Exercises: Let [;,Io < A and Ji,Jy <
B . Verify that

(i) (h+DL) = II+15,
(Jl -+ JQ)C D) Jf + Jé: :
(i) (LNL)E C IenIg,
(Jl M JQ)C — ch M Jé: ;
(iii)  ([115)¢ 1715,

(J1h2)" 2 JiJs;
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Exercises continued: Let [;,[, < A
and Ji,Js < B . Verify that
(iv) (L:1)* C (I7:15),
(J1 . JQ)C g (Jf . ch) :
(v) r(h)® € r(I}),
r(J1) = r(J7);

and find examples which for which the set
containments in (i) — (v) are proper.
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Observation: Let f: A— B be aring

homomorphism, I < A and J < B.
Then

(i) I C I* and J D J*;
(i) J¢ = J< and I° = I° .

Proof: (i) Observe that

I = f(fI))

U

7)) 2 1,
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and

()
cC () = J.

(ii)) By (i) we see that
JC g (JC)eC — (JCE)C g JC :

so JS = J. Similarly I¢ = I
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Call an ideal I of A contracted if [ = J¢ for
some ideal J of B.

Call an ideal J of B extended if J = I¢ for
some ideal I of A.

Put

C = { contracted idealsin A },

N
|

{ extended ideals in B } .

Then
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Proposition:

C = {K<A| K*“ =K},

£ = {L<aB|L*°=1L)},

and
K — K¢ (K €C)

defines a bijection from C to & whose
Inverse IS

L — Lf (Lef).
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Proof: If K €C then K = L° forsome L < B,

SO
K& — [ — [ — K

Thus

C C {K<A| K*=K}.
Reverse set containment is obvious, so the sets are
equal. A similar observation applies to & .

It 1Is immediate then that extension and contraction
are mutually inverse bijections from C to & and

E to C respectively.
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Exercise: Verify that

(i) & is closed under sum and product of
Ideals: and

(ii)) C is closed under intersection, forming
ideal quotients and taking radicals.
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