhlenbeck process from Section 5, one has
E2(0)k = Ellza(0)1% < 220
X IR g0

Let us recall that the space Q({ , E') was constructed in such a way that

1

—k
i / zo(s)||%ds = E||z(0)||3 < oc.
n® 500 —k — (_tn(k)) - H ( )HX H ( )HX

Therefore, since the embedding X < L*(S?) is a contraction, we have for n¥) sufficiently
large,
30?2

—k
A
(6.22) [ [za(s)[Fads < 75

(tpw) — k).
v t ) 2 "

Since the set B is bounded in H, there exists p; > 0 such that for all n®) ||x, | < p1.
Hence

At + vA
(6.23) lim sup ||x,,x || %e ot + 2 I L 10 s ® < lim sup p%e*Tl(tn(ka) =0
nk) 500 n(k) 500
(]
Proof of Lemma 6.10. We denote by p(s) = vAys + 3 f |z(s)||7s. As in the proof of
Lemma 6.7 we have, for s < sq, p(s) < ”)‘15 Hence f ep(s ds < oo, as required. O

Proof of Lemma 6.8. Because of (5.14), we can find p2 > 0 and sp < 0, such that,

620 e (2] B ) g
S S S

Hence by (6.22) we infer that

(=M1 +3C2 |12 (s)||2)ds

lim sup ||z(—t,,w )|/ 2’ »®

(6.25) n®) =00
2(—t,0)I?

~ 2~ 251t (k) —k)
< lim sup 5 limsup [t |"e () TR <,
nk) 500 ‘ n(k)’ nk) 5300

This concludes the proof of Lemma 6.8. O
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Proof of Lemma 6.9. Since
()t = llaz(s) + 2B(z(s))I} < 202 ||2(s)II} + 2C||2(s)llia,
we only need to show that

° 3c? 0 0 3¢2 (0
/ HZ(S)||f4L4€u>\18+T fs ||Z(C)||i4dCdS +/ HZ(S)H%,@I/MS—FTL HZ(C)HE“dCdS < .

o0 —0o0

It is enough to consider the case of [|z(s)||{4 since the proof will be similar for the remaining
case. Reasoning as in (6.22), we can find ¢ty > 0 such that for ¢ > tg,

—to 2
[ (Fom+ et ) de < -3t -t

—t
Taking into account the inequality (6.24), we have ||z(¢)|| < p2(1+[t]), t € R. Therefore, with

0 2
primexp( | (-vh+ S [aOIR )G

—to
we have
—t
[ et oy,
—0o0
—to 4 f*to (V>\1+3C2 ”2(0”2 )dg
=p3 |z(s)||; 1€’ C 2,)d¢ g
—0oQ
to
< p%pSeVMtoﬂ/ |S’4el/)\15/2d8 < o,
—0o0
By the continuity of all relevant functions, we can let tp — 0 to get the result. O

This concludes the proof of (6.21), and it only remains to complete the proof of (6.19).
Let us denote by

Vam (8) = v(s, —ksw, oty — kU w)X,m —2(—k)), s € (=k,0),
Vi(s) = V(s —ksw,y_p — 2(~F)), s € (—k,0).
From (6.14) and Lemma 6.3 we infer that

(6.26) v, — Vi weakly in L?(—k,0; V).
Since Mg, e’ f € L2(—k,0; V'), we get
0 0
(6.27) lim [ e (g(s), v (s))ds = / NS (g(s), vils))ds
nk) 500 J_k —k
and
0 0
(6.28) lim M v (8))ds = / M3 (F v (s))ds.
n®) 500 J_k —k

Using the same methods as those in the proof of Theorem 3.2, we can find a subsequence
of {v, &}, which, for the sake of notational simplicity simplicity, is still denoted as {v,x) },
that satisfies

(6.29) Vv, k) — Vi strongly inL?(—k, 0; L .(S?)).

loc
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Next, since z(t) is an L*-valued process, so is e’*1?z(t). Thus by Corollary 4.4, (6.26) and
(6.29), we infer that

0

lim e Mb(v, 1 (8),2(8), v, 0 (8))ds
nk) =00 J_

0
- / M b(vi(), 2(5),vi(s))ds.

Moreover, since the norms [-] and || - || are equivalent on V', and for any s € (—k,0],
e VM < erMis < 1 we invoke (6.26) to obtain,

(6.30)

0 0
/key’\ls[vk(S)]2ds < h(g)li\nf /k eVAls[Vn<k)(s)]2ds.
— n o0
Equivalently, ,
0 0
6.31) li(rgsup <_/keuAls[Vn(k)(s)]2ds> < —/keuxls[vk(s)Pds.
n — 00 - B

From (6.18), (6.21), (6.30) and (6.31) we infer that

limsup [0 (t0), 91 )% — 2(0)

n(k) 300

-k 0
(632) < / h(S)dS + 2/ eV)‘ls{b(vk(s),Z(S),Vk(s))

o —k
+(g(5), vi(s)) + (£, vi(s)) — [vi(s)]* }ds
On the other hand, from (6.16) and (6.6), we have

Iyo —2(0)[1* = llp(k, O—yw)yk — 2(0)|* = [IV(0, —k; w, yi — 2(—k))|”

0
(6.33) — vk — m(—k)|Ze Mk 4 2 / 15 {(g(5), vi(5))

+b(vi(s), 2(s), vi(s)) + (£, vi(s)) — [vi(s)] }ds.
Hence, by combining (6.32) with (6.33), we get
lim sup ||30(tn(k) 5 ﬂ_tn(MW)Xn(k) - Z(O)H2
n(k) 500

—k
< / h(s)ds + lyo — 2(0) |7 — [lyk — z(—k) |2k

—k
g/ h(s)ds + |lyo — z(0)|?,

—00
which proves (6.19), and Proposition 6.6 follows. O
Theorem 6.11. Consider the metric dynamical system T = (Q({,E),./%,P,’lg), and consider

the RDS ¢ over T generated by the stochastic Navier-Stokes equations on the 2D-unit sphere
(3.2) with additive noise. Then the RDS ¢ is asymptotically compact.

Proof. Let B C H be a bounded set. In view of Proposition 6.6, it is sufficient to prove
that there exists a closed bounded random set K(w) C H which absorbs B. In fact, we will
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show below that an even stronger property holds. Namely, that there exists a closed bounded
random set K (w) C H which absorbs every bounded deterministic set B C H.

Let w € 2 be fixed. For a given s < 0 and x € H, let v be the solution of (3.4) on [s, c0)
with the initial condition v(s) = x — z(s). Applying (6.5) with ¢t =0, 7 = s < 0, we get

IVO)IP < 2fx|2e 1525 L Ia0NZadr | o)1y g) 225+ 25 2 T2
(6.34) 3 0 o
+ / {Hg(t)“%// —+ ||f||%/,}ey/\1t+37 fs ||z(7“)||i4d7"dt
v S
Set

c? o
ri(w)? =+ sup {QHZ(S)HQe”AlS*Su Js ”z(rﬂfwd’"}
§S

3 0 0 2 0
20 [ gl + 1y 5 0 10 g
V)_—xJs

Similar to (6.25) we can prove that

3c2 (0 2
lim sup Hz(to)||2el'>\1to+ v fto l2(r)llfs _ 0.

to——0o0

Hence, by the continuity of the map s — z(s) € H,

v

(S)||26V)\1s+302 fso ||z(r)||]i4dr < 00

sup ||z

s<0
and in conjunction with Lemmas 6.9 and 6.10, we infer that
(6.35) ri(w) < oo, for all w € Q.

On the other hand, given p > 0, by (6.23) we can find ¢,(w) < 0 such that, for all s <t,(w),

2 0
pzeu,\ls+3g S lz(r))12 ydr <1

Therefore, from (6.34), if ||x|| < p and s < t,(w), then
[¥(0, 5:0,% — a(s)]12 < r3(w).
Thus, we infer that
(0, 530, x)[| < [[v(0, s;0,x — z(s))|| + [[2(0)]| < 7r2(w), for allw € Q,
where ro(w) = r1(w) + [|2(0,w)||. From (6.35) and our assumptions, we infer that for all
w € Q, r(w) < 0o. Defining K(w) :={u € H : ||lu|| < rz(w)} concludes the proof. O
7. APPENDIX

Theorem 7.1 below seems to be well known but we could not find a reference with the
required statement. A sketch of the argument is presented below.

We will consider differential operators acting in the space LP (82, T 82), where p € [1, 00).
Elements of LP (Sz, T Sz) are p-integrable vector fields, that is

1/p
||0Hp=(/ |e<as>|de>  felr (TS,
SZ

where |0(z)| is the length of 6(x) in the tangent space T, and dz denotes the Riemannian
volume on S?2. We will denote the Lévy-Civita connection by V. It can be shown that the
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operator V*V defined on O vector fields is essentially selfadjoint in L2 (SQ,TS2). This
fact is proved in [41] for the Laplace-Beltrami Laplacian and the proof for AP is an easy
modification. The unique selfadjoint extension of V*V is called the Bochner Laplacian or
Rough Laplacian and dented by AP. The Hodge Laplacian is given by A' = d*d + dd* and
by the Weitzenbock formula
A = AB 4 Ric,

where Ric € C (SZ,T S? ® TSQ) is the Ricci tensor on the sphere. Let us note that on the
two-dimensional sphere Ric is equal to the metric tensor.

Let V is a bounded and smooth potential and let P denote the projection of L? (82, TSQ)
onto the kernel of divergence operator. Then on smooth vector fields u defined on S?

PAly = Alpu.
Therefore
P (A +Vu) = Alu+ PV
For such an operator we can prove the following

Theorem 7.1. The operator L = — (AH + PV) defined on C* wvector fields extends to a
generator of an analytic semigroup (T}) in the space LP (SQ, TSQ) for every p € (1,00).

Proof. Let us fix p € (1,00). It has been proved Theorem 2.4 in [41], see also [48], that the
operator Al defined on C™ vector fields is essentially self-adjoint in L2 (SQ,TSQ). We will
still denote by A the selfadjoint extension of this operator in L? (SQ,TSQ). The strongly

H
continuous semigroup (e*tA ) generated in L? (SZ,TSZ) by —A is dominated by a Cj

semigroup (SLB(t)) generated by the Laplace-Beltrami operator A2 acting in L2 (SQ,R).
More precisely,

(7.1) ‘e*tAHf(x)] < SYB(1)|f|(z), zeS?, fel?

This fact is essentially proved in [29], where the semigroup domination is proved for the

Bochner Laplacian. Since in our case Ric > 0, the result easily follows. For a direct argument

for Al in a more general situation see p. 106 of [39]. Estimate (7.1) implies immediately that
H

(e_tA ) extends to Cp-semigroup of contractions on L (82, TSQ) for every p € [1,00). It is

easy to see that the proof of Theorem 1 on p. 67 of [40] extends trivially to the semigroup
H H

(e*tA ) if (7.1) holds and therefore (e*tA ) is analytic in LP (S?,TS?). Since PV is a

bounded operator on LP (SQ, TSQ), the operator — Al — PV generates an analytic semigroup
in every LP (Sz, T 82) by standard arguments, see for example [38]. O
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