Under finite generation assumptions, S—1 commutes
with other operations involving ideals.

Proposition: let M
generated
multiplicatively closed subset of A . Then

A-module

S (Ann (M)) =

and S

Ann (S7'M) .

be a finitely

d

Proof:

If a € Ann (M), me M and s,t € S
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then am = 0, so
(a/s)(m/t) = am /st = 0 /st = 0,

which proves S~!(Ann (M)) C Ann (S7'M) .

Suppose conversely that a € A, s € S and
a/s € Ann (S71M) .

Let the generators of M be my, ..., m,.
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Then, for :=1,...,n,

(a/s)(mi/1)
SO
tiam; = 0
Put
——
SO
(at)m; = 0

Hence at € Ann (M)

am;/s = 0/1,
(HtiES).
Lt
(Vi=1,...,m)
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(since my, ..., m, generate M ),

a/s = at /st € ST (Ann (M))

(noting t € S ),

Ann (S7'M) C S (Ann (M),

whence equality holds.
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Exercise: Find a multiplicatively closed subset
S of aring A and an A-module M such that

S~ (Ann (M)) C Ann (S7'M)

Corollary: let N, P be submodules of
an A-module M , and suppose P is finitely
generated. Then

S N:P) = (S'N:S'P).
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Proof: By the previous Proposition,

S™(N : P) Sl(Ann (N+ P/ N))
= Ann (Sl(N—I—P / N))

But, by (3) of the Theorem on page 572,
S (N+P/N) = SHN+P)/S'N

as S~ 1A -modules, so have the same annihilators.
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By (1) of the same Theorem,
STHN+P) = (ST'N)+ (S7'P),
SO

S™(N : P)

Ann (Sl(N +P) / 51N>

= Ann ((SlN) + (87'P) / SW)

= (S7'N:S57'P).
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We finish with an application of the theory of
fractions:

Theorem: let f : A — B be a ring

homomorphism and P a prime ideal of A .
Then

P is the contraction of a prime ideal of B
Iff P is contracted, that is,

Pt = P.
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Proof: (=) is obvious.
(<=) Suppose P¢¢ = P, and put
S ={fla) [ ac A\P}.

Then S is multiplicatively closed in B since A\P
Is multiplicatively closed in A .

If a« € P°NS then a = f(a) for some
a € A\P, so

a € f[TYP®) = P = P,
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a contradiction. Hence
PENsS =10.
By the last part of (2) of the Theorem on page 616,

STH(P°) # S7'B,

S (P8 C M  (Imaximal M <« S7'B).
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Put Q = {beB | b/l € M}.

hen () is prime, being the preimage of a maximal
ideal with respect to a ring homomorphism.

Certainly Q 2 P€¢, so
QC D pec — p

If QNS # 0 then, again by (2) of the same
Theorem,

S7'B =519 cCc M C S'B,

so ST'!B = M . a contradiction.
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Hence

QNS =0,
SO
QC — f_l(Q) C P,
yielding finally
Q- =P,

and the Theorem is proved.
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