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Abstract

We introduce and study the partial singular braid monoid PSB,,, a monoid that
contains both the inverse braid monoid Z5,, and the singular braid monoid SB,,. Our
main results include a characterization of Green’s relations, a presentation in terms
of generators and relations, and a proof that PSB,, embeds in the semigroup algebra
C[ZB,).
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1 Introduction

Many knot and link invariants are defined in terms of recursive formulae which allow
reduction to simpler links. Links can be simplified in a number of ways, including cutting
strings, or allowing certain strings to pass through each other. Just as the closure operator
on links (Alexander’s Theorem [1]) led to the introduction of the braid groups [3], so too
do these link simplification operations lead to new classes of algebras; examples include
the inverse braid monoids ZB,, [12], singular braid monoids SB,, [5, 7], factorizable braid
monoids §B,, [11, 15], and permeable braid monoids PBB,, [18]. Some of these monoids
may also be thought of as “braid analogues” of various semigroups of transformations that
extend the symmetric groups; for other examples of such monoids, see [17, 25]. It is the
purpose of this article to introduce and study the partial singular braid monoid PSB,,. This
monoid simultaneously extends ZB,, and SB,,, and may also be thought of as a “singular
braid analogue” of the symmetric inverse monoid Z, (the inverse monoid of all partial
permutations of {1,...,n}, under the operation of composition as binary relations), or a
“partialized version” of SB,,. The elements of PSB,, are essentially singular braids with
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some (possibly none, or all) strings removed, and the multiplication operation is a natural
extension of that for partial braids [12]. It is possibly not surprizing that the notion of
partiality here is related to the “restriction categories” of [8]; the category whose objects
are the finite subsets of Z*, with Hom(A, B) being equal to the set of all partial singular
braids 3 whose corresponding partial permutation 3 has dom(3) C A and im(3) C B, is
a restriction category—the idempotent associated to a morphism 3 € Hom(A, B) is the
idempotent partial braid whose associated partial permutation is the identity map on A
(we think of partial permutations as acting from the right, so the definitions from [8] need
to be modified to fit in with this convention). It should be noted that PSB,, is not the
first generalization of SB,,, as there is a large and growing literature on the singular Artin
monoids introduced by Corran in [9]. One of the main themes for study in singular Artin
monoids is the so-called Generalized Birman Conjecture, which concerns the injectivity of
a certain map from the singular Artin monoid to the group algebra of its corresponding
Artin group; see for example [2, 13, 21|, and also [7] for the original formulation of the
conjecture, [27] for its proof, and [26] for its generalization to singular braid monoids on
closed surfaces.

This article is organized as follows. In Section 2 we define the partial singular braid mon-
oid PSB,,, detailing some aspects of its structure, and culminating in a set of generators.
In Section 3 we characterize Green’s relations on PSB,,, and also deduce characterizations
for ZB,, and SB,,. We then explore more of the structure of PSB,, when we study the pure
partial singular braid monoid PSP,, in Section 4 and then, in Section 5, we find a system
of defining relations for PSB,, with respect to the generating set alluded to above. Finally,
in Section 6 we prove an analogue of Birman’s Conjecture; specifically, we show that PSB,,
may be embedded in the complex semigroup algebra of the inverse braid monoid ZB,,.

2 The Partial Singular Braid Monoid

Let n be a positive integer, which we will fix for the remainder of the article, and write
n={1,...,n}. A partial singular braid on n is defined to be an object 3 obtained by
removing some (possibly all, or none) of the strings from a singular braid v. (The reader
is referred to [7] for details concerning the singular braid monoid SB,,; see also [5].) In this
case we say that (3 is a sub-braid of v, and we write 3 C . See Figure 1 for an illustration.
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Figure 1: A sub-braid [ (left) of a singular braid ~ (right).



A partial singular braid § induces a partial permutation B € T, in a natural way; the
domain (resp. image) of 3 corresponds to the initial (resp. terminal) points of the strings

of B and, for i € dom(f) and j € im(3), we have i3 = j if and only if a string of 3 connects

upper point i to lower point j. So, with 3 as in Figure 1, we have 3 = (123 1 5), using an

obvious tableaux notation for the elements of Z,,. If 3 is a sub-braid of a singular braid ~

and dom(3) = A, then we write 5 = v|4 and call 3 the restriction of v to A.
We say that two partial singular braids ; and (3, are equivalent, and write 3; = fs, if
(i) 31 = Ez% and

(ii) B1 € 71 and By C 7y, for some singular braids «; and 7, which are equivalent in the
usual sense of rigid-vertex-isotopy [7].

Given two partial singular braids § and ~, the product 37 is formed by first concatenating 3
and v in the usual way, and then removing any string fragments which do not join an
upper point to a lower point. See Figure 2 for an illustration. It is easy to see that 3; = (3,
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Figure 2: Multiplication of partial singular braids.

and v; = 7, together imply (171 = (5272, and that the induced product on =-classes is
accociative and unital (the identity is the =-class of the braid with n vertical strings). So
the set PSB,, of all =-classes of partial singular braids on n is a monoid, which we call
the partial singular braid monoid on n. In practice, we will blur the distinction between a
partial singular braid and its =-class, but this should never cause any confusion.

If g € PSB,, we will write
e || for the number of strings of 3; and
e N(p) for the number of singular points of /.

Note that also |8| = rank(8) = |dom(B)| = [im(B)|. It is also immediate from the
definitions that

By <min (|8],|y])  and  N(By) < N(B) + N(7)
for all 3,7 € PSB,,. These definitions allow convenient description of the submonoids
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e IB, = {ﬂ € PSB, ‘ N(B) = 0}; and
o SB,={p ¢ PSB,L‘ 18] =n}.

As mentioned in Section 1, the monoid ZB,, is known as the inverse braid monoid, and
its elements are (equivalence classes of) partial braids; see [12]. As always, SB,, denotes
the singular braid monoid [5, 7]. The intersection of ZB3,, and SB,, is the braid group B,
which is the group of units of PSB,,.

For A C n, write ¢4 = 1|4 for the restriction of the identity braid 1 € B, to A. Note
that €4 is idempotent, and that (|4 = e4f for all 5 € SB,. It is also immediate
that eqep = eanp = epea for all A, B, so the set £, = {e4]|A Cn} is a semilattice
isomorphic to the power-set (2™, N).

Proposition 1 The semilattice &, is equal to the set E(PSB,) of all idempotents of PSB,,.
Further, we have

PSB,, = E&,5B, = SB,.E,.

Proof Since every element of &, is idempotent, we have &, C E(PSB,). To prove

the reverse inclusion, suppose 8 € E(PSB,) and put A = dom(). Since |f] = |52,
we see that im(3) = A also, and so 3 lies in an isomorphic copy of SBj4. But then
N(B) = N(B%) = N(B) + N(B) which forces N(8) = 0, so that 8 € ZB,. We have shown

that E(PSB,,) = E(ZB,,) so the first claim follows from [12, Theorem 1.2].

For the final statement, if § € PSB,, with dom(§) = A and im(8) = B, then we clearly
have § = €47 = yep for any singular braid v € §B,, that contains (3. a

For 1 <i <n —1, denote by Uiil and 7; the standard singular braid generators [5, 7] and,
for 1 <r <n, put €, = en\ g} as in [16, 20]; see Figure 3 for an illustration. It is clear that

for any A C n, we have e4 =¢;, - --¢;, where n\ A = {iy,...,4}.
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Figure 3: The generators of PSB5,,.
Corollary 2 The partial singular braid monoid PSB,, is generated by the set
Y, ={of . .ot YU {n,. . ro U e en ) O



3 Green’s Relations

Green’s relations #, ., ¢, ,% on a monoid M, introduced in the seminal paper [23],
are defined in terms of mutual accessability by left and/or right multiplication. These
relations encompass much of the structure of M, allowing its elements to be arranged
neatly into rectangular arrays known as “egg boxes”. Specifically, we have

e t Ay <— M =yM;
e 1 Ly < Mz = My;
o v Jy — MzM = MyM,
o W =%NYL; and
¢ D=BNL =HoL =LoX.
It is our goal in this section to characterize Green’s relations in the partial singular braid
monoid PSB,,. This characterization depends on various domains and images of the asso-
ciated partial permutations, as well as a structural feature of SB,, discovered by Paris [27].
We begin with a lemma which describes Green’s relations in terms of translations by units
(braids).
Lemma 3 Let 3,7 € PSB,. Then
(i) BZ~y < (=75 for some § € By;
(i) 0L~ < B =0y for some § € By;
(iil) By < [ =0 = day for some 91,00 € By; and
(iv) B Iy <= BDy <> [ =017 for some 61,02 € B,.

Proof We first prove (i). Now 3 = ~d with ¢ € B, immediately implies 3%+, since then
also v = 361 For the converse, suppose 3% v and write A = im(3) and B = im(7). Now

f=~on  and 7 =Py

for some oy, € PSB,. Note first that |3| = |y| since |B] = |yaa| < |7| and simi-

larly |y|] < |B]. Now put a3 = aye 4. Then since im(@;) 2 im(Fay) = im(F) = A, it follows
that im(as) = A. We also have

B = fea=yoes =az.
Since |G| = |v| = |as], it follows that
N(B) = N(7) + N(as).
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By symmetry, we also have v = Say for some oy € PSB,, with im(a,) = B and
N(y) = N(B) + N(ou).

These two equations together imply that N(a3) = N(ay) = 0. Now choose any two braids
01,09 € B, such that ag C §; and ay C 6. Then by construction we have

B = oz =01 and Y = Bay = (.
This completes the proof of (i).

Part (ii) follows by a dual argument, while (iii) is an immediate consequence of (i) and (ii).
For (iv), 2 C _# holds in any semigroup, while § = §;7d, for some d1,d2 € B, implies
that § 2 v since then % (05 £ . Finally, we modify the argument from part (i) above
to show that 3_¢~ implies 3 = 0,7y, for some 4,9, € B,. O

If A, B C n are sets of the same cardinality, we write 74 g € Z1B,, for the partial braid with
no crossings that satisfies dom(74 5) = A and im(74, 5) = B. See Figure 4 for an example.

N/

Figure 4: The partial braid 74 5 € ZBs, where A = {3,4,5,8} and B = {1,5,6,7}.

The set {745 } A, B C n and |A| = |B|} is a (finite) submonoid of PSB,, and is isomorphic
to POZ,, the monoid of all order-preserving partial permutations on n; see [14, 19]. If
A C n with |A] = k, we write

Aa=Tax and  pa =T
From the rule m4 pmp ¢ = 74,0, we immediately obtain

AAPB = TAB, AAPA=EA, PANA = Ek.

If p and ¢ are non-negative integers with p < ¢, then it is immediate from the definitions
that any partial singular braid on p is also a partial singular braid on q. In this way,
the singular braid monoids SBy (k = 0,1,...,n) are all contained in PSB,. (Here we
view 8By as the singleton monoid consisting only of the empty braid.) Specifically, we
have

8B, = {8 € PSB, | dom(B) = im(B) = k}
for each k. The next lemma will prove useful on a number of occasions.

Lemma 4 Let § € PSB, and put A = dom(f3), B = im(8), and k = |B|. Then
0 = paBAp € SBy is the unique singular braid on k for which = As0pp.

6



Proof Sinceim(p,) = A = dom(f3), and im(3) = B = dom(\p), we see that |B| =8| =k,
and we immediately deduce that § € SB;. We also have
MaBpp = AapaBrpps = calep = 5.

Finally, if v € SBj, also satisfies = Aaypp, then

v = exver = paravpeis = paBrs = .

This completes the proof. O

This structure will allow us to characterize Green’s relations in a more computable way.
With this in mind, we first recall some structural results from [27] concerning the sin-
gular braid monoid §B,,. For 1 < i < n —1 and § € B, we define a singular braid
Yip = B toim 3 € 8B, and put

Iy={vigll<i<n-1, f€B,}.

We write G,, = (I',) for the submonoid of SB,, generated by I',. By [27, Lemma 2.3], we
have the internal semidirect product decompositions

SB, =G, x B, =B, xG,.

(Further information is given in [27] concerning the structure of G, as a graph monoid on
the vertext set I',,, but we do not need it here.) So, for any 5 € SB,,, we have

B = La(B)Rp(B) = Le(B)Ra(P)
for unique Lg(3), Ra(B) € G, and Lg(3), Rg(B3) € B,. In fact, we always have

Rp(B8)=Lp(B) and  Re(8) = Lp(B)~ La(B)La(9),

but it will still be helpful to refer to the “four” maps Lg, Rg, L, Rg. Note also that if
5 € 8B, and v € B, then

La(Bv) = La(B), Rp(Bv) = Re(B)7,
Lp(v8) =vLp(B), Ra(v8)= Ra(fB).

For 0 < k <n, we will write L¢,, etc. for the corresponding maps on SBj.

Theorem 5 Let 3,y € PSB,, and put k = |3|. Then

(i) BZ~ <= dom(B) = dom(7) and Ly (B) = Lex(3);
(i) L7 «= im(B) =im(¥) and Rew(B) = Row(7);
(i) Ay = dom(B) = dom(¥), im(B) = im(), Law(B) = Lex(F), and Reu(B) =
Rex(7); and



(iv) BFy < 82y < |l =k and Lox(B), Rox(B), Law(3), Rax(A) are all
conjugate via braids (from By).

Proof We start with part (i). Suppose first that dom(3) = dom(%) and LG;k(B\) = Lcx (7).
Put
A =dom(f) = dom(y), B=im(f), C =im(7).

Now
B = )\AB/OB
= AaLq(6 )RGk
= MLar(V)Rp (RBk( ))
= MYex(Rpi(7))  Ri
6l

Bk
= Aa7pcre(Rex(Y)) 'Ry, ()PB
=,

)

(
(

Q)Q

)PB
)

1

1

RB;k(B)pB

where oo = \¢ (RB;k@))_lRB;k(B\)pB, and throughout (RB;k@))_l denotes the inverse with
respect to €y, the identity of B. Since o € ZB,,, we have oo C ¢ for some braid ¢ € B,, and,
since dom(@) = C' = im(%), it follows that § = ya = v so that § %~ by Lemma 3(i).

Conversely, suppose 3% 7. Then 8 = ~§ for some ¢ € B, by Lemma 3(i). Now dom(7) =
dom(7yd) = dom(f3) since ¢ is a permutation. Write

A =dom(B) =dom(¥), B=im(3), C =im(¥).

Note first that Cd = im(¥)d = im(79) = im(B) = B since ¢ is a permutation. We also
have

B = Pep = voep = Aa(YpcdAs)ps.

But pcoAp € By since 0 € B, and C6 = B, so it follows that JpcdAp € SBi. But then
Lemma 4 implies that 7pcd g = 5, and it follows that

Lew(3) = Law(Apcors) = Law(B).
This completes the proof of (i).

Again, (ii) follows from a dual argument, and (iii) is an immediate consequence of (i)
and (ii).

For (iv), we have already established in Lemma 3 that ¢ = 2. Put
A=dom(3), B=im(3), C=dom(y), D =im(7).

Suppose first that §_#~. Then § = 6,70, for some 91,02 € B, by Lemma 3(iv), and it
follows that |y| = |8 = k. Now

5 = paBAB = padi1702Ap = pAél)\C;)\/pD52>\B = OKﬁOéz,
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where a; = padi1Ac, as = ppdoAp € B. We then have

Lak(B)Rpw(B) = B = aifjas = a1 Lak(7) Rpp(7) s = [a1 Law(F)or e Rp (V) .

(Again, a; ' denotes the inverse in By.) Since ayLagr(F)a;’ € Gy and ayRp(Y)ay € By,
it follows by [27, Lemma 2.3] that Lg(3) = a1Lgx(J)a;!. The forwards implication is
now proved, since Lg.; (1) and Re.i(p) are always conjugate via braids for any p € SB,

as we noted before the statement of the theorem.

For the reverse implication, suppose || = |y| = k and

Lex(B) = aLgr(@)a ™,

where a € Bj, and a~! denotes the inverse in Bj. Then

g = )\AB/OB

= MLey(B)Rpw(B)ps

= MaLgi(3)a  Rex(B)ps

= AaLeu(3)Rpa(@) (Rpx (7))~ o™ Rpa(B)os
= A gQerek (RB;k@))_IOé_lRB;k(B\)PB

= ANAapcAcYPpAD (RB;k@))_loé_lRB;k(B)pB

= 017Qg,

where a1 = A\japc and ag = )\D(RB;k(ﬁ))_la_lRB;k(B)pB. Now aq, 9 € I8, so we
choose any braids 41, 0o € B,, such that a; C ¢; and as C 0. Since im(@;) = C = dom(7)
and im(%7) = D = dom(ay), we have

B = ajyag = 01702,

so that §_# v by Lemma 3(iv). This completes the proof. O

Remark 6 Theorem 5 yields an algorithmic solution to the problem of determining
whether two partial singular braids are equivalent under one of Green’s relations. In
each case, the problem breaks down into (i) the computation of various domains and/or
images (this is trivial), (ii) the computations of various L and/or Rg. factors (this is
again trivial; see [21]), and (iii) a solution to the word problem [9] in the case of Z, .2, 7,
or the conjugacy problem [10] in the case of ¥ = 7.

Characterizations of Green’s relations in ZB,, and SB,, may be obtained directly, but to
the author’s knowledge are not stated anywhere in the literature. In any case, they are
immediate consequences of Theorem 5 (and parts of its proof), so we state them here.



Corollary 7 Let 3,v € IB,,. Then
(i) BZ~y <= dom(f) = dom(7);
(i) 8Ly <= im(B) = im(7);
(iii) B.# v <= dom(3) = dom(¥) and im(B3) = im(¥); and
(iv) BIy <= BZy <= [Bl=l =

Corollary 8 Let 3,v € SB,. Then
(i) BZy < La(B) = La(7);
(ii) 8Ly <= Ra(B) = Ra(7);
(ili) Ay <= Lc(B) = La(v) and Ra(B) = Ra(7); and
(iv) B Iy <= BPv < Lc(B), Ra(B), La(7), Ra(vy) are all conjugate via braids. O

4 The Pure Partial Singular Braid Monoid

It is immediate from the definitions that By = 7 for all 3,7 € PSB,, so we have an epi-
morphism PSB,, — Z, : § — ( which naturally extends the permutation map SB, — S,,.
We define the pure partial singular braid monoid

PSP, = {3 € PSB,|f=ids (3ACn)}.

Note that PSP, is the preimage under the above map of E(Z,), the semilattice of idem-
potents of Z,,. Key submonoids of PSP, include

e SP, = PSP, NSB,, the pure singular braid monoid [24];
e TP, = PSP, NIB,, the pure inverse braid monoid [16]; and
e P, =PSP,NB,, the pure braid group [3, 4].

The following diagram displays the various inclusions and intersections.

PSB,
SB, 1B,
N
Pa

10



In this section we study the pure partial singular braid monoid PSP,,, and record a number
of structural results concerning generation. With this in mind, for 1 < i < j < n, we define

oy = (07! 07.4)07 (041 -+ - 0-1) € P,
Vig = (00 - 0,0) 0T (i1 -+ 051) € SP.

In the notation introduced after Lemma 4, we have «;; = ~; 3, where § = 0,41 ---0;_1. See
Figure 5 for an illustration.

| T3

Figure 5: The pure braid «;; (left) and pure singular braid 7;; (right).

It is a standard result that P, is generated (as a group) by the «;;; see for example [4, 6].
The next result has its origins in [24]; see also [13].

Proposition 9 The pure singular braid monoid SP, s generated as a monoid by the
set T, = {aiijl,%ﬂl <i<j<n}.

Proof We clearly have T,, C SP,,. Conversely, suppose 5 € SP,,. Now = Lg(8)Rp(5)
and, since Lg(B) € G, C SP,, it follows that Rg(8) € P, = <aiijl |11 <i<j<mn).
So it suffices to show that the generators ;5 = o710 of G, belong to (Y,). But,
since ;5 = 6 17,410, so it is enough to show that 619,60 € (T,) forall 1 <i < j<n
and 0 € B,,. Now one may easily check that

(041'__11,,%—14042‘—1,2' it k=i—-1
Vit1,5 if k=i#j—-1
o3 Yok = Qi i1y if k=j—1%#i
Vi,j+1 if k=
L Vij otherwise,
and
(i1, if k=i—1
Qi1 1%it 1,50 41 fk=i#j—1
Uk%‘jak_l = q Vij—1 if k=j—1+#1
ij,j+1%,j+104j_,}+1 it k=
L Vij otherwise.
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+1

The desired result now follows by a simple induction on k, where 6 = o~ - - Lot O

(7

Remark 10 The author has not calculated a set of defining relations for SP, with
respect to the generating set T,. Relations may easily be obtained by first obtaining a
presentation with respect to the infinite generating set I'), U {af;-l |1<i<j<mn}, using
the semidirect product structure of SP,, = G, X P,, and presentations for G,, (as a graph
monoid) and P,, but the resulting presentation is infinite. The author suspects that SP,,
is not finitely presented (although it is of course finitely generated).

For A C n we define

TA:{O(;SI,’}/ij|1§i<j§n, ’L,jEA}

The next lemma is one of the key steps in establishing a presentation for PSB,, in the next
section.

Lemma 11 Let § € PSP, and put A = dom((). Then 3 = a7y for a unique v € (Y 4).

Proof We first prove existence. Now (G C § for some singular braid § € S§B,, and so
B =0|la =¢e4d. Now for all i € A we have

i0 = (i(ida))0 = icad = i =1,

since 3 is pure. So we may write & = (i1, 1) - (i, jx) as a product of transpositions,
where 1 <i, < j, <nandi,,j. € n\ Aforall r € k. Let @« =0y, - 04 € By, where

gij = (aj__ll o oo o).

Then €4 = €4, as can easily be checked diagrammatically. But then, putting §; = a0, we
have
ﬂ = €A5 = é?AOz(S = 5A517

and 3 3
01 =ad = (i, Jr) - - (41, 71) (41, 1) - - - (i Ji) = L.

Thus §; € SP, = (T,,), so we have ; = & ---& for some &;,...,& € T,,. If all of the &
belong to T 4 already, then we are done. Otherwise, if ¢ € £ is minimal so that § € T,,\ T 4,
then we have €4§; = €4, so that

B=¢ca01 =¢cab1 - &i1&ibiv1 &
=& &iea&ilin &
=& Gm1gaiv &
=eab1 - &i1&iv1 &
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Since & -+ & 1&41 - - - & has one fewer appearence of a generator from T, \ T4, we are
done after applying an induction hypothesis.

To establish uniqueness, if § = 47 = 47 where 7,7 € (Y 4), then an isotopy from e 47
to €47 in (an isomorphic copy of) SP|4 may be extended to give an isotopy from 7 to
in SP,, by adding the remaining n — |A| strings (as straight strings passing behind the
pre-existing strings) and keeping them out of the way during the isotopy. a

5 A Presentation

It is our task in this section to find a presentation for PSB,, with respect to the generating
set

Y, ={of', ..ot yu{n,. . Tt U e, en)

»Yn—1

from Corollary 2. With this in mind, define alphabets
S={s1,....801}, St={si'...,s ), T={ti,....tn.r}, E={er...,en},

and put
X =SUSTTUTUE.

Since PSB,, = (¥,), we have an epimorphism

@:%*HPSB,@:S?EIHUZ#I, t; — Ti, € &;.

Consider the set Z of relations

sis7 =578 =1 for all 7 (R1)
$iSj = 8;8; if i —j]>1 (R2)

S$iSjSi = $jSiS; if i —j|=1 (R3)

tit; = tit; if i —j| > 1 (R4)

sity = 1;5i if |i—j[#1 (R5)

$iSjti = 178:8; if i —j|=1 (R6)

el = e; = ;57 = sie; for all 4 (R7)
eej = eje; for all i, (R8)

Si€j = €;8; if j#id,i+1 (R9)

€i€it158; = €;€iy1 for all ¢ (R10)

tie; = ejt; if jA£4,i+1 (R11)

tie;i = Si€; = €;418; = €;41t; for all . (R12)

It is our goal to show that PSB, = (2 |#). From now on we denote by ~ = %* the
congruence on 2 * generated by Z. Since we know that ® is an epimorphism, our task is
to show that ker & = ~.
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Lemma 12 We have the inclusion ~ C ker ®.

Proof This amounts to a check that relations (R1—R12) are preserved by ®. Now Z
contains defining relations for SB,, in (R1—R6), and for ZB,, in (R1—R3), (R7—R10),
and part of (R12); see [5, 7, 22] and [16, 20] respectively. So it remains to check that the
equations

Ti€j = €T; if j#4,1+1
Ti€i = 0i€; = €i41T; for all
hold in PSB,,. This may be easily accomplished diagrammatically. O

The observation in the previous proof that Z contains defining relations for SB,, and ZB,,
immediately implies the following.

Proposition 13 If u,v € (SUSTUT)* or u,v € (SUS™ U E)*, then u® = vd
mmplies u ~ v. O

Next we record a technical lemma which will allow us to prove, in Corollary 15 below, a
“word version” of the factorization PSB,, = £,58B,, from Proposition 1.

Lemma 14 Let1 <i<n—1and1<j<n. Then

(€i+132i1 if j=1
sile; ~ < esit if j=i+1 (14.1—14.3)
L €; st otherwise,
(€1t if j=1i
tiej ~ < eil; it j=i+1 (14.4—14.6)
Lejti otherwise.

Proof Relations (14.1—14.3) follow by Proposition 13 and a simple diagrammatic check,
while (14.4) and (14.6) follow immediately from (R12) and (R11) respectively. For (14.5)
we have

ticit1 ~ 57 sitiein by (R1)
~ 87 tieis; by (R5) and (14.2)
~ si_leiJrlsiti by (R12) and (R5)
~ s sieqt; by (R12)
~ eit; by (R1). O

14



For ACnwithn\ A={i,...,i} and i; < --- < iy, we define a word
ea=¢€;, €, €L,

noting that e,® = 4.

Corollary 15 Let w € Z* and put A = dom(ﬁ). Then w ~ eqw’ for some word
w e (SUSTTUT)* .

Proof By repeatedly applying Lemma 14 (if necessary), we have w ~ w”w’ for some
w” € E* and w' € (SUSTTUT)*. By (R7—RS), we have w” ~ ep for some B C n. But
then

B = dom(idp) = dom(gp) = dom(gpw'® ) = dom( (epw’)® ) = dom(wP) = A

since w'® is a permutation. This completes the proof. O

We now define words, for 1 <i < 7 <mn, by

Qij = (3]'_—1 e 'S;Jrll)szz(siﬂ e 8jo1)
9ij = (s71y - si)siti(sign -+ - 55-1),
noting that a;;® = ay; and ¢;;® = ~,;;. We put
Un:{af';l,glj|1§1<j§n}

Here and elsewhere, if w = s:'-- ~si1 is a word over S U S~!, we denote by w™! the

word s;' -+ s7!, noting that ww ™ ~ w™w ~ 1 for all w € (SUS™H)*,

Lemma 16 Let w € Z* be such that w® = idy for some A C n. Then w ~ e w' for
some w' € (Uy,).

Proof Now w ~ e w” for some w” € (S US™ UT)* by Corollary 15. As in the proof of
Lemma 11, we fix some factorization

w"d = (ilajl) U (Zkv.]k)

of w”® into transpositions, where 1 <4, < j, < n and i,,j, € n\ A for each r € k. Put

" f— . - . . - .
w" = 8;,5, ** - Siy;, Where

Sij = (5;—11 o 'S;Jrll)si(siﬂ e 8jo1)

n

Then e4(w”®) = €4 in I8, and it follows that e4 ~ eqw” by Proposition 13. Now put

wl/l/ — wl/lwl/' Then

WP = w"®w'® = (ix, ji) - - - (ir, 1) (@, 1) - - (g, Ji) = 1.

15
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It follows, by Propositions 9 and 13, that w"”” ~ w’ for some w’ € (U,,), and so

o eAw -~ eAw”'w” _ eAw//// -~ eAw/’

and the proof is complete. O

Lemma 17 Let1 <i<j<nand1 <k <n. Then

agtjlek ~ ekagtjl (17.1)
9ij€k ~ €KGij- (17-2)

Further, if k € {i,j}, then
€ka2:-51 ~ €CL ~ ekgij- (173)

Proof Relation (17.1) and the first part of (17.3) follow from Proposition 13 and a simple
diagrammatic check. For (17.2), first observe that

Sitieq ~ €gS;t;

for any ¢, by using the two relevant parts of Lemma 14. We then have

9ijCk = (Sg 1 2+1)S ti(Si1 - Sj—l)ek
~ (5;_11 : Z+1)S tieo(Sig1 -+ 8j-1) for some ¢, by (14.1—14.3)
~ (5_11 : Z+1)648 ti(Sig1 - 85-1) by the observation
~ ex(s; s ) siti(Sier e sio1) by (14.1—14.3) again

= €kYij,
establishing (17.2). To complete the proof of (17.3), observe first that
eesit; ~ egs? if L€ {i i+ 1}.
Indeed, we have
eisiti ~ Si€ip1ti ~ Siiy18i ~ €;5;

by (14.2) and (R12), while

2
€it1Siti ~ €iy1tiSi ~ €;418;

by (R5) and (R12). It then follows that for k& € {i, j} we have

€xGij = ek(sj 1° 7,+1)8 t (8i+1 o Sj—l)
~ (s5h - 'Si+1)658iti(82‘+1 ---s;_1) for some ¢ € {i,i+ 1}, by (14.1) or (14.3)
~ (sl s )ees(sis1---s,-1) by the observation

~ep(s;ly - s )8 (sipa---sj-1) by (14.1) or (14.3) again

= €rQ;j,
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and the proof is complete. O

For A C n we put
UA:{afcjl,gij|1§i<j§n, Z,jeA}

The next result is an improvement of Lemma 16, and is “almost” a word version of
Lemma 11.

Lemma 18 Let w € 27* be such that w® = idy for some A C n. Then w ~ e w' for
some w' € (Ua).

Proof By Lemma 16 we have w ~ e w” for some w” € (U,). Write w” = z; - - -z, where
x1,...,x, € U,. If each of x4, ..., x; belongs to U, already, then we are done. Otherwise,
let i € k be minimal so that z; € U, \ Us. Then we have z; = ¢! or z; = g,, for some

1 < r < s < n such that either r or s belongs to n\ A. Let ¢ € {r,s} be such that
g € n\ A. We then have

W~ €ATy " Xj—1TiTj41 ** * Tk

N epACGTY LT T - T, by (R7—R8)

N AT Ti1€qTiTig1 * - T, by (17.1—17.2)

N eATY L€ Tig c - T by (17.3)

N~ EAT] X1 Tig1 t Tk by (17.1—17.2) and (R7—RS) again.

Since x - - - X;_1T;41 - - - Tx contains one fewer factor from U, \U 4, we are done after applying
an induction hypothesis. O

We are now ready to prove the main result of this section.

Theorem 19 We have the presentation PSB, = (X |#).

Proof It remains only to show that ker ® C ~, so suppose (wi,ws) € ker @, and put
A= dom(wlé) = dom(wgé). Then

Wy ~ eaw] and Wy ~ €AW,

for some w/,w) € (SUS'UT)* by Corollary 15. Choose any w € (S U S™!)* such that
wd = wi(I)_l and put

" / " _ /
W] = ezqw;w and Wo = €AWyW.

Then

wi® = (eawjw)® = (w1w)® = (wow)® = (eawyw)® = wy®.
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This implies that

wi® = P = e, ®w ®wd =idy,.
By Lemma 18 we therefore have

" n " "
W) ~ e w; and Wy ~ €AWy

for some w’, wy" € (Uy). It then follows that

eA(w]'®) = wi® = wid = e (wh D),

and so w}'® = w)'® by Lemma 11, since w}’,wy’ € (Y4). But /", w) € (SUS~'UT)*

and so w{" ~ w}’" by Proposition 13. Putting this all together, we have

1 1 n, —1 m. . —1

= wiw™ ~ e u"wt ~ e wlwt ~whw™?

wy ~ eqwiww” = eqwhww ™! ~ ws,

and the proof is complete. O

Remark 20 Presentations utilizing the alphabet S U S™' U {ej,t;} may be derived
from (2" | Z ), in view of the equations

e =0 e1bu

—1,5-1
T, = 512- ﬂg,iﬂﬁﬂziﬂﬂu

where §;; = 0;---0j_1 for each 1 < ¢ < j < n. Such a presentation would then include
the original presentation [12] for ZB,,, and also a presentation for SB,, in terms of gener-
ators {07!, ..., o, 71 }; to the author’s knowledge, such a presentation for SB,, has not
been written down anywhere, although the relations are easy enough to obtain from those
in [5, 7, 22] and share similarities to presentations of the factorizable and permeable braid
monoids §B, and BB, of [15, 18]. Of course, the set {07, ... -1, } is not a minimal gen-
erating set for the braid group B,,, as these 2(n—1) generators may be replaced by the three
braids o1, 09 -+ 0n_1, 0, ---0;'. The resulting five-element generating set for PSB,, is
certainly minimal, but it is the opinion of the author that a set of defining relations with

respect to these generators would not be “natural” enough to warrant investigation.

6 The Desingularization Map

The primary reason for the introduction of the singular braid monoid SB,, in [5, 7] was its
connection to Vassiliev invariants of knots and links; see also [28]. The exact connection
lies in the existence of a homomorphism from SB,, into the complex group algebra C[B,,]
of the braid group induced by ¢;** + ¢3! and 7; — o0y — 0; '. It was conjectured in [7],
and proved in [27], that this homomorphism—the so-called Vassiliev homomorphism, or
desigularization map—is injective. In this section we derive a similar result for the partial
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singular braid monoid PSB,,; specifically, we show that there is a natural desingulariza-
tion map from PSB, into the complex semigroup algebra C[ZB,] of the inverse braid
monoid ZB,,, and we show that this map is injective.

We begin by defining a map

£1 +1
s, > 0;

w%*ﬁC[IBn] € — &;

t; — %(ai +a[1).

A simple check of the relations shows that ~ C kert, so that 1 induces a homomor-
phism 2™/~ — C[ZB,]. By Theorem 19 it follows that we have a well-defined homomor-
phism

U :PSB, — C[ZIB,]

under which
+1 +1 -1
o V=0 eV =g, 7¥= %(ai—l—ai ).

70

As alluded to above, it is our goal in this section to show that ¥ is injective.

Remark 21 The exact form of t;1) = %(0; + 07 ") was chosen with relation (R12) in
mind. If we had instead chosen to define t;4) = 0; — 0; " as in [7], or t) = 0; + 0, ! as
in [24], then (t;e;)1 would have been equal to 0, or 20;e;, respectively, in either case not
preserving (R12). If we instead define t;10 = a;0; + bjo; ! for some collection of scalars
a;,b; € C and want ~ C ker ), then (R6) forces a; = a; and b; = by for all i, while (R12)
forces a; +b; = 1. If a3 = 0 or by = 0, then the induced map ¥ : PSB, — C[IB5,]
would not be injective, since then o; "W = ;¥ = 0, ! or 0;¥ = ;¥ = 0, respectively. The
arguments we use throughout this section may easily be adapted to treat the more general
map defined with non-zero aq, by satisfying a; + b; = 1 as above.

Recall that for 0 < k < n, the singular braid monoid By is contained in PSB,, as the set of
all 5 € PSB,, satisfying dom(/3) = im(f) = k. We will denote by a;[kl, T (1=1,...,k—1)
the canonical generators of SBy. Note that we have

+1 +1 _
Ok = €k0; and Tik = €T

for each i. By [7] and [24], for each 0 < k < n, there exist homomorphisms

: .l +1
M : SBy — C[By] @ 033, = 033, Tigk = ik —

. R § +1
Ck . SBk — (C[Bk] : Ui;k — O’i;k’ Tisk ¥ Ok +

Ui;k
-1
Ui;k

In [24] it was shown that injectivity of 7 is equivalent to injectivity of (; and, in [27], the
injectivity of n; (and hence also of (;) was demonstrated. To simplify subsequent proofs,
it will be convenient to record the next intermediate result.
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Lemma 22 For all 0 < k <n, the map

§e : SBr — CBy] : f+— %(5@)

s an injective homomorphism.

Proof Using the rule N(Gv) = N(8)+N(v) for all 8,y € SBy, and the fact that ( is a ho-
momorphism, we quickly deduce that &, is a homomorphism. Suppose now that 3,~v € SB;,

are such that &, = v&,. Now
Bé = cso,

d€By

where only finitely many of the coefficients ¢5 € C are non-zero. Put = = {0 € By | ¢s # 0}.
By definition of (j, there is a unique braid 4, € = of maximal exponent sum (the exponent
sum of a braid § € By, is ry + -+ - + r, for any expression § = 07! w ~0;'1.), and we clearly

have cs, = 2,\,%. Since (& = &, it follows also that c¢5, = 2N—<v> and so N(f) = N(v).

But then
B = 2YO(8g) = 28D (v&) = ¢,

so that 3 = =, by the injectivity of (. This completes the proof. O

Lemma 23 For all 0 < k < n, the restriction V|sp, is injective.
Proof If £ = 0,1 then SB;, has only one element and the result is trivial, so suppose k > 2.
One easily checks the formulae

Zikl‘lf = Jfkl and TV = %(ai;k + al_kl)
So ¥ and & agree on the generators of SBj, and it follows that V|sg, = &, and we are
done by the previous lemma. O
We have now come to the main result of this section.

Theorem 24 The desingularization map V : PSB,, — C[IB,,] is injective.

Proof Suppose 3,7 € PSB,, are such that f¥ = yW. Write

ﬂ‘y = 2{: 655,

0€IBn

where each cs € C, and put = = {§ € ZB,, | c; # 0}. We have 6§ =
definition of ¢. It follows that 3 = 7. Put A = dom(f3), B =
3,7 € SB; be as in Lemma 4. We then have

BY = (paBAp)¥ = (pa¥)(BY)(Ap¥) = (pa0)(YT)(Ap¥) = (payAp)¥ = FT,

B_ rall 0 € =, by the
im((), and k = |3|. Let
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so that B =7 by Lemma 23. But then

B=AaBps = A\dps = 7,

and the proof is complete. O
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