INTERMEDIATE WAKIMOTO MODULES FOR AFFINE sl(n+ 1)

BEN L. COX AND VYACHESLAV FUTORNY

ABSTRACT. We construct certain boson type realizations of affine sl(n + 1)
that depend on a parameter 0 < r < n such that when » = 0 we get a Fock
space realization appearing in Cox* and when r = n they are the Wakimoto
modules described in the work of Feigin and Frenkel®.

1991 Mathematics Subject Classification. Primary 17B67, 81R10.
1



2 BEN L. COX AND VYACHESLAV FUTORNY

1. INTRODUCTION

Wakimoto modules for affine Lie algebras were introduced by B. Feigin and
E. Frenkel in 1988 by a homological characterization®. These modules admit a
remarkable boson realization on the Fock space due to Wakimoto!* for §I(2), and
B. Feigin and E. Frenkel® for f:[(n) which plays an important role in the conformal
field theory providing a new bosonization rule for the Wess-Zumino-Witten models.
Wakimoto modules have a geometric interpretation as certain sheaves on a semi-
infinite flag manifold described in B. Feigin and E. Frenkel®. They belong to the
category O and generically are isomorphic to corresponding Verma modules. There
are numerous other authors who have explicitly constructed Wakimoto modules for
affine Lie algebras other than sl(n + 1).

Affine Lie algebras admit Verma type modules associated with non-standard
Borel subalgebras which is described in the work of B. Cox?, S. Futorny and H. Saifi’
and H. Jakobsen and V. Kac!!. In particular modules associated with the natural
Borel subalgebra were first introduced by H. Jakobsen and V. Kac in 1985''. They
were studied by V. Futorny® under the name of imaginary Verma modules.

A Fock space realization of the imaginary Verma modules for s[(2) were con-
structed by Bernard and Felder' and then extended by the first author to the
case of g[(n)“. These realizations are given generically by certain Wakimoto type
modules.

The main motivation for our work was a problem of finding suitable boson type
realizations for all Verma type modules over sl(n+1). In Theorem 3.1 we construct
such realizations, intermediate Wakimoto modules, for a series of generic Verma type
modules depending on the parameter 0 < r < n. If r = n this construction coincides
with the boson realization of Wakimoto modules in B. Feigin and E. Frenkel®.
On the other hand when r = 0 the obtained representation gives a Fock space
realization described in the work of the first author?. Using this realization we plan
to discuss the detailed structure of intermediate Wakimoto modules in a subsequent

paper.

2. PRELIMINARIES

Fix a positive integer n, 0 < r < n, v € C*. Set k = 42 — (r +1). Let
g=sl(n+1,C)and let E;j, ¢,5 =1,...,n+1 be the standard basis for gl(n+1,C).
Set Hz = E” *Ei+1,i+1; Ez = L i1, E = Ei+1,i which is a basis for 5[(’ﬂ+ 1, C)
Furthermore we denote the Killing form by (X|Y) = tr (XY) and X,, = t™ @ X
for XY € gand m € Z. Let {a1,...,a,} be a base for AT, the positive set of
roots for g, such that H; = &; and let A, be the root system with base {ay,..., .}
(A, =0, if r = 0) of the Lie subalgebra g, = sl(r + 1,C). A Cartan subalgebra
(respectively 9,.) of g (respectively g,) is spanned by H;, i = 1,...,n (respectively
t=1,...,7) and set Hy = 0.

For any Lie algebra a, let L(a) = C[t,t"!] @ a be the loop algebra of a. Then
d=sl(n+1,C) = L(g)®Cc®Cd and §, = L(g,)®Cc® Cd are the associated affine
Kac-Moody algebras with fj =9HdCcdCd and fjr = 9, ® Cc ® Cd respectively.

The algebra § has generators Fipn, Fim, Him, i = 1,...,n, m € Z, and central
element ¢ with the product

(X, Y] = ™ [X, Y] + Smsn.om(X[V)e.
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2.1. Oscillator algebras. Let a be the infinite dimensional Heisenberg algebra
with generators a;jm, a;j,,, and 1, 1 <4 < j < n and m € Z, subject to the
relations

[@ij,ms Qkin] = a5 1y @l 0] = 0,
[aij,m, a’Zl,n] = 6ik6j15m+n7017
[@ijms 1] = [ajj 1, 1] = 0.
Such an algebra has a representation p : @ — gl(C[x]) where
denotes the algebra over C generated by the indeterminates x;;,, and p is defined
by
. 0/0%ijm if m>0, and j<r
plaijm) : = .
Tijm otherwise,
. Tij,—m if m<0, and j<r
p(ai_j,m) F= .
—0/0x;ij—m  otherwise.
and p(1) = 1. In this case C[x] is an @-module generated by 1 =: |0), where
aijm|0) =0, m >0 and j <, [0)=0, m>0o0r j>r.
and 1, where 1 <17 <

a;‘j,m
Let a, denote the subalgebra generated by a;j, and as;,
j<randmeZ Ifr=0, weset a, =0.

Let A,, = ((ai]ej)) be the Cartan matrix for sl(n+1,C) and let B be the matrix
whose entries are

T
Bij = (o) (7? = GisrGjsr(r + 1) + §5i,r+15j,r+1)

S 1 if i>r,
=T 0 otherwise.

m

where

In other words

B =24, — (r+1) <8 AO > +7Er i1 rt1-

We also have the Heisenberg Lie algebra b with generators b;,, 1 < 1 < n,
m € Z, ]., and relations [bzm7 bjp] = m‘Bij5m+p701 and [bzm7 1] =0.

For each 1 <i < nfix \; € C and let A = (Ay,...,\,). Then the algebra b has
a representation py : b — End(C[y]x) where

Cly] := Clyiml|i,m € N*, 1 < i < n]
and py is defined on Cly] defined by

0
pa(bio) = Ai,  pa(bi,—m) = €i - Ym, pa(bim) =me;- =— for m >0

OYm
and py(1) = 1. Here
B o [ 0 )
R (3y1m"” ’8ynm)

and e; are vectors in C" such that e;-e; = B;; where - means the usual dot product.
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Note that since 9B;; is symmetric, it is orthogonally diagonalizable, (i.e. there
exists an orthogonal matrix P such that P*BP is a diagonal matrix) and hence we
can find vectors e; in C™ such that e; - e; = B;;. In fact for m > 0 and n < 0 we
get

[bim7 b]n] = [mei :

o
aym’ i Y-n

0
=m ;[ezk T €j1Yl,—n)

= m5m+n,0 g €ik€ik = m5m+n,0%ij-
k

(See also the work of B. Feigin and E. Frenkel.)

2.2. Formal Distributions. We need some more notation that will simplify some
of the arguments later. This notation follows the books of A. Matsuo and K.
Nagatomo'* and V. Kac'?: A formal distribution is an expression of the form

a(z,w,...) = Z o, 2" W™
m,n,---€%L

where the a, ... lie in some fixed vector space V. We define da(z) = d.a(z) =
>, na,z" 1. We also have expansion about zero: there are two canonical embed-
dings of fields ¢, 4 : C(z — w) — C[[z,w]] and ¢y, : C(z — w) — C[[z,w]] where
Lz w(a(z,w)) is formal Laurent series expansion in z~! and —t,, »(a(z,w)) is formal
Laurent series expansion in z. The formal delta function 6(z — w) is the formal
distribution

iz —w) = 2_17;2(5)71 = lzw (z—1w> — lw,z (z—1w> .

For any sequence of elements {a () }mez in the ring End(V'), V' a vector space, the

formal distribution
a(z): = Z agmyz” ™t
MEZL

is called a field, if for any v € V, a(,yv = 0 for m > 0. For a field such that a(y,)
are creation operators for m < 0, we set

a”(z):= Z apmyz” ™!, and  at(2) == Z agmyz” ™

m>0 m<0

Observe that a;;(z) for j > r is not a field whereas aj;(z) is always a field. We also

define . .
0~ - = lzw \ —— 5+ - = lwz\ — |-
(z —w) =ty <z—w>’ (z —w) L, (z—w)

Note that

Finally we use the convention

a;; (2) : =0, and a;;-(z) = a;;(2),

aii (2):=al(z), and ajf(2):=0 for j>r.

ij
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The normal ordered product of two formal distributions a(z) and b(w) is defined
by
ca(2)b(w) == a™ (2)b(w) + b(w)a~ (2).
For any 1 <i < 5 <n, we define

)= a2 " ag(z) =Y agezr "

nez ne”Z

_ Z binzfnfl

ne”Z

and

In this case

[bi(2), bj(w)] = Bi;0ud(z — w),
lai;(2), ag(w)] = 6ird;16(z — w).
Let
(2.1) [ab) = a(2)b(w)— : a(2)b(w) := [a~ (=), b(u]

(half of [a(z), b(w)]) denote the contraction of any two formal distributions a(z) and
b(w). For example if j,I < r, then

1
(2.2) |aijan] Z 0ikdjiz™ m=lym — 0i 10510 (2 — w) = 0ik0j1 Lz <—>

zZ—w
m>0

1
(2.3) |apai] = Z dikdjiz"w -l —6ik6jl(5+(w —2) = 001 Lz w ( > .

w—z
n<0

We need the very useful Wick’s Theorem?12:14:

Theorem 2.1. Let a;(z) and b;(z) be formal distributions with coefficients in the
associative algebra End(Clx] ® Cly]), satisfying
(1) [laibj],ck(2)) =0, for alli,j, k and ¢ = a or

c=b,
(2) [a?(z),b;-t(w)] =0 for alli and j.
Then
k
car(z)az(z) - -ak(z) : b(w) = Z cay(z) - lab] - ak(z2)
i=1
and
:a1(2) - am(2) b (w) -+ b (w) =
min(m,k)
S X Lot Lo ) ) B i
BEE
where the subscript (i1,...,1s;J1,--.,Js) means that those factors a;(z), bj(w) with
indices i € {i1,...,is}, j € {j1,...,Js} are to be omitted from the product

car(2) - am(2)br(w) - - b (w) =
The proof is identical to that in Kac'? even though it is stated for fields a;(z)

and b;(z) in that text.
We will also need the following two results.
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Theorem 2.2 (Taylor’s Theorem!'?14). Let a(z) be a formal distribution. Then in
the region |z — w| < |w],

(2.4) a(z) = Z 0D a(w)(z —w).

Theorem 2.3 (Kac'?, Theorem 2.3.2). Let a(z) and b(z) be the formal distributions
with coefficients in the associative algebra End(C[x] ® Cly]). The following are
equivalent

N-1
(i) la(z Z oy w)c (w), where ¢ (w) is a formal distribution with
coefficients in jE:I(l)d(C[ ] ® Cly]).
N-1 1 ‘
(i) Lob] = 3 e (e ) ),

Jj=0

In other words the singular part of the operator product expansion

N-1 1
b = Y te (i ) )
7=0
completely determines the bracket of mutually local formal distributions a(z) and
b(w). One writes

For example
5

bi(2)bj(w) ~ G- w)y?

2.3. Verma type modules. For a Lie algebra a we denote by U(a) the universal
enveloping algebra of a.

Let g. be a root subspace of g corresponding to a root o, n* = ®ycatg+a
and g = n~ © 9 ®n' a Cartan decomposition of g. Denote also n- = ntn 9,
wt(r) = ot \ nf,

B, = L(n"(r)) ® (0, @ C[t]) & ((n,) © ) @ C[t]t).

Then Bf =B, f) is a Borel subalgebra of g for any 0 < r < n.
Fix A € $* and consider a g-module

M, () =U(g) ®u(s,) Cos

where B,v5 = 0 and hvg = A(h)v; for all h € 9.

Module M,.()) is a particular case of a Verma type module studied in Cox3,
Futorny and Saifi®. When 7 = n it gives a usual Verma module construction. If
r =0 we get an imaginary Verma module.

Let \, = 5"% Verma type module MT(S\) contains a g,-submodule M(S\T) =
U(gr)(1 ® v5) which is isomorphic to a usual Verma module for g,..

Note that the proof given in Kac’s book cited above works also in the setting
that the distributions are not necessarily fields.
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Theorem 2.4 (~Cox3, Futorny and Saifi®). Let A(c) # 0. Then the submodule
structure of MT(/\)~iS completely determined by the submodule structure of M(\).
In particular, M,.(\) is irreducible if M (\,) is irreducible.

3. INTERMEDIATE WAKIMOTO MODULES

Define for 1 <14 <mn,
Ei(2) = Z Bz "4 Fi(2) = Z Fiz7 1 Hi(z) = Z H;, 27" L.
nez nez nez

The defining relations between the generators of g can be written as follows

(R1) [Hi(2), Hj(w)] = (@vi|aj)cdud(w — 2)

(R2) [Hi(z), Ej(w)] = (ailey) Ej(2)6(w — z)

(R3) [Hi(2), Fj(w)] = —(as]a) Fj(2)6(w — 2)

(R4) [Ei(2), Fj(w)] = 6i,;(Hi(2)0(w — 2) + cOwd(w — 2))

(R5) [Fi(2), Fj(w)] = [Ei(2), Ej(w)] =0 if  (ciloy) # —1

(R6) ) )] = [Ei(21), Ei(22), Ej(w)] =0 if  (ay]a;) = -1

where [X,Y, Z] := [X,[Y, Z]] is the Engel bracket for any three operators X,Y, Z.

Recall that C[x] is an a-module with respect to the representation p and Cly]
is a b-module with respect to px. The main result of the paper is the following
theorem where we define a representation

p: 8 — gl(Clx] ® Cly]).
We use the notation p(X,,) := p(X)m, for X € g.
Theorem 3.1. Let A € H* and set \; = A(H;). The generating functions
ple) =" = (r+1),

n
p(F)(2) = aii+ Y aijaj

j=i+1
i—1
p(H)(2) =2 : ajaf; : —|—Z (: i — 105, ¢
j=1
n
+ Z (: aijafj D ai+1,jaf+1’j Z) + b;,
j=i+1

i—1 i n i—1

* * * * *

p(Ei)(z) =: aj; E Ok i—1Qf ;1 — E AiQy; | * + E A1,k Qip, — E Ak i—10p;
k=1 k=1 =1

k=i+1
— a;-bi — ((5i>7«(7“ + 1) =+ (Sigr(i + 1) — ’72) Ga;,
define an action of the generators Fun, Fim, Him, 1 =1,...,n, m € Z and ¢, on

the Fock space C[x] @ Cly]. In the above a;j, a}

7 and b; denotes a;;(z), aj;(z) and
bi(z) respectively.
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Theorem 3.1 defines a boson type realization of g[(n +1) and a module structure
on the Fock space C[x] ® Cly] that depends on the parameter r, 0 < r < n.
We will call such a module, an intermediate Wakimoto module and denote it by
Whr (A, 7). The intermediate Wakimoto modules W, (A, y) have the property that
the subalgebra B, annihilates the vector 1®1 € C[x]®C[y], h(1®1) = A(h)(1®1)
forall h € § and ¢(1® 1) = (42 — (r + 1))(1 ® 1). Consider the g,-submodule
W =U(g)(1®1) ~ W, (A7) of W,.(\~). Then W is isomorphic to the
Wakimoto module Wy, 5 of Feigin and Frenkel® where A(r) = A|g,, 7 = v*—(r+1).

Consider \ € §* such that /\|fJ =\ Ac) =72 — (r +1), a Verma type module
M,.(\) and its §,-submodule M (),.). Suppose that M()\ ) is irreducible. In this case
the Wakimoto module W, 5 is isomorphic to M(},). Let W = U(§)W(,)5 and
assume that A(c) # 0. Then by Theorem 2.4 the module M, (}) is irreducible and
therefore isomorphic to W. Hence Theorem 3.1 provides a boson type realization
for generic Verma type modules.

We believe that generically Verma type modules and intermediate Wakimoto
modules are isomorphic. A similar realization must exist for all Verma type modules
over sl(n + 1) and other affine Lie algebras.

4. FORMAL DISTRIBUTION COMPUTATIONS

Set

Hi(z): =2:aya; : +Z (: aji@G; @ — G510, 1 )

+ g aU U D Q1,504 ) .
Jj=i+1

In the above a;j, and a]; denotes a;;(z), aj;(z) respectively.

For any o € AT we can find unique 1 < k <[ < n such that
(41) Qg ;:a:ak+...+al_

Set aq := a; and a}, := af;. Observe that

!
(i) = Z a;lag) = (20104 + Sk<i (61 — 6i—1,1) + 61>i (O — Gig1,k))
=k
= 0ir — Oit1,k — 0i+1 + it1,i41-
Since this is the case we can rewrite
Hi(z): = Z (ai]) @ aqal,
aEAT

Moreover we have

* 5&,5 lzw ﬁ if avﬁ S Aia
(4.2) laaags] = { ( )

0 otherwise

_604 2w _1 f , c A'f‘,
(43) \_a:;aﬁj _ 8Lz, (sz) I « ﬁ r
—0a,50(w — 2) otherwise
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As an example of a computation using formal distributions we have the following
Lemma 4.1. For 1<i<j<n, o,8€ AT,
[Hi(2), aa( —(u|e)aa(2)d (z —w),
[Hi(2), ag(w)] = (aila)ag, (2)0(z — w),
[Hi(2), Owag (w)] = (aila)ag,(2)0u (z — w),
[Hi(2), Hj(w) —(ai]ay) ((1 = 8i>rbjsr)(r + 1) + géi,r-&-l&‘,r-‘rl) Owé(z — w),
[Hi(2),: aa(w)ap(w)as (w) 1]

=(|f+v—0a): aa(w)ag(w)afy(w) :0(z —w)
— 5aeAi (i) (5a,5afy(w) + 6a77a2(w)) Owd(z — w),

w)

I =
]
]
]

w

[Hai(2),: aa(w)ag(w)a (w) ]
= (ily —a = B) : an(w)ag(w)ai(w) : §(z — w)
— 0enr (@il) (65,505 () + dayap(w)) 0ud(z — w).
Proof. Now by (4.2) and (4.3) and by Wick’s Theorem
Z : aij(z)a;‘j (2) : arr(w) ~ dikag(z) La;‘jali
J
and if @ = ap + - - + ay, then
i—1
Hi(2)ak (w) = (2 Dagal; +Z (sajial; - —:aj105,; 4 :)

Jj=1

+ Z Qs — ai+1’ja:+1’j :) )akl(w)
j=1+1
1
~ —(SISZST (6zk - 6i+1,k; - 61',1_},_1 + 6i+1,l+1) a/kl(z)[/z;w (m)
= Or<t(Gik = Oiv1,k — Oiit1 + Gi1141)ar (2)6(2 — w)
1
~ 1<i<r(aile)ar (2)ez,w (m) — brai(aila)ar (2)d(z — w).
On the other hand

W) (2) ~ drere ulean (- (2 ).

Z—w

Combining the above operator product expansions we get the first identity. A
similar computation yields the second identity. The third identity comes from

differentiating the second with respect to w.
On the other hand by Wick’s Theorem

tay(2)ay,(2) = aq(w)ag(w) :
=: aq(w)aj(w)a,(2)ay(2) : +|aaay] : ay(2)aj(w) :
+ lagay | : aa(w)a,(2) : +laaa),||aza,].
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Thus

Ha, (2 Hay (w) = Y (aila)(ay]B) : aa(2)ag(2) = ag(w)aj(w)

a,BeAT

= Y (@la)(18) : aa(z)ag(w)al(z)aj(w) :

a,BeAT

+ Y (@ilB)(ay]B) : ap(w)aj(z) : [apag)

BeEAT

+ ) (aila)(ag]a) : aa(2)af(w) : [aaay]

aeAt
+ Y (aia)(ajla)aaay ] (agaal,

aeAS

which can be rewritten as

o2 o 0] = Y (el (s s = o o

z—w)
aEAj

r
= —(aulay) (1= 055085 ) (7 + 1)+ Soir1041) ud(z = w).
This follows from the calculation below for root system of sl(r 4+ 1): If j < r, then

> (ajla)a = (r +1)ay

aeAf

and

Z (Qry1|a)? =7

aeAf

Again by (4.2), (4.3) and Wick’s Theorem

tay(2)a,(2) i aa(w)ag(w)al,

+ layaa] @ ay(2)ag(w)as (w) :
+ Lal,agj : aa(w)a,*j(z)afy(w) :
+ laval] : an(w)ag(w)ay(2) :
+ (lajaa]lavahlal(w) + |ajaq ] [aval Jaj(w))
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Hence the last identity follows from

Ha, (2) : aa(w)ag(w)al (w) := Z (qilv) ray(2)a;(2) 2 an(w)ag(w)a (w) :

~ Z (V) ((Lal’iaaj : ay(z)ag(w)a:(w) :

+ lavas) : aa(w)ay(2)ay(w) : +ayas] : aa(w)as()al(2)) :
+ (la)aa] laa)a(w) + (aan ] [ayal ) af(w))
~ ((aale) ataa) : aa()aj(w)as (w) : +(ailB)lagas] : an(w)aj(2)as(w) ;
+ (i) La,a3 ] s aa(2)as()a)(w) )
+ (0i]0) (8,00 (10) + b 405 (w)) [a500] [aaa; .

Lemma 4.2.

[aij(2), ajy(w)] = 0ixdj10(z — w)
[aij (2 )aj(z),az]( w) :(w)] —01<i,j<rO0wd (2 — W)

[ai;(2), Owa (w)] = 6ir610u0(z — w)

Ouwa;;(w)d(z — w) = aj;(2)000(z — w) — aj;(w)0wd(z — w)

The following result collects some other computations involving the formal dis-
tributions that will make future calculations less tedious.

Lemma 4.3.

(a)

n

Yo lan(=)aii w(2), an(w)agyy  (w)]

k=it1,l=j+1
= (5i,j+1 Z ajk( z)a; g+2k gz+1 Z aix(z z+2k ))5(2*1”)
k=j+2 k=i+2
o)
YD lawi-1(2)aii(2), a(w)afy  (w)] = =6j5-10i-1,-1(2)af;(2)3(z — w)
k=11=j+1
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(d) [ia%(z) <Z ak,i—1(2)ag ;1 ( Zakz z)ag;(z ) :,ajj(w)]
k=1

751']' <Z iakﬁifl( ak i 1 Zakz akz ) 5( )
k=1

— (0ji-1ai-1i-1(2)ai 1 (2) — bij - az‘i(z)an(z) 1) 6(z —w)

i—1 j—1
[ : aii( E a’kyifla’k,ifl) B4 arj—1ay5-1 | - ]
k=1 =1

= 5J-1i*1 : a’;‘i Ai_1,i— 1 (Z ak,i— 2 akﬂ'g(w)> : 5(2 — w)
k=1

J—
—ij—1 ”1;;'( ] 1,5— 1( ( ap,j— 2( az,jz(z)> 16(z —w)
=1

— (i = 1)01<ic1<r0ij : aj;(2)ag;(w) : Oyd(z —w)

2

i—1 J
[ : a;'(zak,z‘flaz,z‘q) G a;j (Z alyjai]) : }
k=1 1=1
=01 1 a5 (2)ai_y ;1 ( (Zakz 1(w)ag,;—1 (w )) 10(z —w)
— 055+ ag( (Zalz 1(2)ag; ))15(2_“’)

—i01<i—1<r0j,i—1 ° aii(z)ai—l,i—l(w) 0wl (2 — w)

i J
* * * *
[: aii( E a;ﬂ-a,ﬂ-) Lag; ( E aljalj> :}
k=1 =1

—(3+1)d1<i<rbij : aj(2)aj;(w) : 0wd(z — w)

n 1—1 [
3 [ (Donimots - Yo, st o]
k=1 k=1

:_6j7i—1: i— 11 (Zakl 1 akl 1 Zakl akz )(5(2—1(})

+ 0i<r0ji-10;_1 ;(2)0wd(z — w),
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i—1 i j—1
. * * * *
(i) {:a“— E Aki—1Qk ;—1 — E AkiQp; | *5 E al,jflalj:|
k=1 k=1 =1

1—2 i—1 )
* * * *
=\ aj | di-1, E aii—2a; ;1 — 20;j E ari—1ag; + 0ij—1 E aLiag i1 |
=1 =1 =1

i—1 i
* * *
—0ij—1:Gii E al,i—107 ;1 — E agaj; |+ |6(z —w)
=1 =1
i—1 j—1
. % "
) [ E Al i—1Qpjs E al7j_1a/lji|
k=1 =1
i—2 Jj—2
* *
= (Sj7i_1 E L ari—2ap; - _61',]’—1 E : al,j_galj : (S(Z — w)
=1 1=1

n n
) | Y amaei), Y aswaw)]
k=i+1 I=j+1
n n
= (51-7]-1 Z Siqo0a7 =051 Z Q2 k@), )5(2 —w)
I=i+2 I=j+2

1—1 n
1) [E k10, Y aj+1,la}fz] =0.
k=1

I=j+1

5. PROOF OF THEOREM 3.1
We can now check the defining relations.
Lemma 5.1 (R1).
[p(H:) (=), p(H; ) (w)] = (ai]ay)p(e)Dud (= — w).
Proof. We use Lemma 4.1 in the following calculation:

[p(Hi)(2), p(Hj)(w)] = [Hi(2) + bi(2), H;(2) +b;(2)]

-
= ( — (ailey) ((1 = 0isrOj>r)(r +1) + §5i,r+15‘,r+1)

.
+ (ailay) (72 = Oisrfjsr(r +1) + 551-,T+154,T+1)) >5w5(z —w)

= (aila;)p(€)9ud(z — w).

Lemma 5.2 (R2).
[o(Hi)(2), p(Ej)(w)] = (i, a;)p(E;)(2)6(2/w).

13
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Proof. We will use Lemma 4.1 repeatedly and the convention (4.1):

), :ajjarjag; ]

k:l
n Jj—
+ Y [Hil2), ajiipaj] — [Hi(z), ak,j-10};]
k=j+1 k=1

— [Hi2), ajlbj = (850 (r +1) + i< (G + 1) =7°) [Hi(2), Owaj;(w)]

:Z((O‘ilaj) a Ak, j— 1a2,j71 10(z —w) = dj—1<r(ifag,j-1)a ]]( )0y (2 — ))

=Y ((aslay) : afjarjag; : 6(z — w) — <p(ailons) (Sjnapy,(w) + af; (w)Dwd(z — w))

k=1

+ (ailoy) Z ajt1,k(2 (w)d(z — w) — (ailoy) Zalw 1 ak_] w)d(z — w)

k=j+1
— (ailag)aj;(2)bj(w)d(z — w)
— (ailay) (8j5r(r+1) +0;<r(j +1) = 7°) aj;(2) 0w (z — w)

J
*
= (ailay) ( E A, j— 1ak] 1~ E akjakj)
=1

—J+1

+ Z 41,605, — Za’w 105 — a;jbj>6(z_w)

+ Z dr<j<r(ailar + - 4 a;)(drape (w) + aj; (0))9wd(z — w)
k=1
1

<.

(br<j—1<r(ailog + -+ aj_1)a}; (w) 0w (z — w))

%“

=1
— (ailaj)(E5r (r+1) + <0 (G +1) = 7%)a aj;(2)0w6(z — w).
The last term of p(H;)(z) gives us

[bi(2), p(Ej)(w)] = =Bija;;(w)0wd(z — w).

There are three cases to consider:
Case I. j <r: Then



INTERMEDIATE WAKIMOTO MODULES FOR AFFINE sl(n + 1) 15

> _(ailok + -+ ;) (0raiy (w) + af;(w)dub(z — w)

k=
(0‘ |O‘J ( J>T(r+1)+6j<7“(j+l) ) *‘( )Ow 5(2_“})
( DY = Gisrjsr(r +1) + 51 r10,r41) a5 ()96 (2 — w)
(az|ag 55 (W)0wd(z — )
— (ailay)(j +1 =9%)a};(2)0ud(z — w)

(0‘1|O‘J)7 a]]( )0wb(z — w)

—(@ila)(j + 1 =7*)way;(w)d(z — w)

by Lemma 4.2.
CaseIl: j=7r+1:

= > (@il + -+ ar)ayyy i (0)9wd(z — w))

— (@ilars) ((F+1) =2%) a7y 141 (2)006 (2 — w)
- (ai|ar+1)(72 —Oisp(r+1) + g5i,r+1)ar+1,r+1(w)3w5(z —w)
—(ailri1) ((r+1) =) (Owayi1,pp1 (w))d(z — w)

which follows from

=D (il + -+ ) + (@il 1) Gior(r 4+ 1) = 28i041)

-2 if 1=¢=r

0 if 1<i<r
=<q¢—(r+1) if 1<i=r

2(r + 1) if 1<i=r+1

(ai]ars1)(r +1) if i>r+1
(ailorq1)(r+ 1)

Cases III: j > r + 1:
— (a]ey) (7“ +1-— 72) a;j(z)&ué(z —w)
- ’Bijajj (w)@wé(z — ’LU)
= —(a4|ay) (T +1-— 72) a;j (2)0wd(z — w)
+ (i) (7% = bisr (1 +1))aj; (w) 9, 0(2 — w)
= —(a;|ay) (T +1-— 72) (awa;j(w))(;(z —w)
by Lemma 4.2 and the fact that (a;]a;) =0fori <r<r+1<j.
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Putting these computations together we get

[p(Hi)(2), p(Ej)(w)] = (aila;)p(Ej)(w)d(z — w).

([
Lemma 5.3 (R3).
[p(Hi)(2), p(F) (w)] = —(ai]e;) p(F;)(2)0(z — w).
Proof. The proof follows from Lemma 4.1 :
[p(H:)(2), p(Fy)(w)] = [Hi(2), a55(w) + Y aze(w)afy o (w)]
k=j+1
= —(ailay)aj;(w)é(z —w)
+ Y [Hi(2) ag(w)ajy (W) + D ag(w)[Ha(2), ajpy x(w)]
k=j+1 k=j+1
= (— (ilag)ag(w) = Y (aulay + -+ + on)aju(2)al,  (w)
k=j+1
+ 0 (lagin + o+ anage(w)agi 4(2)) 8z — w)
k=j+1
= —(ailay)p(F})(2)8(z — w)
[l

Lemma 5.4 (R4).
(B3 (), p(Fy)(@)] = 655 (p(H3) (2))5(2 — w) + p(c) (2 — w))

Proof. First we take i = j. Now for the convenience of the reader we recall that
p(E;)(z) is equal to

i—1 i n i—1
* * * * *
Qg E Ok i—1Qf ;1 — E AiQy; | * + E A1,k Qg — E Ak i—10p;
k=1 k=1 k=1

k=i+1
— a;bl — ((Si>r(’l“ =+ 1) + (Sigr(’i =+ 1) — 72) 8@2

and thus the first summand of p(F;)(w) = a; + Z?:Hl aiaj,,; brackets with
p(E;)(z) to give us (by Lemma 4.3 (d) and Lemma 4.2)

i1
(2 sag(2)al(z) — (ari—1af ;1 — ariag;) : +bi(z))5(z —w)
1

+ (Bimr(r + 1) + Si<r (i + 1) = 7%) 0:26(2 — w).

B
Il

The second summation in p(F;)(w) contributes
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> [pENE), anwai@)] = Y | Y ankE)aie), eaw)al (w)
l=i+1 l=i+1 k=i+1
= Y (au(=)ai(2) — aisra(=)ati1(2))8(z = w)
I=i+1

- 6i+1gr(’f — z)@wé(z — w).

Adding these two summations up, we arrive at the desired result.
Now consider the case [i — j| > 1. Then p(F)(w) is aj; + 37,2, | ajaj, ;. First
we have

1—1 [
[Bi(2), a5 (w)] = | : a; (Z Qhi-10hi = Y ) aj; (w)]
k=1 k=1
= —0ji-1ai-1,i-1(2)a; (2)6(z — w)

by Lemma 4.3 (d). Next we have

n
(Ei(2), Y aj(w)al, ()]
I=j+1
i—1 i n 1—1
= |: : a:-‘i <Z akﬂ-,laz’i_l — Zakiazi> L+ Z aiJrLka;-‘k - Z akﬁi,lazi
k=1 k=1 k=i+1 k=1
n
—abi+ (P~ e+ 1) Bl ajl(w)a;ﬂyl(w)}
I=j+1
i—1 i i—1 n
ST D OTEREINE STA RS SRS o
k=1 k=1 k=1 l=j+1

as i # J,
= 0j,i—10i-1,i-1(2)a;;(2)6(z — w)
by Lemma 4.3 (b) and (c).

Adding up the last two calculations finishes the proof of this lemma.

We are now left with the Serre relations:
Lemma 5.5 (R5/R6).
[p(Fi)(2), p(Ej)(w)] = [p(E:i)(2), p(Ej)(w)] = 0 if  (euleg) # —1
[p(F)(21), p(F3)(22), p(F) (w)] = [p(E3)(21), p(Ei)(22), p(Ej)(w)] = 0,
if (ou]ay) =—1.
Proof. Let us check the relations for p(F;). (The Serre relations were already known

to hold true for the Fj, see B. Feigin and E. Frenkel”, but we provide a proof as
some of the calculations will be used in future work.) By Lemma 4.3 (a)
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(5.1) [p(F)(2),p(F))(w)] = (0 j+10i-1,i — 6j,i+104,i41) 0(2 — w)

n n
+ <5i,j+1 E i1k 1 ) — Ojit1 E aika;'k+2,k> §(z —w).

k=i+1 k=142

Note the above is zero if |i — j| # 1 which is precisely when (o;|a;) # —1. As the
first index in ay; (resp. ajy;) in p(F;)(2) is ¢ (vesp. i + 1) we also get

[p(Fi)(21), p(Fi)(21), p(Fy)(w)] = 0.

This completes the proof of the relations R5 and R6 for p(F;)(z).
Now we break up p(E;)(z) into three summands

i—1 i
1 Lk * * .
p(E;)(z) = a}; (E Ak,i—10) ;1 — E akiaki) :
k=1 k=1
n 1—1
* *
E Qit+1,k Q5 — E Ak,i—1C0p;
k=1

k=i+1
p(E2)(2) = —ajbi — (0isr(r +1) + i<, (i + 1) — 7*) Oa;.

)
—
&
~—
—~
N
~
I

By Lemma 4.3 (e), (f) and (g) we have

i—2
= 0j,i—1 au(z)a:—l,z—l(z) (Z ak,i—z(w)a?;,i_z(w)> 10(2 —w)
k=1
i—2
- 6iaj—1 ajj (w)a]—l,_]—l (’LU) a’lJ—Q(z)a’Z:j—Z(Z)) 5(2 - ’LU)
=1
i-1
—0ji-1 au(z)af—1,i—1(z) (Z ak,i—1(w)ag 1—1(w)> 6(z —w)
k=1
j—1
+ 0ij-1 a;j(z)a;—l,j—l(z) Zak,jl(w)az,j—l(w)> 16(z —w)
k=1

— (1 = 1)01<i—1<r0sj @ aj;(2)as;(w) : 0wé(z —w)
+id1<i—1<r0j,i-1 1 a5 (2)a;_y ;1 (W) 1 Ow(z — w)
—Jhicjm1<rbij1 aji(w)al_y ;4 (2) 1 9:6(2 — w)
— (3 +14)d1<i<rij : az;(2)az;(w) : Owd(z — w).
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J
'—2 i
= —0ji-1:0a; 1 ak,i—Zal*c,i—2 - E akiag; | 6(z — w)
k=1
i+1
*
+0ij-1: 054 ak,i—laz,i—l - E Ok,i+10k 11 © | 6(2 — w)
=1 k=1

—a Z‘(z 17J§ alz2a111+5u 1§ alzazz+1> —w)
+ :aj; <5j17z' Y arj 207y 4051 E alyjain) §(z —w)
=1 =1

+ 8i<rdji-10;_1 ;(2)0wd (2 — w)
- 5j§r5i,jfla;71,j(w)825(z —w).

Similarly

(BN ()p(ES) ()] + [p(B3)(2), p(E}) (w)]

= (=0i1,5a50;_1 ;_1bj + 01405071 ;_1bi) 6(z — w)

+ (Ojor(r +1) + 852 ( +1) =7%) (dim15a5;(2)ai_y i1 (2) + 05aj;(2)a;(2)) Buwd(z — w)

+ ((5i>T(7° + 1)+ 0i<r (i +1) — 72) (6j_17ia;j(w)a;‘_17j_1( ) — 0ijaj; (w)ajj (w)) 0,0(z —w).
By Lemma 4.3 (j), (k) and (1) we have

[0(E2)(2), p(E2) (w)]
i—2
= (53‘,1'—1 Z . al7i_2a;;- L= 7] 1 Z aj,j— Qa/lj . ) (Z - )
=1
+ (51"3‘1 Z : ai+2,la;‘l : 75]"1',1 Z : aj+27ka;-‘k : )5(2 — U})

I=i4+2 I=j+2

Next we have

[P(B2)(2), (B (w)] + [p(ED)(2), p(E)(w)]
= (=0j,i+10] 141 biv1 + 8ji-107_1 ;bi—1) (2 — w)

= (0o (r+ 1)+ 02+ 1) = 7%) (74107141 (2) = 011071 4(2)) Bud(z — w)
= (=0ij410] jpa b1 + 0ijo1aj_q jbj-1) 0(z — w)

+ (Simr(r + 1) 4 Gicr (i + 1) = 7%) (85410 j11 (w) = G j-1af_y (w)) :6(z — w).
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while

P(B)(2), p(E3)(w)]
= [ = aibi = (isr(r + 1) + i, (i + 1) = 92) da,

—ajibj = (Oj5r(r +1) + 0j<r (G + 1) = 7%) 5“%}
=a; (z)a;fj (w)B0w0 (2 — w).

Now we observe that every reduction above is zero if |i — j| ¢ {0,1} ie. if
(ai|aj) = 0. Thus

When i = j, [p(EZ)(z), p(Ej)(w)} reduces, by Lemma 4.2, to

[p(E) (=), p(E:)(w)]

= —(1 — D)di<i—1<r : a55(2)aj;(w) : 0w (2 — w)

— (3+1d)di<i<r : a53(2)aj;(w) : 0w (z — w)

+ (Oisr(r + 1) + Gicr (i + 1) = 2%) afy(2)aji (2)Dud (2 — w)

— (8imr(r + 1) + dicr (i + 1) = %) af; (w)aj; (w)D:6(z — w)

+2a5(2)a5;(w) (72 + Greicr = D0 +1) + G135 ) Oud(z — w)

=—((l = Ddi<i—1<r + B+ i)d1<i<r — Gir417) a5 (2)ag; (w) : Owd(z — w)
+ bi<r (1 + 1) (a3 (2)aj;(2) + af;(w)aj; (w)) 9:6(z — w)

+ (1 +1)di>, (a;(z)a;(z) + aj;(w)aj; (w) — 2“3(2)@;]' (w)) Oud(z — w)
+79% (205, (2)aj;(w) — ay(2)af;(2) — aj;(w)aj;(w)) uwd(z — w) = 0.

i 0%

This proves the result for i # j £+ 1.
If i = j + 1 then we get
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[P(E) (=), p(Ezq)(w)}
::a;( a;_ 1,i— 1 (Zakl 2 akz 2 Zakl 1 akz 1( )) Z(S(Z—’LU)

—iai g (E k,i—20k ;9 — E ki :> §(z —w)
k=1 k=1
i—2 i—1
—ag (E al,i—2a?,i1> 6z —w)+:ai g, (E al,i—laz> 6(z —w)
=1

=1

i—2 n
+ (Z DAy —20]; )5(2 —w) — ( Z Qi1 kGG, )5(2 —w)
=1

l=i+1

—ajai_y; 1bi—10(z —w) +ai_y ;(bi—1 + bi)d(z — w)

+ (Gisr(r+1) + 8icp (i + 1) — )8 ai_y ;(w)o(z —w)

+ aji(2)0wa;_y (W) (V¥ = bici<ri — Gi_15n(r + 1)) 6(z — w).
Thus

1—2
=001, (Z k,i—20 ;o ) (21 — w)d(z2 — w)
k=1
3 1—1
+ 1 a5a;_1; (Z OkiQp; = — Zak,i—lak z—l) (21 —w)d(z2 — w)
k=1 k=1

a’ az 1,0 (Z akia]ti :> 5(21 — ’LU)(S(ZQ — ’LU)

tibi<i-1<r t a53(21)aj;(22)ai_q ;1 (22) 0 6(22 — w)0,6(21 — 22)
+ (i + 2)d1<i<raj;(21)a;_q ;(22)0(22 — w)0.,6(21 — 22)
+ d1<i<rag;(22)a;_q ;(21)0(22 — w)0,,0(21 — 22)

—d1<i- 1<r%(2’1)% 1.i(22)0(22 — w)02,0(21 — 22)

—tay Zal,i—zaﬂ :0(z1 — w)d(z2 — w)
- aua’z 1,i ° (bifl + bz)5(2’1 — 22)5(22 — w)
_ ((5i>r(7“ + 1) + (5i<r(i + 1) — 2) . a’f-(zl)a;‘ L 1(2’1) £ 6(2 — w)aw(S(zl _ w)
(’Y *51 1<r7/* i— 1>r T+1 ) 21)8 al 1i— 1( ) 5(2;1 722)5(22 *’LU)
+ (v’ = bic1<ri — Sim1se(r+ 1)) @ afi(z2)ai_y ;i 1(21) : Qwd(z1 — w)d (22 — w).

Next we have
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P(E2)(z1), p(E)(z2), p(Eit)(w)]

= (— saj;(z2)a;_q ;(22) (i ak,i—2(w)a2,i—2(w)> :
k=1

i—1 i—1
+aa_q; E Qlyi—1Qp 41 | *+ a1, E Ok i—10;
k=1 k=1

i—2 i—1
* * *
+tay E ari—20p; | @ = aiq, E al,i—10q;
=1 =1

+ a;‘a:ubi—l) 0(z1 — 22)0(22 — w)

= (v* = Sic1<ri — Sic1sn(r + 1)) aji(z2)a;_q ;(21) 1 Owd(z1 — w)d(22 — w).

The third summation contributes

P(E) (1), p(E)(z2), p(Bia)(w)]

= a;j_q,;a;;b:0(z1 — 22)0(22 — w)

+ (Oisr(r +1) + 0i<r (i +1) —7%) afi(22)a;_; ;(22)02,0(21 — 22)8(22 — w)

+ ( - a;‘i(zl)a;-*_17i(22) (72 = Gisr(r+1) — 5i,r+1)

—aj(z1)a5(22)a;_y ;1 (22) (V2 = Gicase(r + 1)) )5(2‘2 —w)0,,0(21 — 22).
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Consequently

(o) (1), p(Ei) (22), p(Bi1)(w)]

= (1'519—19 tagi(21)ag;(22)ai_q ;1 (22) :

— (7? = Gimi<rt = Gimisr (r + 1)) 2 afi(21)a5; (21)dwai_y ;g (w) -

+ (V= dic1grt = Gimisn (r + 1)) s afi(21)af (22)ai_y ;- (21) :

— (v* = bicise(r +1)) afi(zl)afi(z2)af_1,i_1(22))5(22 —w)0yd(z1 — w)

+ (i + 2)d1<i<rag(21)ai_y ;(22)0(22 — 0)0:,6(21 — 22)
—O1<i—1<rai(21)ai_q ;(22)0(22 — w)0.,6(21 — 22)

+ d1<i<raj;(22)ai_y ;(21)0(22 — )02, 6(21 — 22)

— (i (r+ 1) + 8i<r(i — 1) = 72) s afs(21)a}_y 1 (21) 1 0(22 — 0)d(21 — w)
— (72 — Oim1<rt — Oi1sr (7 + 1)) caj(z)al_q 1( 1) : Oud(z1 — w)d(z2 — w)
— (Gisr(r +1) + Gicp (i + 1) = 7%) aji(22)a;_ ;(22)0(22 — w) w6 (21 — w)
—aj;(21)a;_ ;(22) (72 —isr(r+1)— 5i,r+1) 0(z2 — w)0yo (21 — w)

= (((l +2)01<icr — Oi<ici<r — 77 + Gisr(r +1) + 5i,r+1)afi(21)af_1,i(z2)

+ (51<1<T Y24 Sim1<ri + 0i 1>r(7“+1)) Gi(z2)a;_q ;(21) :
— (Bisr(r+1) + di<r (i = 1) = 7%) = afi(z1)a;_y 4(21) -
— (0

isr(r+1) + 6i<, (i + 1) — %) aj;(22)a;_4 1(2:2)>(5(22 —w)0yd(z1 — w)

(fwbxr+n+ﬂK4r+nfwﬂ aj(z1)a} 1 4(21) -
+ (Oimr (r + 1) + Gi<r (i + 1) = 7°) afy(21)ai_y ;(22)

( isr(r 4+ 1) +0icr (i 4+ 1) — )‘13(22)‘1;‘71,1(2’2)

(o

+ (Oisr(r+1) + 0i<r(i+1) — ) : a;‘i(ZQ)a;‘_Li(zl) : )5(22 —w)0yd(z1 —w) = 0.

Now we turn to the last series of computations:
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P(EL) (), p(E) (), p(Bit)(w)

= —(1 = 2)0i—2<r ¢ aj;(22)ai_q ;1 (21)a;_1 ;_1(22)0(22 — w)02, (21 — 22)
— (i 4+ 2)0i—1<r : ii(22)ai—1,i—1(21)ai—1,i—1(22) : 0(22 — w)0,, (21 — 22)
+ (i = 2)di—2<r 1 aj_y ;1 (21)ai_1 5(22) 1 6(22 — w)02,6(21 — 22)
+20i—1<r 1 a1 ;1 (21)ai_q (22) 1 6(22 — w)0:,0(21 — 22)

i—2

+2: afq,ifﬂfi (Z al,i—2a?,i1> 8(21 — 22)0(22 — w)

=1

i—2
- arfl,iflarfl,i (Z ak,i—QaZ,i2> 10(21 — 22)0(22 — w)
k=1

71—

—

71,401 ( ak,i—laz,i1> 16(21 — 22)0(22 — w)

k=1
i—2

— a;‘_lji_l(Zam_gaZ‘i : )5(21 — 22)0(22 — w)
=1

+rai_g 1071 105;0i-10(21 — 22)0(22 — w)

- (’72 —0i—1<rt — Sic1sr(r+ 1)) : a’:fl,ifl(Zl)arfl,ifl(zl)a:i(ZQ) :0(22 — w)0ywb(21 — w).

Next we have

[P(BZ) (1), p(B)(z2), p(Bia)(w)]

i—2
= ail,iarfl,ifl Z ak7i2az,i2> 16(21 — 22)0(22 — w)
k=1

s
N

—2:aa; (

111 —1,1—1

* *
— Q10151 (
k

i—2

+ra;_q, 1 (Z al,i_ga;‘i> 0(z1 — 22)0(22 — w)
=1

- ajfl,iarfl,iflbi—l(s(zl — 22)0(22 — w)

+ (7 = dimizri = Gim1sr (r 1)) iy (21)Owai_y ;1 (w)d(21 — 22)0(22 — w).

(]

Aki20) ;1 )5(21 — 29)0(22 — w)

T
e

ak,i—laz,i1> :0(21 — 22)0(22 — w)
1
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The third summation contributes

[P(BL)G1), p(B) (), p(Eiet)(w)]

= a;‘iazll,ifla’:fl,ifl bi—10(21 — 22)6(22 — w)

+ (5i—1>r(r + 1)+ di—1<ri — 72) : a;’(@)af—l,i—l(22)@—1,1'—1(22) 2 0(22 — w)0;,0(21 — 22)
+: a;‘_lji_la;‘_u :bi—10(21 — 22)0(22 — w)

+ ((51-_1>T(r + 1)+ di1<ri — 72) vai_y ;g (22)a; g ;(22) 1 6(z2 — w)0.,6(21 — 22)

- (’72 —(r+1)disri2 — 5i,T+2)a:—1,i—1(zl)a:—1 i(22)6(22 — )02, 6(21 — 22)

+2(72 = (r+ 1)disria + g5i,r+2)ai1,i71(21) i—1,i-1(22)a;(22)0(22 — w)0,6(21 — 22).

Adding these all up we get

[p(Eim1)(21), pE) (), p(Eit)(w)
=—(i = 2)0i—2<r : a53(22)ai_y ;1 (21)ai_q ;1 (22)0(22 — w)0s,6(21 — 22)
— (1 +2)0i—1<r : aii(22)@i—1,i—1(21)@i—1,i—1(22) : 0(22 — W), (21 — 22)
+ (0 = 2)0i—a<r : aj_y ;1 (21)ai_y ;(22) : 0(22 — w)Dz,6(21 — 22)
+20i—1<r a1 ;1 (21)ai_1 i (22) : 5(22 —w)0:,6(21 — 22)
— (v = dic1<ri = Gicase(r+1)) taj_ g, (21)a)_y ;1 (21)a5i(22) 1 6(22 — w)Dwd(z1 — w)
+ (v* = Gim1<ri — 11>T7"+1)a111218a1“1( )3(z1 — 22)d(22 — w)
+ (Gic1sr(r+1) 4+ 0i_1<pi — 2) agi(22)a;_q;_1(22)ai_1;_1(22) : 0(22 — w)0:,6(21 — 22)
( im1sr(r 4+ 1) + 0i—1<pi — 72) : az‘71,z'71(22) i—1,i(22) 1 0(22 —w)0,,0(21 — 22)
(72 (r+1)disri2 — 6 r+2) a;_ 1,i— 1(251)@:—1 i(22)0(22 — w)0,,0(21 — 22)

+2(7% = (r+ 1)disri1 + 5 51 r2)ai 1 (20)ai 1 (22)a5 (22)0 (22 — w)02,6(21 — 22)

— (V¥ = icicri = biiase(r+ 1)) sai_y iy (20)a;_y i1 (21)afi(22) 1 6(22 — w)Bwd(21 — w)
+ 2(72 = (r+1)disrs1 — i6i§T+1)a;Ll,i71(Zl)az 1i— 1(22)6‘ i(22)0(22 — w)0,,0(21 — 22)
=+ (5i 15 (1 + 1)+ 8ic1<0i — 72) : a*-(zz) ai_1;-1(22)a;_1 ;_1(22) 1 0(22 — w)0,,0(21 — 22)
+ (Bic1sr(r+ 1) + 8ic1<ri —7%) tal_y ;1 (22 al Li(22) 1 8(22 — )3, 8(21 — 22)
(72 — im1<rt — Oim15p(r + 1) )al 1i-1 (z1)a;_4 1( 2)0(z2 — w)0,,0(21 — 22)
( ) a;

2
v¥ = 0ic1<rt — Gi—1sp(r + 1)

=0

+

Q14 21 8 az 10— 1(’LU)(S(21 _22)6(22 —’LU).
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