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ABSTRACT. We study the behaviour of solutions of linear non-autonomous
parabolic equations subject to Dirichlet or Neumann boundary conditions un-
der perturbation of the domain. We prove that Mosco convergence of func-
tion spaces for non-autonomous parabolic problems is equivalent to Mosco
convergence of function spaces for the corresponding elliptic problems. As
a consequence, we obtain convergence of solutions of non-autonomous para-
bolic equations under domain perturbation by variational methods using the
same characterisation of domains as in elliptic case. A similar technique can
be applied to obtain convergence of weak solutions of parabolic variational

inequalities when the underlying convex set is perturbed.

1. INTRODUCTION

The primary aim of this paper is to study convergence properties of solutions of
linear non-autonomous parabolic equations under perturbation of the domain. We
consider a sequence of bounded open sets (£2,)22; in RY converging to a bounded
open set {2 and investigate the behaviour of solutions of the following parabolic

equations
ou .
5 + A, (t)u = fu(x,t) in ,, x (0,7
B, (t)u=0 on 9, x (0,T] (1)
u(-, 0) = Uo,n in Q,,

where A4,, is an elliptic operator of the form

A, () = —0ifaij(x, t)05u + ai(z, t)u] + bi(x, t)0u + co(z, t)u,
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2 DOMAIN PERTURBATION FOR PARABOLIC EQUATIONS

and B, (t) is one of the following boundary conditions
B, (t)u :=u Dirichlet boundary condition
B, (t)u = [a;;(z,t)0u + a;(x, t)u] v; Neumann boundary condition.
In abstract form, (1) can be written as

{ u'(t) + Ap(tyu = f(t) fort e (0,7)

u(0) = ug.p

(2)

in a Banach space V,,, where V,, := Hg (€),,) for Dirichlet problems or V,, := H*(2,)
for Neumann problems. We refer to Section 2 for the precise framework of these
parabolic equations. We are particularly interested in singular domain perturbation
so that change of variables is not possible on these domains. Typically, the common
examples include a sequence of dumbbell shape domains with shrinking handle,
and a sequence of domains with cracks. Moreover, we mostly do not assume any
smoothness of €2, and 2. The second aim of this paper is to study a similar
convergence properties of solutions of parabolic variational inequalities

{ (' (t),v = u(®)) + (A@)u(t), v — u(t)) = (f(t),v —u(t)) 20, YveK

u(0) = ug. )

on (0,T) when we perturb the underlying convex set K in the problem.

To deal with non-autonomous parabolic equations, it is common to apply vari-
ational methods. In this paper we prove that under suitable assumptions on do-
mains, a sequence of solutions w, of (1) converges to the solution u of a linear
non-autonomous parabolic equation on the limit domain € ((1) with n deleted).
This result sometimes refers to stability of solutions under domain perturbation
or continuity of solutions with respect to the domain. The method presented in
this work is rather an abstract approach. In particular, it can be applied to ob-
tain stability of solutions under domain perturbation for both Dirichlet problems
(Theorem 4.6) and Neumann problems (Theorem 4.13). In general, it is more dif-
ficult when handling Neumann boundary condition. We cannot simply consider
the trivial extension by zero outside the domain for functions in the sobolev space
H'(Q) because the extended function does not belong to H'(R"). Moreover there
is no smooth extension from H'(2) to H'(R") as we do not impose any regularity
of the domain. This means the compactness result for a sequence of solutions u,
in [8, Lemma 2.1] cannot be applied in the case of Neumann problems. However,
our abstract approach can be applied to Neumann problems. We refer to Section 4
for the study on stability of solutions of non-autonomous parabolic equations under
domain perturbation.

The key result that enables us to determine a sufficient condition on domains for
which solutions converge under domain perturbation is Theorem 3.4. In particular,
Theorem 3.4 shows that continuity of solutions for non-autonomous problems can
be deduced from the corresponding elliptic problems via Mosco convergence. We
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refer to Section 3 for the definition and results on Mosco convergence. A similar de-
duction is well-known for autonomous parabolic equations. This is simply because
we can apply semigroup methods together with convergence result of degenerate
semigroups due to Arendt [2, Theorem 5.2]. In Section 6 of the same paper, stabil-
ity of solutions of Dirichlet heat equation is given as an example. Further examples
on other boundary conditions including Neumann and Robin boundary conditions
can be found in [10, Section 6]. Indeed, for quasilinear parabolic equations, Simon-
don [17] also obtained continuity of solutions of parabolic equations under Dirichlet
boundary condition using a similar equivalence of Mosco convergences between
certain Banach spaces. However, Theorem 3.4 can be seen as an abstract gen-
eralisation of [17]. We show equivalence between Mosco convergences of various
closed and conver subsets of a Banach space rather than Mosco convergences of a
particular choice of closed subspaces of a Banach space. The obvious reason for
this generalisation is that Mosco convergence was originally introduced in [16] for
convex sets and was the main tool to establish convergence properties of solutions
of elliptic variational inequalities when the convex set is perturbed. The second
advantage of Theorem 3.4 is that we do not only show the equivalence between
Mosco convergence of convex subsets of the Bochner-Lebesgue space L2((0,T),V)
and Mosco convergence of convex subsets of the corresponding Banach space V' but
also show that they are equivalent to Mosco convergence of convex subsets of the
Bochner-Sobolev spaces W ((0,T),V,V’). Hence a similar technique can be applied
to obtain stability of solutions of parabolic variational inequalities when the under-
lying convex set is perturbed (Theorem 5.3). We study convergence of solutions of
parabolic variational inequalities in Section 5.

An important consequence of Theorem 3.4 is that the same conditions for a se-
quence of domains give stability of solutions under domain perturbation for both
parabolic and elliptic equations. We refer to [5-7,9] for the study of domain per-
turbation for elliptic equations using Mosco convergence.

2. PRELIMINARIES ON PARABOLIC EQUATIONS AND PARABOLIC VARIATIONAL
INEQUALITIES

In this section we state some basic results on variational methods for parabolic
equations and a variational formulation for parabolic inequalities.

Suppose V is a real separable and reflexive Banach space and H is a separable
Hilbert space such that V is dense in H. By identifying H with its dual space H’,
we consider the following evolution triple

vamdy
Throughout this paper, we denote by (+|-), the scalar product in H and (-, -), the du-

ality paring between V' and V. For an interval (a,b) C R, we denote by L?((a,b), V)
the Bochner-Lebesgue space. We define the Bochner-Sobolev space

W((a,b),V,V') :={u € L*((a,b),V) : «' € L*((a, 1), V")},
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where u' is the derivative in the sense of distributions taking values in V’. The
space W((a,b),V,V’) is a Banach space when equipped with the following norm

b ) b o 1/2
||UHW1=(/ OIE dt+/ Wl )",

It is well known that W ((a,b),V,V’) — C([a,b], H), where the space of H-valued
continuous functions C([a,b], H) equipped with the uniform norm ( [11, Theorem
11.3.1]). Moreover, for u,v € W((a,b),V,V’) and ag, by € [a,b] with ag < by we
have the integration by parts formula

bo

(u(bo)lv(bo)) — (u(ao)[v(ag)) = / (W (8, 0(8) + ('), u() dt. (4)

ao

Let I,.J be two sets, we write J CC I if J C I. For a subset X of a Banach space
V', we define the closed convex hull by

k k
conv(X) := {Zalehsl € X,a; R, 20,20@ =1,k= 1,2,...}.

i=1 i=1

For each ¢ € [0, T, suppose a(t; -, ) is a continuous bilinear form on V satisfying
the following hypothesis:

e for every u,v € V, the map ¢ — a(t;u,v) is measurable.
e there exists a constant M > 0 independent of ¢ € [0, 7] such that

la(t; w, )| < Mllullv[[o]lv, (5)

for all u,v € V.
e there exist o > 0 and A € R such that

a(tyu,u) + Nullf > allully,, (6)

forall u e V.

It follows that for each ¢t € [0,7] and v € V the bilinear form a(¢;-,-) induces a
continuous linear operator A(t) € £(V, V') with

(A)u, v) = a(t; u,v),

for all u,v € V. We easily see from (5) that sup,cpo, 1) [|A(t)|| 2 v,v) < M.

2.1. Parabolic equations. Let us consider the abstract parabolic equation

{u’(t) +A(t)u= f(t) forte (0,7T]

u(0) = uy, @)

where ug € H and f € L*((0,T),V’). A function u € W(0,T,V, V') satisfying (7)
is called a variational solution. It is well known that u is a variational solution of
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(7) if and only if u € L((0,T),V) and

T T
- [ e des [ attsa), vo)
0 0
7 (®)
— (wol)(0) + [ (7(e),0)0(0) d,
0
for all v € V and for all ¢ € 2([0,T)). The existence and uniqueness of solution is
given in the following theorem (see, for example, [11, XVIII §3] and [18, §23.7]).

Theorem 2.1. Given f € L*((0,T),V’) and ug € H, there exists a unique varia-
tional solution of (7) satisfies

lullwio.zvvry < C(lluolln + Ifl2o.m)v)- (9)

Moreover, if A =10 in (6) the variational solution satisfies

t t
lu(®)3 +a / lu(s)[? ds < |luol% + o~ / ()2 ds,  (10)
for allt €10,T7.

Note that v(t) := e *u(t) is a variational solution of (7) with A(t) replaced by
A(t) + A. Hence we can assume without loss of generality that A =0 in (6).

Let © be an open bounded set in RY. Let D ¢ RY be a ball such that Q C D.
We shall consider a closed subspace V of H(Q) with H}(Q) c V C HL(Q). We

d d
take H := L?(Q) and consider the evolution triple V < H < V’. In this paper,
we study bilinear forms a(¢;-,-) for ¢ € [0,T] given by

a(t;u,v) = / [a;j(z,t)05u + a;(x, t)u]0;v + b;(x, t)0;uv + co(x, t)uv dz,  (11)
Q

for u,v € V. In the above, we use summation convention with %, j running from
1 to N. Also, we assume a;;,a;,b;, ¢y are functions in L>(D x (0,T)) and there
exists a constant o > 0 independent of (z,t) €  x (0,T) such that

for all £ € RY. Tt is clear that the map t — a(t;u,v) is measurable for all u,v € V.
Moreover, it can be verified that the form a(t;-,-) defined above satisfies (5) and
(6) (see [11]). Let A(t) be a differential operator on V defined by

Al u = —0;[ai;(x,t)0ju + a;(x, t)u] + b;(x, t)0iu + co(z, t)u. (12)

Given uy € L?(D) and f € L*(D x (0,T)), we consider the following parabolic
boundary value problem

— + A(t)u = f(x,t) in Q x (0,7

)
B(t)u=0 on 99 x (0,T] (13)
u(+,0) = up in Q,
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where B(t) is one of the following boundary conditions

B(t)u :=u Dirichlet boundary condition

B(t)u := [a;;(z,t)0;u + a;(x, t)u] v; Neumann boundary condition

It is well known that we can consider the boundary value problem (13) as an abstract
equation (7) by taking V = HE(Q) for Dirichlet boundary problem or V = H1(Q)
for Neumann boundary problem ( [18, Corollary 23.24]).

2.2. Parabolic variational inequalities. Suppose that K is a closed and convex
subset of V. We denote by

L*((0,7),K) := {u € L*((0,7),V) | u(t) € K a.e.}.

For each ¢ € (0,T), suppose a(t; -, -) is a continuous bilinear form on V satisfying (5)
and (6). As before, we denote the induced linear operator by A(t). Given uy € K
and f € L?((0,T), V"), we wish to find u such that for a.e. t € (0,7), u(t) € K and
(W (t),v —u(t)) + (A@®)u(t),v —u(t)) — (f(t),v —u(t)) >0, YveK
(14)
{ u(0) = up.

A function u € W((0,T),V, V') satisfying (14) is called a strong solution of para-
bolic variational inequality (14). In this paper, we are mainly interested in a weak
formulation of the problem. There are various (slightly different) definitions of weak
solution of parabolic variational inequalities (see e.g. [4], [L3], [14], [15]). We shall

define a weak notion of solution similar to the one in [13] as follows.

Definition 2.2. A function u is a weak solution of parabolic variational inequality
(14) if w € L2((0,T), K) and

/O (0 (1), v(t) = u(t)) + (A)u(t), v(t) — u(t)) = (f(t), v(t) — u(t)) dt 15)

1
F210(0) — wolffy > 0
for all v € W((0,7),V,V')n L2((0,T), K).

The existence and uniqueness of weak solutions of parabolic variational inequal-
ities have been studied by various authors according to their definitions. In our
case, we can state the result in the following theorem.

Theorem 2.3. Given ug € K and f € L*((0,T),V"). There exists a unique weak
solution w of the parabolic variational inequality (14) satisfying v € L>=((0,T), H).

Note that the existence of our weak solution follows immediately from the exis-
tence results in [14, Theorem 6.2]. The uniqueness can be proved in the same way
as in [15, Theorem 2.3].
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3. M0OSCO CONVERGENCE

We often consider Mosco convergence as introduced in [16] when dealing with a
sequence of functions belonging to a sequence of function spaces. In this section, we
establish the key result which enables us to study domain perturbation for parabolic
problems via the corresponding elliptic problems. We prove that Mosco convergence
of function spaces for non-autonomous parabolic problems is equivalent to Mosco
convergence of function spaces for the corresponding elliptic problems. Throughout
this section, we assume that V is a reflexive and separable Banach space, and
K, K are closed and convex subsets of V. We start by giving a definition of Mosco
convergence in various spaces including V, L2((0,7T),V) and W((0,T),V,V").

Definition 3.1. We say that K, converges to K in the sense of Mosco if the
following conditions hold
(M1) For every u € K there exists a sequence u,, € K, such that u,, — u strongly
in V.
(M2) If (ny) is a sequence of indices converging to oo, (uy) is a sequence such
that uy, € K, for every k and u,, = u weakly in V, then u € K.

There is an alternative definition of Mosco convergence defined in terms of Ku-
ratowski limits. A general result on Mosco convergence and equivalence of these
definitions can be found in [3, Chapter 3].

As discussed in Section 2, solutions of parabolic equations and parabolic varia-
tional inequalities are functions in L2((0,7T),V). Thus, it is worthwhile to study
Mosco convergence in L?((0,T),V). We denote by

L*((0,7),K) := {u € L*((0,T),V) | u(t) € K a..},
and
C([0,T],K) :={u e C([0,T],V) |u(t) e K Vtel0,T]}.
It can be verified that L?((0,7T), K) is a closed and convex subset of L?((0,T),V).
We next state Mosco convergence of function spaces for parabolic problems.

Definition 3.2. We say that L?((0,7T), K,,) converges to L*((0,T), K) in the sense
of Mosco if the following conditions hold
(M1") For every u € L?((0,T), K) there exists a sequence u,, € L*((0,T), K,,)
such that u,, — u strongly in L2((0,T),V).
(M2') If (ng) is a sequence of indices converging to oo, (uy) is a sequence such
that u, € L2((0,T), K,,) for every k and uj — u weakly in L2((0,7),V),
then u € L%((0,7), K).

It is also useful to define a similar Mosco convergence in W ((0,T'),V, V') when
studying domain perturbation for parabolic variational inequalities.

Definition 3.3. We say that W((0,7),V,V’) N L?((0,T), K,) converges to
W((0,T),V,V') N L*((0,T), K) in the sense of Mosco if the following conditions
hold
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(M1”) for every u € W((0,T),V, V)N L?((0,T), K) there exists a sequence u,, €
W ((0,T),V,V')n L*((0,T), K,,) such that u, converges strongly to u in
W(0,T), V,V").

(M2) if (ng) is a sequence of indices converging to oo, (ux) is a sequence such
that u, € W((0,7),V,V') N L?((0,T), K,,) for every k, u;, — u weakly
in L?((0,7),V) and uj, — w weakly in L*((0,T),V’), then v/ = w and
ue W((0,T),V,V)yn L*((0,T), K).

The following theorem is the key result of this paper.

Theorem 3.4. The following assertions are equivalent:
(i) K, converges to K in the sense of Mosco.
(ii) L?((0,T), K,) converges to L*((0,T), K) in the sense of Mosco.
(iii) W((0,T),V,V)NL?((0,T), K,,) converges to W ((0,T),V,V')NL?((0,T), K)
in the sense of Mosco.

Before proving the equivalence of Mosco convergences in Theorem 3.4, we require
some technical lemmas.

Lemma 3.5. For a bounded open interval (a,b) C R, let u € L*((a,b),K). If
¢ € D((a,b)) such that [° ¢(t) dt =1 then [*u(t)p(t) dt € K.

Proof. Since K is closed and convex, fab u(t)p(t) dt € conv{u(t) | t € (a,b)} C K
for all u € L*((a,b), K). O

Lemma 3.6. Let I = (a,b) be a bounded open interval in R. If u € L*(I,V) and
J;ut)o(t) dt € K for all ¢ € D(I) with [, ¢(t) dt =1, then u € L*(J,K) for all
J=(c,d) CcC 1.

Proof. Let n € 2(R) be the standard mollifier. For e > 0, we define n.(t) = 1n(%)
so that n. € Z(R) with [, nc(t) dt = 1 and supp(n.) C (—€,€). Consider the
mollified function u. := 7 * u. For a.e. t € I, we have

t+e
1 nelt — s){us) — u(t)] ds

—€

l[ue(t) —u(®)|lv =

v

1 [t st—s
<t () I —utolv ds
1 t+e
<on [ ()~ u(t)ly ds.
t—e

By Lebesgue’s differentiation theorem for vector valued functions (Theorem I11.12.8
of [12]), ue(t) = u(t) in V a.e. t € I. By the definition of u.,
ue(t) = /775(75 —s)u(s) ds =: /u(s)gbé(s) ds,
I I
where we set ¢.(s) :=n.(t —s). Let J CC I. For t € J, we can choose € sufficiently
small so that supp(¢.) = (t — €,t +¢€) C I. It follows from the assumption that
ue(t) € K for all ¢ € J. Since K is a closed subset of V, the limit point u(t) € K
a.e. t € J. Hence u € L?(J, K) as required. O
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Lemma 3.7. The set C([0,T], K) is dense in L*((0,T), K).

Proof. Note first that the lemma is trivial if K is a subspace of V' (i.e. K is
a Banach space) [18, Theorem 23.2 (c)]. Let u € L2((0,T),K). We choose a
function ¢ € 2((0,T)) with fOT o(t) dt = 1. Tt follows from Lemma 3.5 that
€= fOT u(t)p(t) dt € K. Define the extended function @ € L?((—1,T + 1), K) by

3 on (—1,0)U(T,T+1)
{u(t) on (0,7).

By a mollification argument, the function u, := 7n.*@ belongs to C(R, V). Moreover,
ue converges to @ in L?((—1,T +1),V). By Choosing 0 < € < 1, u.(t) € K for
all t € [0,T]. Therefore, the restriction of u. on [0, 7] belongs to C([0,T], K) and
converges to u in L*((0,7),V) as € — 0. O

Lemma 3.8. The set C=([0,7],V) N C([0,T], K) is dense in W((0,T),V,V')N
L*((0,7), K).

Proof. Let uw € W((0,T),V,V')NL?((0,T), K). For § > 0, we define the stretching
map S5 : [0,T] — [-6,T + 6] by
T+ 26)1& i

Ss(t) == ( T

We define us € W((—6,T +6),V, V') N L*((=,T + §), K) by uwo S;*. Tt can be
shown that the restriction of us on (0,7) converges to u in W((0,7),V,V’) as
0 — 0. Let 1. be a mollifier. For ¢ € [0,7] and € < J, the translation of n. by
t (denoted by 7..) belongs to Z((—0,T + ¢)). Hence if € < §, 0. * us belongs to
C>([0,T],V)NC([0,T], K). Moreover, a mollification argument shows that 1. * us
converges to us in W((0,7),V,V’) as € — 0. The result then follows. O

(16)

Proposition 3.9. Suppose Mosco condition (M1) is satisfied. For § > 0, let
Asp = { Yo gi(t)v,m e N}, where
v; € Ky, ¢ € C([-6, T +6]) foralli=1,...,m,

0<¢i(t) <1 forallt e [-6,T+6] and for alli=1,...,m, an
1

S 6it)=1 forallte[-5T+4].
=1

If us € C([—6,T+6], K), then there exists a sequence of functions us,, € As,n such
that us ., (t) — us(t) in V uniformly on [—9,T + 6] as n — oo.
Proof. Let us € C([—6,T + 6], K). We extend us to a5 € C(R, K) by
ug(—9) on (—oo, —4)
Us(t) == < us(t) on [—6,T + 4]
us(T + 0) on (T + §,00).
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Let € > 0 be arbitrary. We denote by B(t) := By (us(t), e/2) the open ball in V
about s (t) of radius €/2. Let us construct an open covering & of (=0 —1,T4+0+1)
by

O = {ig " (B(t)) N (=6 =1, T+ 6+ 1) }re(—s.740)-

Since & is also an open covering of the compact set [—9, T 4 J], there exists a finite

subcovering
0 ={ug" (Bt;)) N (=6 — L, T+ 6+ 1)}ict,..m,

where t; € [0, T + §] for all i = 1,...,m. We can assume that t; <ty < ... <ty
and t; = =4, t,, = T + 6 (add them if required) so that 0 is an open covering of
[-0—1/2,T+6+1/2]. Foreachi € {1,...,m}, we have us(¢;) € K. Thus, by Mosco
condition (M1), there exists v; , € K,, such that ||v;,, —us(t:)|lv < €/2if n > N;
for some N; € N. Let N := max;=1, ., N;. It follows that ||v;,, — us(t;)|v < €/2
ifn> N forallie{l,...,m}.

Choose a smooth partition of unity {¢; }i=1,...m for [-6—1/2,T+d+1/2] subordi-
nate to &. Precisely, we choose ¢; such that ¢; € Cs(ay ' (B(t:))N(—6—1,T+5+1))
and >, ¢i(t) = 1for all t € [-§ —1/2,T + 6 + 1/2]. Define a function us,, on
(=0-1,T+6+1) by

m

Us n(t) := Z & (£)Vs 1.

i=1
It is clear that the restriction of ws, on [—d,T + 0] belongs to As, if n > N.
Moreover, for t € [—0,T + 4],

[usn(t) = us@)llv <D ¢i()l|vim — us()lv

< Z Gi(O)[vi,n — us(ts)llv + Z ¢i()[lus (i) — us(t)|lv

2
<e€/2+€/2=ck,
if n > N. Note that m and N chosen above depend on €. As the above argument
holds for each fixed €, we conclude that for every e > 0, there exists a sequence
u§,, € Asn and N(e) € N such that
[ (t) —us(B)llv <e,

for all t € [0, T + 4] if n > N (e).
In particular, for every k € N we can find a sequence uf{n € A5 and N, € N
such that

ko (6) — sty < 1. (18)

for all t € [=§,T + 6] if n > Ni. By choosing inductively we can assume that
Nj, < Np41 for all £ € N. We extract a sequence of the form

1 1 1 1 2 2 3 3
U671,U672,...,U67(N1+1),.. '7u5,N27u67(N2+1)7"'7u5,N37u6,(N3+1)""’u5,N43"'
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so that the n-th element of this sequence belongs to A, for all n € N. Moreover,
by (18), we see that this sequence converges to us uniformly with respect to ¢ €
[—d,T + 8] as n — oo. This proves the statement of the proposition. O

We are now in a position to prove our main result.

Proof of Theorem 3.4. The proof is divided into four parts including (¢) = (i),
(#5) = (4), (i) = (i) and (4) = (). For (i) = (ii), we actually show that
(M1) = (M1') and (M2) = (M2'). The other three directions are proved in the
same way.

(i) = (i): Let u € L*((0,T), K). By the density of C([0,T], K) in L*((0,T), K)
(Lemma 3.7), we may assume that u € C([0,T], K). We apply Proposition 3.9 with
d = 0 to obtain a sequence of functions u,, € L?((0,T), K,,) such that wu, () — u(t)
in V uniformly on [0, T]. The uniform convergence on [0, 7] implies that u,, — w in
L2((0,T),V), showing (M1’). To prove condition (M?2), suppose (ny) is a sequence
of indices converging to oo, (uy) is a sequence such that u, € L*((0,T), K,, ) for
every k and uy — w in L2(0,7),V). By the definition of weak convergence,

T T
/ (w(t), ux(t)) dt — / (w(t), u(t)) dt, (19)
0 0

for all w € L2((0,T),V’). By taking w of the form w = £¢(t) where ¢ € V’
and ¢ € 2((0,7)) in (19) and applying a basic property of Bochner-Lebesgue
space [18, Proposition 23.9(a)], it follows that

T
/ wr(D)B(t) dt — / u()p(t) dt (20)
0 0

weakly in V for all ¢ € 2((0,T)). Let ¢g € 2((0,T)) with fo ¢o(t) dt = 1 and
define ¢y, := fo uk qzﬁo( ) dt. Lemma 3.5 implies that (, € K, for all kK € N. Since

e — (= fo ) dt by (20), Mosco condition (M2) implies that ¢ € K. We
now extend wuy to ay € LQ((—I,T—I— 1),K,,) by
~ Cr on (—1,0)U(T,T+1)
U (t) == (21)
ug(t) on (0,7).

It can be easily seen that i, — @ weakly in L2((—1,7 +1),V) , where @ defined as
(21) with k deleted. Using the definition of weak convergence in L?((—1,T +1),V)
and a similar argument as above, we obtain [ e Uk (t)o(t) dt — T+1 a(t)op(t) dt
weakly in V for all ¢ € 2((—1,T +1)). In partlcular, taking ¢ € :@(( 1,T+1))
with fT+1 ) dt = 1, we have fT1+1 ur(t)p(t) dt € K,, converges weakly to

7T1+1 a(t)o(t) dt in V. Thus, Mosco condition (M2) implies [ T a)et) dt € K

for all g € 2((—1,T+ 1)) with fTH ) dt = 1. By Lemma 3.6, we conclude that
u € L*((0,T),K) and Mosco condltlon (M2 ) follows.

(ii) = (i): Let u € K. Define v € L?((0,T), K) by the constant function v(t) :
u for t € (0,T). By condition (M1’), there exists (v, )nen With vn € L*((0,7),K,
such that v, — v in L?((0,T),V). Let ¢9 € 2((0,T)) with fo ¢Po(t) dt = 1. Wi

@
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show that the sequence (un)nen defined by w, := fOT v (t)Po(t) dt gives Mosco
condition (M1). First note that u,, € K, for all n € N by Lemma 3.5. Moreover,

lun — ully = H /T () o(t) dt — uHV
OT
= [ Eatront) — virnton ]
< / 6o ®llon(®) — v(E) v dt
< v ( / oalt) o) ) ul

— 0,

as n — oo. To prove condition (M2), suppose (ny) is a sequence of indices con-
verging to oo, (uy) is a sequence such that u, € K,,, for every k and up — w in
V. Define vy, € L?((0,T), K,, ) by the constant function v (t) := uy for t € (0,7T).
It can be easily verified that v, — v in L2((0,T),V), where v is the constant
function v(t) := u for ¢ € (0,7). It follows from Mosco condition (M2') that
v e L*((0,T),K). Hence u € K as required.

(i) = (ii): Let uw € W((0,T),V,V')N L?((0,T),K). By Lemma 3.8, we may
assume that v € C*°([0,T],V) N C(]0,T],K). For 6 > 0, we define the stretched
function us € C°([~3,T + 4],V) N C([~4,T + 8], K) by us = uo S; ', where S5
is the stretching map given by (16). It can be shown that the restriction of us on
[0, T] converges to u in W((0,7T),V,V') as § — 0. By Proposition 3.9, there exists a
sequence of functions us,, € As, such that us ., (t) — us(t) uniformly on [—4§, T+ 4]
as n — oo. Let 7;/; be a mollifier. For ¢t € [0,T] and j > 1/4, the translation of
ni/; by t (denoted by n,,;+) belongs to Z((—0,T + §)). Hence if j > 1/§, we have
My * usm € C([0,T],V) N C([0,T], K,). By continuity of convolution and the
well known fact on the r-th order derivative that

dar dr dr

%(UW *Us ) = @7)1/;' *Usp = M1/5 * %ua,m
we deduce that 1y, * usn — n1/; * us in C*([0,T],V) as n — oo. Similarly,
myjxus — us in C>([0,T],V) as j — oo. The above shows that we can construct a
function of the form 7, /;*us, € W((0,T),V,V')NL*((0,T), K,,) converging to u in
W((0,T),V,V"). Hence Mosco condition (M1”) follows. To prove condition (M2”),
suppose (ng) is a sequence of indices converging to oo, (ug) is a sequence such that
u, € W((0,T),V,V') N L*((0,T), K,,) for every k, ux, — u in L?((0,7T),V) and
u, — w in L?((0,T),V’). Since V is continuously embedded in V’, it follows
immediately that «' = w and hence v € W((0,7T),V,V’) (see [18, Proposition
23.19]). Using (i) = (ii), specifically Mosco condition (M2'), we conclude that
uwe W((0,T),V, V)N L*((0,T), K).

(iii) = (i): Let u € K. Define v € W((0,7),V,V’) N L?((0,T), K) by the con-
stant function v(t) := u for ¢ € (0,T). By condition (M1”), there exists (vn)nen
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with v, € W((0,T),V, V") 0 L2((0,T), K,,) such that v, — v in W((0,T),V,V").
In particular, v, converges strongly to v in L?((0,7),V). By the same argu-
ment as in the proof of (i) = (i), we can show that w, := fOT v (t)do(t) dt,
for some ¢¢ € 2((0,T)) with fOT ¢o(t) dt = 1 establishes Mosco condition (M1).
To prove condition (M2), suppose (ng) is a sequence of indices converging to oo,
(ux) is a sequence such that u, € K,, for every k and up — w in V. Define
v € W((0,T),V,V")n L*((0,T), K,,) by the constant function vg(t) := wy for
t € (0,T). By the same argument as in the proof of (ii) = (i), we have vy — v in
L2((0,T),V), where v(t) := u for t € (0,T). Moreover, it is clear that v} = 0 for
all k € N and hence v}, — v' = 0 in L*((0,7),V’). We apply (M2”) to deduce that
v e W((0,T),V,V')NL?((0,T), K). Hence u € K. O

4. APPLICATION IN DOMAIN PERTURBATION FOR PARABOLIC EQUATIONS

In this section, we study the behaviour of solutions of parabolic equations subject
to Dirichlet boundary condition and Neumann boundary condition under domain
perturbation. Let €2,,,Q be bounded open sets in R and D C RY be a ball such
that ,,,Q C D for all n € N. Suppose a;;, a;, b;, co are functions in L>(D x (0,T))
and a;; satisfies ellipticity condition. More precisely, there exists o > 0 such that
a;j(z,t)&& > alé|? for all £ € RY. We consider the evolution triple V;, A H, N
V.!, where we choose

o V, = H}(Q,) and H,, = L?(Q,) for Dirichlet problem
e V,=H(Q,) and H, = L?(Q,) for Neumann problem.

For t € (0,T), suppose a,(t;-,-) is a bilinear form on V,, defined by

an (t;u,v) == / [a;;(z,t)05u + a;(x, t)u]0;v + bi(x, t)0;uv + co(x, t)uv dz.  (22)
Q

n

It follows that for all n € N, there exist three constants M > 0,a > 0 and A € R
independent of ¢ € [0,T] such that

|an (t; u,v)| < Mlullv, [[v]lv,,, (23)
for all u,v € V,, and
an (t;u,u) + A, > allullf,, (24)

for all u € V,,. Given ug,, € L*(D) and f, € L*(D x (0,7)), let us consider the
following boundary value problem in €,, x (0, T7.

% + A, (H)u = fo(x,t) in ,, x (0,7
B,(t)u=0 on 08, x (0,T] (25)
u(+,0) = ug,n in Q,,

where A,, and B,, are operators on V,, given by

A, (Hu = —0i[aij(x, t)05u + a;(z, t)u] + bi(x, t)0u + co(x, t)u,
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and B,, is one of the following
B, (t)u :=u Dirichlet boundary condition
B (t)u = [a;;(z,t)0ju + a;(x, t)u] v; Neumann boundary condition.

We wish to show that a sequence of solutions of the above parabolic equations in
2, x (0,T] converges to the solution of the following limit problem

%Jrfl(t)u:f(:r,t) in Q x (0,7
B(t)u=0 on 99 x (0,7 (26)
u(+,0) = ug in Q.

However, we will consider the boundary value problems (25) and (26) in the abstract
form. As discussed in Section 2, we can write (25) as

u'(t) + Ap(t)u = fo(t) fort € (0,7
{ u(0) = uo,n,

where A, (t) € Z(V,,V}]) is the operator induced by the bilinear form a,(t;, -, ).
Similarly, we write (26) as

u'(t)+ A(t)u = f(t) forte (0,T)
{ u(0) = up.

(27)

(28)

Throughout this section, we denote the variational solution of (27) by w, and the
variational solution of (28) by u. We illustrate an application of Mosco convergence
to obtain stability of variational solutions under domain perturbation. The proof
is motivated by the techniques presented in [8]. However, we replace the notion
of convergence of domains ((3.5) and (3.6) in [8]) by Mosco convergence. It is not
difficult to see that the assumption on domains in [%] implies that H}(€,,) converges
to HZ(£2) in the sense of Mosco.

4.1. Dirichlet problems. When the domain is perturbed, the variational solu-
tions belong to different function spaces. We often extend functions by zero outside
the domain. We embed the spaces Hg (€2,,) into H'(D) by v + @, where & = v on §,,
and 9 = 0 on D\Q,,. Similarly, we may consider the embedding L?((0,T), H(£2,))
into L2((0,T), H*(D)) by w(t) — w(t) for a.e. t € (0,7). Note that the trivial
extension ¥ also acts on L?((,) into L?(D).

Let us take V := HY(D), K,, := H(£,) and K := H}(Q), and consider Mosco
convergence of K, to K. In this case K, and K are closed and convex subsets of
V' in the sense of the above embedding. In fact, K,, and K are closed subspace of
V. The main application of Theorem 3.4 is to show that the variational solution u,,
of (27) converges to the variational solution u of (28) by applying various Mosco
conditions.

Theorem 4.1. Suppose f, — f in L*((0,T), L*(D)) and i, — o in L*(D). If
H}(Q,) converges to H} () in the sense of Mosco, then i, converges weakly to i
in L2((0,T), HY(D)).
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Proof. Since f, — f in L*((0,T), L*(D)) and ug,, — uo in L?(D), it follows from
(9) that [|un|lw(o,7,v, v/ is uniformly bounded. Hence i, is uniformly bounded in
L2((0,T), H*(D)). We can extract a subsequence (denoted again by wu,,), such that
Un, — w in L2((0,T), H'(D)). Mosco condition (M2') (from Theorem 3.4) implies
that w € L2((0,T), H:(Q)). It remains to show that w = u in L?((0,T), H3()).
Let £ € H}(Q) and ¢ € 2([0,T)). Mosco condition (M1) implies that there
exists &, € H}(Q,) such that &, — £ in H'(D). As u, is the variational solution
of (27), we get from (8) that
T T
- [ 0l @ de+ [ anltiun@), )00 de
0 0 )
= (0, 16)0(0) + [ {u(0).6:)0(0) a1
By letting n — oo, we get
T T
- [ woloe @ i [ atuo. 000 d
0 0 ) (29)
= (l9o) + [ (7(0.€00) .

Hence w is a variational solution of (28). By the uniqueness of solution, we conclude
that w = u in L2((0,T), H}(Q2)) and the whole sequence converges. O

Lemma 4.2. Suppose f, — f in L*((0,T), L*(D)) and o, — to in L*(D). If
HY(Q,) converges to H}(Q) in the sense of Mosco, then for each t € [0,T] we have
T (b)), — u(t) in L*(Q).

Proof. Since f,, is uniformly bounded in L?((0,T), L*(D)) and g, is uniformly
bounded in L?(D), we have from (10) that

tg%g%] tn ()| 2Dy < M,
for some M > 0. Hence for a subsequence denoted again by u,(t), there exists
w € L?(Q) such that @,(t);, = w in L3(Q). Let & € H}(Q) and ¢ € 2((0,1]).
Mosco condition (M1) implies that there exists &, € Hg(€2,) such that &, — € in
HY(D). As u,, is the variational solution of (27), we have
t

- / (1 (8)]€0) 8 (5) s + / (55 Un(5), €)(s) ds
0 0

t
= (@I ol0) + [ (1(3).6)0(5) ds
Now
(fi0,n)1én) L2(p) = (fio,nl€n) 2(2) + (To,nlEn) 22 (D\0)-
Since &, — £ in L?(D), we have &,|q — £ in L?(Q) and £n|(D\Q) — 0in L?(D\Q).
Applying the dominated convergence theorem in the second term above and using
the weak convergence of initial condition u , in the first term above, we see that

(wo,nlén)L2(0,) = (wol&)L2(q)-
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Hence,

t t
- [ w90y ds+ [ atsus). () ds

0 0
. (30)
~l) @0 + [ (f(5).0(s) ds,

0

as n — 0o. As wu is the variational solution of (28), a similar equation holds with
(w[€) r2(q) replaced by (u(t)|§)r2(q). Therefore (w|€)r2q) = (u(t)|€)r2(q) for all
¢ € HY(Q). By the density of Hi(Q) in L*(Q), w = u(t). Hence, for subsequences
Ui (t)), — u(t) in L*(92). By the uniqueness, the whole sequence @, (t)|, converges
weakly to u(t) in L2(£2). O

Remark 4.3. In fact, we only require that f,|o — f weakly in L2((0,T), L%(2))
and o ,|q — uo weakly in L?(2) to obtain the conclusion of Theorem 4.1 and
Lemma 4.2 as done in [3].

Next we show the strong convergence of solutions. The assumptions on strong
convergence of initial values g, and inhomogeneous data f,, are required in the
proof below (see also Remark 4.7 below).

Theorem 4.4. Suppose f, — f in L*((0,T), L*(D)) and ., — o in L*(D). If
H} () converges to HE () in the sense of Mosco, then i, converges strongly to
@ in L2((0,T), HY(D)).

Proof. We have ,, converges weakly to @ in L2((0,7), H'(D)) from Theorem
4.1. Mosco condition (M1’) (from Theorem 3.4) implies that there exists w, €
L2((0,T), H}(Qy,)) such that @, — @ in L*((0,T), H(D)). For t € [0,7T], we
consider

dn(t) = *Ilun() ONZ2(p) +a/ [ (5) = B ()| 511 () s (31)

By (24) (with A = 0), we have

(1) < 5 Oy + [ oustua(9).a(s) ds

1

+ 0oy + [ ansiwn(s).,()) ds

— (ﬂn(t)|a(t))L2(D) 7/0 an (85 Un(8), wn(s)) ds
—/ an(8;wn(8), un(s)) ds,
0

for all n € N. It can be easily seen from the weak convergence of u,, and the strong
convergence of w,, to @ in L2((0,T), H*(D)) that

lim t an (85 un(8), wn(s)) ds t an (83w (8), un(s)) ds
[oiontrmins: fisniominel

= 2/0 a(s;u(s),u(s)) ds,
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and
t

lim an,(8;Wn (), wn(s)) ds = /0 a(s;u(s),u(s)) ds. (34)

n— oo 0

Also, by lemma 4.2, we have

lim (it ()](t)) 12Dy = M0 (@ (8)j0]u(t)) L2y = [lu(t) 172 (q)- (35)

n—oo

Finally, as u, is the variational solution of (27) we get from (4) that

1 t
SOl + [ anlsin(s)ua(s) ds

= 5l O+ [ (o). uas) ds.

By the assumption that g, — o strongly in L?(D) and fn — f strongly in
L*((0,T), L*(D)), we get

T[Sl (s, + [ ansiun().un(s) ds
= 31O+ [ (7(s).u(s) ds (36)

= Sl + [ alsiuts).uts) ds.

Hence, it follows from (32) — (36) that d,(¢) — 0 for all ¢ € [0,7]. This shows
pointwise convergence of i, (t) to @(t) in L?(D). Moreover, by taking t = T we get

T
/0 lin(5) — 5(5) |2 s
T T
< / in(5) — ()2 s + / [ (s) — @(3)|201 ) s
— 0,

as n — oo. This proves the strong convergence i, — @ in L?((0,T), H*(D)). O

In the next theorem we prove convergence of solutions in a stronger norm. We
show that Mosco convergence is sufficient for uniform convergence of solutions in
L?(D) with respect to t € [0,T]. We require the following result on Mosco conver-
gence of HE(2,) to HY(Q) [9, Proposition 6.3].

Lemma 4.5. The following statements are equivalent.

(1) Mosco condition (M1): for every w € H} (), there exists a sequence w,, €
HY(Q,) such that w,, — @ in HY(D).
(2) cap(KNQSE) — 0 as n — oo for all compact set K C Q.

Theorem 4.6. Suppose f, — f in L*((0,T), L*(D)) and ., — o in L*(D). If
HY(Q,) converges to H}(Q) in the sense of Mosco, then i, converges strongly to
i in C([0,T), L3(D)).
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Proof. We notice from the proof of Theorem 4.4 that

/nun — n(8) 2y ds — 0

uniformly with respect to t € [0,T]. Indeed, by (31)

/ liin(5) — @ ()21 ds < 0=l (T)

for all n € N and for all ¢ € [0,T]. Moreover, it is clear that (33), (34) and (36)
hold uniformly on [0,7]. It remains to show uniform convergence of (35).

Fix s € [0,T]. For € > 0 arbitrary, we choose a compact set K C 2 such that
[u(s)||l 2\ k) < €/2. Since u € C([0,T1], L*(£2)), there exists 7 > 0 only depending
on € such that [|u(t) — u(s)| L2 < €/2 for all t € (s —n,s+n)N[0,T]. It follows
that

lu()ll 2onm) < Ju(t) —uls)|lL2) + [[u(s)|lL2\k) < €/2+€/2=F¢, (37)

forallt € (s —n,s+n)N[0,T]. We next choose a cut-off function ¢ € C§°(€2) such
that 0 < ¢ <1 and ¢ = 1 on K. Since H}(Q,) converges to H}(Q) in the sense
of Mosco, we have from Lemma 4.5 that cap(supp(¢) N Q) — 0. By definition of
capacity, there exists a sequence &, € C§°(Q2) such that 0 < ¢, <1,&, =1on a
neighborhood of supp(¢) N €Y, and [[&, || 51w~y < cap(supp(¢) N€2,) + 1/n. Define
bn = (1 —&,)¢. We have that ¢,, € C§°(£2,) and ¢, — ¢ in L*(D). Consider

< (i ()| pnti(t)) L2(py — (@(t)|9a(t)) L2 ()|

| (n ()] (1 = dn)a(t)) 2oy — (@(t)|(1 = @)a(t)) L2(p)| (38)
U (8)|pnu(t)) L2(p) — (alt )|¢u(t))L2(D)|

+ [(@n (t) — @) (1 = ¢n)a(t) 2(py| + [(@t)] (¢ — dn)u(t)) L2(p)| -

We prove that each term on the right of (38) is uniformly small for ¢t € (s —n,s +
1) N[0, 7] if n is sufficiently large. For the first term, applying integration by parts
formula (4) and the definition of variational solutions, we obtain

(Un (8)|@nu(t)) L2 (D)

— (o |dmtio) 120y + / (0, (), uii(s)) ds + / (0 (5), i (s)) dis

t 39
= (uo, n|¢nuO)L2(D / (fn(s); pni(s)) ds_/o an(s;un(s), pnt(s)) ds 39

+ / (F(5)s Gin(5)) ds — / a(s:u(s), buiin(s)) ds.
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It can be easily verified using Dominated Convergence Theorem that ¢, — ¢u in
L2((0,T), L*(D)). Moreover,

T
T R ) ) T i ~ ,
< /0 [pna(t) — pu(t)||72(py dt +/0 bnin (t) — Sni(t)13 2y dt

T T
S/O [¢na(t) — du(t)|72(p) dt+”¢n”<2x>/0 [ (t) = @(t) |72 () dt.

It follows also that ¢, i, — ¢t in L2((0,T), L?(D)). Taking into consideration that
Uo.n — Uo and fn = f, we conclude form (39) that

(U (t)|pnti(t)) L2(p) — (U(t)|Pu(t)) L2 (D) (40)

uniformly with respect to t € [0, T]. For the last term on the right of (38), applying
a similar argument as above, we write

t
(a(t)|pnt(t))r2(py = (uolPnuo)r2(p) + 2/0 (W'(s), pnu(s)) ds.
We conclude that

(@(®)|pnti(t))2(py — (@(t)|Pu(t)) L2 (D) (41)

uniformly with respect to ¢ € [0,T]. Finally, for the second term on the right of
(38), we notice that 0 <1 —¢, <lonQand 1 —¢, =1— (1 —&,)p =&, on K.
Moreover, using (10) and the assumption that @g, — @y and fn — f , there exists
a constant My > 0 such that

in (81220, 15O 120y < Mo, (42)
for all t € [0,T]. Hence, by Cauchy-Schwarz inequality and (37),
| (@ (t) = a()|(1 = ¢n)a(t)) L2(py| < [@n(t) — @@ L2y (1 = ¢n)a(t)ll2(p)
< 2o (Jlu(®) 32 0 0) + I60u(®)l12) ) (43)
< 2My (e + [[€nu(®)] L2 (x)) »

for all t € (s —m,8+ 1) N[0,7] and for all n € N. Since &, — 0 in L?(D), a
standard argument using Dominated Convergence Theorem implies that &, u(s) — 0
in L?(Q). Hence, there exists N, € N such that [[&u(s)|/r2(0) < €/2 for all
n > N, . Therefore,
[€nu(®)lL2(r) < [[€nuls)llL2(r) + [€nu(t) = Enuls)l L2 (k)

< [[€nuls)llzzcr) + l[u(t) — uls)llrzcx)

<e€/24€/2=c¢,
forall t € (s —n,s+n)N[0,T] and for all n > N, .. It follows from (43) that

(@ (t) — @(t)[(1 = ¢n)u(t)) L2(py| < 2Mo(e + €) = 4Mye, (44)
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forall t € (s—m,s+n)N[0,T] and for all n > N, .. Therefore, by (38), (40), (41),
and (44), we conclude that there exist N, . € N and a positive constant C' such that

| (@i (t) — () |@(t) 2 | < Ce,

for all t € (s — 1,54 n) N[0, T] and for all n > N,.
Finally, as [0, 7] is a compact interval and 7 only depends on ¢, it follows that
(@ (t)[(t)) 2Dy — (@(t)|@(t))2(py uniformly with respect to ¢ € [0, T]. O

Remark 4.7. In fact, we can conclude that @, — @ in L?((0,7), L*(D)) directly
from the weak convergence of solutions in Theorem 4.1 and the compactness re-
sult in [3, Lemma 2.1]. This means we only require that fn|o — f weakly in
L2((0,T), L*(Q)) and tig,n|q — uo weakly in L?(2). Under the same assumptions,
we can restate convergence result in Theorem 4.6 as @, — @ in C([6,T], L*(D))
for all § € (0,T], as appeared in [8]. The reason we impose stronger assumptions
on the initial data and the inhomogeneous terms is to avoid using [8, Lemma 2.1],
which is not applicable to Neumann problems, and illustrate a technique that can
be applied to both boundary conditions.

It is known that stability under domain perturbation of solution of elliptic equa-
tions subject to Dirichlet boundary condition can be obtained from Mosco conver-
gence of H}(Q,) to HE(Q) [9]. Hence we can use the same criterion on €, and
Q to conclude the stability of solutions of parabolic equations. In particular, the
conditions on domains given in [9, Theorem 7.5] implies convergence of solutions of
non-autonomous parabolic equations (25) subject to Dirichlet boundary condition
under domain perturbation.

4.2. Neumann problems. It is more complicated for Neumann problems because
the trivial extension by zero outside the domain of a function u, in H'(Q,) does
not belong to H!(D). In addition, as we do not assume any smoothness of domains,
there is no smooth extension operator from H'(£2,,) to H*(D). In order to study the
limit of u,, € H*(Q,) when the domain is perturbed, we embed the space H'({,)
into the following space

HY(Q,) — L*(D) x L*(D,R")
by
U = (T, Vo),
where @, (z) = v(z) if z € Q, and #,(z) = 0 if z € D\Q,. Similarly, Vo, (z) =
Vo(z) if z € Q, and Vo, (z) = 0 if z € D\Q,. Note that Vv, is not the gradient of

Uy, in the sense of distribution. By a similar embedding for H'(Q2), we can consider
Mosco convergence of

Ky = {(0n, Vog) € L*(D) x L*(D,RY) | v, € H' ()}

to
K :={(,Vv) € L*(D) x L*(D,R™) | v € H'(Q)}
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in V := L?(D) x L*(D,R¥). In this case, K,, and K are closed subspace of V. For
simplicity, we use the term H'(£2,) converges in the sense of Mosco to H!(Q) for
K,, and K above.

When dealing with parabolic equations, we regard the space L%((0,T),V) as
L2((0,T), L*(D))x L*((0,T), L?(D,RY)) via the isomorphism between them. Hence

L*((0,T), Kp) = {(@n, Vwy) | wn € L((0,T), H' ()}
C L*((0,T), L*(D)) x L*((0,T), L*(D,R™)),
and _
L*((0,7),K) = {(@, Vw) | w € L*((0,T), H* ()}
C L*((0,T), L*(D)) x L*((0,T), L*(D,R™)).
As in the case of Dirichlet problem, we apply various Mosco conditions from
Theorem 3.4 to prove that the variational solution w,, converges to the variational
solution w.

Theorem 4.8. Suppose f, — f in L*((0,T), L*(D)) and i, — o in L*(D). If
H(Q,) converges to H' () in the sense of Mosco, then i, converges weakly to i
in L2((0,T), L*(D)) and Vu,, converges weakly to Vu in L*>((0,T), L*(D,RN)).

Proof. By a similar argument as in the proof of Theorem 4.1, we have the uniform
boundedness of (i, Vu,) in L2((0,T), L2(D)) x L2((0,T), L*(D,RN)). We can
extract a subsequence (denoted again by u,, ), such that %, — w in L2((0,T), L?(D))
and Vu, — (v1,...,vx) in L2((0,T), L*(D,RY)). Mosco condition (M?2') (from
Theorem 3.4) implies that w € L?((0,T), H'(2)).

To show that w = u, we let £ € H*(Q) and ¢ € 2([0,T)) and then use Mosco
convergence of H(€,,) to H'(Q). In the same way as the proof of Theorem 4.1,
we get (29) holds for all £ € H(Q) and all ¢ € 2([0,T)). Hence by the uniqueness
of solution, w = w in L?((0,T), H'(£2)) and the whole sequence converges. O

Lemma 4.9. Suppose f, — f in L*((0,T), L*(D)) and iy, — @o in L*(D). If
H(,) converges to H' () in the sense of Mosco, then for each t € [0, T] we have
U (t)), — u(t) in L*(9).

Proof. We use the same argument as in the proof of Lemma 4.2 with Mosco con-
vergence of H}(Q,) to H}(Q) replaced by Mosco convegence of H'(€2,) to H'(£2)
and the fact that H'(Q) is also dense in L?((2). O

Remark 4.10. As remarked in the case of Dirichlet problems, we only require that
falo — f weakly in L2((0,T), L*(2)) and g n|q — uo weakly in L2(Q) to obtain
the conclusion of Theorem 4.8 and Lemma 4.9.

We next show the strong convergence.

Theorem 4.11. Suppose f,, — f in L*((0,T), L*(D)) and 1o, — G in L*(D). If
HY(,,) converges to H'(Q) in the sense of Mosco, then i, converges strongly to i
in L2((0,T), L*(D)) and Vu, converges strongly to Vu in L*((0,T), L*>(D,RN)).
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Proof. The proof is similar to the one in Theorem 4.4. We show some details here for
the sake of completeness. By Theorem 4.8, (i, @un) converges weakly to (@, @u) in
L2((0,T), L*(D)) x L*((0,T), L?*(D,R?)). Since u € L?((0,T), H*()), Mosco con-
dition (M1’) (from Theorem 3.4) implies that there exists w,, € L*((0,T), H'(Q,))
such that @, — @ in L?((0,T), L*(D)) and Vw, — Vu in L*((0,T), L>(D,RN)).
For t € [0,T], we consider

) = 10(0) = 5Oy + [ Tns) — w9, s
+ta ||Vun( ) — Vwn(s )HLZ’(szn,RN) ds (45)
0
= 3100 = 50l + 0 [ an(5) ~ w9l

By (24) (with A = 0), we can show that d,, satisfies (32) for all n € N. It can be
easily seen from the weak convergence of (@, @un) and the strong convergence of
(B, V) to (i, Vu) in L2((0,T), L2(D)) x L2((0,T), L*(D,RN)) that (33) and
(34) also hold. By using Lemma 4.9 instead of Lemma 4.2, we obtain (35). Finally,
(36) is also valid for Neumann problem. Hence, d,,(t) — 0 for all ¢t € [0,T]. This
shows pointwise convergence of i, (t) to @(t) in L?(D). Moreover, by taking t = T

we get
T
/0 lin (5) — (5 |22y s
T T
< / i (5) — () 1215y ds + / |G (s) — @(5) |2, ds
— 0,
and

T
1900 = Fuls) vy
T B B T 5 N
< / I¥un(s) = T (5)]20(p v s+ / [90n(5) — Tu(8)] 2,

— 0.

This proves the strong convergence i, — @ in L*((0,T), L*(D)) and Vu,, — Vu in
L2((0,T), L2(D,RM)). O

Recall that we embed the space K = H'(Q) in V = L?(D) x L*(D,RY). If v
is a function in W((0,T), HY(Q), H*(Q)"), then v' € L2((0,T), H'(Q)"). Tt is not
always true that we can embed v'(t) € V' = L?(D) x L?>(D,R") a.e. t € (0,T) and
claim that v € W((0,T),V,V’) N L*((0,T), K). However, a similar argument as in
the proof of Theorem 3.4 (i) = (#i¢) for Mosco condition (M1”) gives the following
result.
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Lemma 4.12. Suppose that H*(§2,) converges to H*(Q) in the sense of Mosco,
If w e C>=([0,T], H () then there exists w, € C°([0,T], H*(Q,)) such that 0,
converges to w in C*°([0,T], L*(D)).

Proof. We note that Proposition 3.9 gives uniform convergence of the approxima-
tion sequence in V = L?(D) x L?(D,R"). The proof follows the same arguments
as in the proof of Theorem 3.4 (i) = (i#i). The only difference is that we assume
here w € C*([0,T], H'(R)). Hence the stretched function ws = w o S5 ' belongs
to C([—6,T + 4], H*(£2)). We point out that, by using uniform continuity of the
k-th order derivative w(®) on [0, T], the restriction of ws on [0, T] converges to w in
C°>([0,T], H(Q)). This gives the required convergence in C*°([0,T], L?(D)). O

Using the above lemma, we show in the next theorem that the solution w, of
(27) indeed converges uniformly with respect to ¢ € [0, T].

Theorem 4.13. Suppose f,, — f in L2((0,T), L*(D)) and iign, — io in L*(D). If
HY(Q,) converges to H*(SY) in the sense of Mosco, then i, converges strongly to
@ in C([0,T], L3(D)).

Proof. As in the proof of Theorem 4.6, it requires to show uniform convergence of
(@n(B)]a(t))r2(py = (@(t)|@(t)) L2(p).-

Let € > 0 arbitrary. By a similar argument as in the proof Lemma 3.8, we have
the density of C°°([0, 7], H*(Q)) in W((0,T), H*(Q), H*()"). Since the solution u
is in the space W((0,7), HY(Q), H'(Q)"), there exists w € C*°([0,T], H(2)) such
that

lw — ullw(o,r),m11 ), () <€

As W((0,T), H (Q), H'(Q)’) is continuously embedded in C([0,T], L*(Q)), we can
indeed choose w € C°°([O, T], H*(Q)) such that
[w(t) = w(t)l|r2) < e, (46)

for all t € [0,7]. By Lemma 4.12, there exists w,, € C*([0,T], H'(Q,)) such that
W, — W in C([0,T], L*(D)). We can write

| (i (8) — @()[@(t)) L2 (D) | < | (n ()| @0 (t)) 2y — (@(8)][ (1)) L2(D)|
+ [(@n(t) — a®)|a(t) — @) r2(p)| (47)
+ | (G ()0 (t) = D (t)) L2(p) |

for all n € N. Since u,, is a solution of (27),
(an(t”wn(t))L?(D) = (ﬂO,n|7~Dn(0))L2(D) +/0 (fn(s), wn(s)) ds
—l—/o (w),(8),un(s)) ds _/0 an(8;un(8), wn(s))) ds,

for all n € N. Taking into consideration that g, — 4o and f,, — f, we conclude
that

(i (8) [0 () L2y — (A(t)[W0(t))L2(D) (48)
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uniformly with respect to t € [0,T]. Moreover, by (46) and the uniform bounded-
ness of solutions as in (42),

|(@n () — a(t)]a(t) — @(t)) L2 ()|
< lan(t) — a(®)| 2oy lla(t) — @) 2(p) (49)
< 2Mpe,

for all ¢ € [0, 7] and for all n € N. Finally, as w,, — @ in C*°([0,T], L?(D)), there
exists N, € N such that

[0 (t) — @(t)||L2(p) < €
for all t € [0, 7] and for all n > N.. Hence,

|(n ()0 (8) = (1)) £2(D)| < N (0)]| 22Dy 00 () = D(E)[| 22y

50
S MOGa ( )

for all t € [0, 7] and for all n > N,. Therefore, by (47) — (50), there exists N, € N
and a positive constant C' such that

| (@i (t) — () |a(t) 2 | < Ce,

for all ¢t € [0,7] and for all n > N.. As € > 0 was arbitrary, this proves the
required uniform convergence of (@, (t)|(t))r2(py — (@(t)|@(t))r2(py with respect
tot € [0,T]. O

We can use the same criterion on €2, and 2 as in Neumann elliptic problems to
conclude the stability of solutions of Neumann parabolic equations under domain
perturbation. In particular, for domains in two dimensional spaces, the condi-
tions on domains given in [5, Theorem 3.1] implies convergence of solutions of non-

autonomous parabolic equations (25) subject to Neumann boundary condition.

Remark 4.14. The assumptions on strong convergence of % ,, and fn can be weaken

if we impose some regularity of the domains. We give an example of domains €2,

satisfying the cone condition (see [1, Section 4.3]) uniformly with respect to n € N.
Let N =2 and let

Q:={r eR?: |z| < 1)\{(21,0): 0 < 2y < 1},
Q= {z e R?: || < 1}\{(21,0) : 6, < a1 < 1},

where J, \, 0. This example is an exterior perturbation of the domain, that is
QC Q1 CQ, for all n € N. Tt is easy to see that Q and €, satisfy the cone
condition uniformly with respect to n € N, but H!(Q) and H*(£2,,) do not have the
extension property. Moreover, these domains satisfy the conditions in [5]. Hence,
H'(Q,) converges to H(£2) in the sense of Mosco. Note that here we take D to be
the open unit disk center at 0 in R?. In this example, we only need that fn|Q — fin
L2((0,T), L*(Q)) and g | — uo in L?(£2) to conclude the convergence of solutions
@n, — @ in C([6,T), L*(D)) for all § € (0,T]. In addition, if @9, — o in L?(D),
then the assertion holds for § = 0.
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To see this, we note from Lemma 4.9 (taking Remark 4.10 into account) that
T (t)), — u(t) in L*(Q) weakly for all ¢ € [0,T]. Since u € L*((0,T), H'(Q)), we
have u(t) € H*(Q) for almost everywhere ¢ € (0,7). Fix now such ¢t € (0,7). By
the continuity of the solutions u,, € C([0,T], L*(Q,)), for each n € N we can choose
prn > 0 such that
1

[un(s) = un(t)llL2(,) < -

for all s € (t — pu,t + pn) N (0,T). As u, € L*((0,T), H(Q,)) we can choose
tn € (t — pp,yt + pn) N (0,T) such that wu,(t,) € HY(Q,) for all n € N. For
these choices of ¢,, we have |u,(t,) — un(t)|z2(0,) — 0 as n — oo. It follows
that @y, (t,)), — w(t) in L?(2) weakly. Since Q C €, for all n € N, the restriction
U (tn)), belongs to H'(2) for all n € N. Hence it follows from the weak convergence
of G (tn))g = tn(tn), — u(t) in L?(Q) that

[ ostuattia)ods = = [ uat)dode = [ wwpsode = [ djutiods,

for all ¢ € C°(Q) for j = 1,2. This means Vu, (t,), — Vu(t) in L?(Q,R?). Thus,
U (tn)), is bounded in H'(£2). As Q is bounded and satisfies the cone condition, we
have from the Rellich-Kondrachov theorem that the embedding H'(Q) < L?(f2)

is compact (see [1, Theorem 6.2]). Therefore, u,(t,)|, has a subsequence which

|Sl
converges strongly in L?(2). Since we have a prior knowledge of weak convergence
lo — u(t)
o — u(t) in
L?(2) strongly. Since the above argument works for almost everywhere t € (0,7T),

Un(tn)), — u(t) in L*(Q), we conclude that the whole sequence up,(t,)
in L?(Q) strongly. By the choices of t,, we conclude that wu,(t)

we deduce from the dominated convergence theorem that a,|q = u,|lq — u in
L2((0,T), L*(Q)) strongly. As the cutting line is a set of measure zero in R?, we
have i, — @ in L%((0,T), L?(D)). By extracting a subsequence (indexed again by
n), we can choose ¢ arbitrarily closed to zero in (0,7 such that @, (d) — %(d) in
L?(D). The required convergence in C ([, T], L?(D)) follows from the argument in
the proof of Theorem 4.11 and Theorem 4.13 with the integration taken over [4,T]
instead of [0, 7] (see also the proof of [3, Therem 3.5]).

5. APPLICATION IN PARABOLIC VARIATIONAL INEQUALITIES

In the previous section we have seen some applications of Theorem 3.4 when K,
and K are closed subspaces of V. In this section, we consider the case when K,
and K are just closed and convex subsets of V. We show here a similar convergence
properties of solutions of parabolic variational inequalities.

Let K,, K be closed and convex subsets in V. For each ¢t € (0,T), suppose
a(t;-,-) is a continuous bilinear form on V satisfying (5) and (6). For simplicity,
we assume that A = 0 in (6). We denote by A(t) the linear operator induced by
a(t;-,-). Let us consider the following parabolic variational inequalities. Given

ug.n € K, and f, € L2((0,T), V"), we want to find u,, such that for a.e. t € (0,T),
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un(t) € K, and
{ (U (), v —u(®)) + (A()u(t),v — u(t)) — (fu(t),v —u(t)) >0, YveK,
u(0) = ug,p.

(51)

When K, f,, and ug, converge to K, f and wug, we wish to obtain convergence
results of weak solution of (51) to the following limit inequalities.

{ (00— ) + ADUD.0 —wl0) SO0 —u0) 20, wEK
u(0) = up.

Throughout this section, we denote the weak solution of (51) by w,, and the weak
solution of (52) by u. The notion of our weak solutions is given in Definition 2.2.

Theorem 5.1. Suppose f, — f in L*((0,T),V’), ugn — ug in V and ugn — ug
in H. Then the sequence of weak solutions u,, is bounded in L*((0,T),V).

Proof. Let v e W((0,7),V,V')NL3((0,T), K) be the constant function defined by
v(t) := ug for t € [0,7). Similarly, v, € W((0,T),V,V’) N L3((0,T), K,,) defined
by vn(t) == g,y for t € [0,T]. It follows that v, — v in L?((0,T),V). Since u, is
a weak solution of (51),

T
/0 (At (£), 0 () — v (1)) it
T 1
< / (0 (01,0 (8) = (1)) — {Fa0), (1) — 0 (0)) i+ 3 [ 0) — oy
0

T
_ / (Fu(£), 0 (£) — un(t)) dt.
Thus,
T
/0 (At (£) — A ()t (£) — o (1))

T
< /O (A vn(t), v (t) — un(t)) — (fu(t), v (t) — un(t)) dt

< JA@) v — fall2 o), v [lvn = unllL2(0,1),v)-

By the coerciveness of A(t),

allun —vnllz20,r),v) < |A®@) Ve — fallL20,1),v7)-

We conclude from the weak convergences of v, and f, that wu, is bounded in
L2((0,7),V). O

Theorem 5.2. Suppose f, — f in L*((0,T),V"), o — uo in V and ug,n, — ug
i H. If K, converges to K in the sense of Mosco, then the sequence of weak
solutions u, converges weakly to uw in L?((0,T),V).

Proof. By Theorem 5.1, we can extract a subsequence of u,, (denoted again by u,,)
such that u, — x in L2((0,T), V). Since u,, € L*((0,T), K,,), we apply Mosco con-
dition (M?2') (from Theorem 3.4) to deduce that the weak limit x € L2((0,T), K).
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By the uniqueness of weak solution, it suffices to prove that x satisfies (15) (with
u replaced by k) in the definition of weak solution.

By Mosco condition (M1'), there exists w, € L*((0,T), K,,) such that w,, — &
in L2((0,T),V). Let v € W((0,T),V,V')NL?((0,T), K). We again apply Theorem
3.4 for Mosco condition (M1”) to get a sequence of functions v € W((0,7),V,V')N
L?((0,T), K,,) such that v, — v in W((0,T),V,V’). For each n € N,

(A@)wn(t), va(t) — un(t))
= (A(B)un(t), vn(t) — un(t)) + (At)wn(t) — A()un(t), vn(t) — un(t))
= (A un (1), vn(t) = un(t)) + (At)wn(t) = At)un(t), wn(t) — un(t))

+ (A@)wa(t) = A()un(t), v (t) — wn (L))

Hence, by definition of weak solution on K,, and coerciveness of A(t),
/0 (vn(£), va(t) — un(t)) + (AB)wa(t), va(t) — un(t)) dt
T
- /() (fa(t),vn(t) — un(t)) dt + %an(()) - UO,nH%I
T
:/0 (on, (), vn () — un () + (A(E)un(t), vn(t) — un(t)) dt
T
— [ U000 = 00 e+ G0 0) = o
T
+ [ (A0 = 4O 0. 10,0) = (1) d
+/0 (A(t)wy, () — At)un (t), v, (t) — wy (1)) di
T
> [ A0 (0) = AU (D). 0n0) ~ 0, 0) .
0

for all n € N. Letting n — oo,
T
/O (' (), 0(t) = (1)) + (A(t)r(t), v(t) — k(1)) dt

T
1
= [ 4. 000) = w0 dt + 5000 ~ uolfy 0.
0
This implies k is a weak solution of (52) as required. O
We finally prove strong convergence of solutions.

Theorem 5.3. Suppose f, — f in L*((0,T),V"), uon — uo in V and ug,n, — ug
i H. If K, converges to K in the sense of Mosco, then the sequence of weak
solutions u, converges strongly to u in L*((0,T),V).

Proof. By the coerciveness of A(t),

lim inf T(A(t)un(t) — At)u(t), un(t) — u(t)) dt > 0. (53)

n—oo 0
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For each € > 0, we define u. by
€ul +ue =u
ue(0) = up.

Then u, € W((0,T),V,V)NL2((0,T), K) and u. — w in L?((0,T),V) as € — 0 (see
in the proof of [15, Theorem 2.3]). For each ¢ > 0, Mosco condition (M1”) (from
Theorem 3.4) implies that there exists u. ., € W((0,T),V,V')NL*((0,T), K,,) such
that u. , = u. in W((0,T),V,V’) as n — oco. Since u,, is a weak solution of (51),

/0 (At (6), un(t) — u(t)) dt
T T
< / (WL (£), o (£) — wn () dt — / (o (1), 00 (t) — (1)) dt
1 T
+ 5 ln(0) — ol + / (At (), 0 (£) — u(t)) dt,

for all v € W((0,7),V, V)N L?((0,T), K). In particular, taking v,, = u,
T
/0 (At un(t), un () — u(t)) dt
< / (! (£), () — un(£)) dt — / a(t), ten(t) — un (1)) dt

T
+ 0 (0) = ol + AU (1) 1 (0) = ) .

Letting n — oo, we obtain

Jim sup /O (At un (1), un(t) — u(t) dt

n—oo

< [ttty =) de = [ 00, ue) = utt)
1 T
+ 50 = ol + [ (A@U.u(0) — ule) di
T T
— e [ IOl de— [0, ul) - ue) de
0 0
T
+ [ A©ute)ut) - u(e) a

T T
< / (1), ue(t) — u(t)) dt + / (A()u(t), ue(t) — u(t)) dt.

This is true for any € > 0. Hence, by letting ¢ — 0,

T
Jim sup /O (A un (t), un(t) — u(t)) dt < 0.

n—o0

On the other hand, the weak convergence of u,, in Theorem 5.2 implies

lim (A)u(t), un(t) —u(t)) dt = 0.

n—0 Jq
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Thus,

lim sup /0 (A un(t) — A@)u(t), un(t) — u())dt < 0. (54)

n—oo

It follows from the coerciveness of A(t), (53) and (54) that

as

T
allun = ullZ2o.1).v) < /O (A)un(t) = A)u(t), un(t) — u(t)) dt =0,
n — oo. Therefore, u,, — u in L*((0,T),V). O
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