We will use the notion of coprimeness to write down

a criterion for a ring to be isomorphic to a direct
sum of a finite collection of its own quotients.

let A;, ..., A, berings. Call
A = {(z,..., %) | m €A Vi}
the direct sum of A;, ..., A, , written

A= A & ... & A,
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or .
A = O A = Z A;
i=1

which is a ring with coordinatewise operations, and
identity element (1,...,1).

The projection mapping, for each 7,
pi:A— A, (x1,...,2,) — X
IS an onto ring homomorphism.
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Now let A beanyring, n>2 and J;, ..., J, <
A . Define

¢:A— @, AlJ;
by

r— (Ji+x, ..., J,+x) (xeA).

Clearly ¢ is a ring homomorphism with kernel

ker¢ — ﬁ JZ
1=1
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Proposition:
(i) ¢ isinjective iff () J; = {0} .
i=1

(i) ¢ is surjective iff J; and Jy are
coprime whenever 1 #£ k .

(i) If J;, J. are coprime whenever
1 # k then

117 = ()7

1=1 1=1
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Corollary:

The ring A is isomorphic to the direct sum
of A/Jy, ..., A/J, by the “natural
map ¢ iff the ideals intersect trivially and
are pairwise coprime.

Proof of Proposition: (i) is clear.

(ii)

(=) Suppose ¢ is surjective.
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Then, for some € A,

(J1—|—1, Jo, ... Jn> = x¢

= (Ji+z, Jo4+x, ..., J,+x).
In particular x € (J1+1)NJs, so
1 = (1—CE)+ZE - J1—|—J2,

proving J; and Jy are coprime. Similarly J; and
Ji. are coprime whenever i # k .
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(<) Suppose conversely that J; and J, are
coprime whenever ¢ # j . Then

(Vk > 2)(Fuy € J1)(Fug, € Ji) up+vr = 1.
Let a € A and put
r = avUy ... V,.

Then
r € J forall k > 2,
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and
r = a(l—wp) ... 1—u,) € Ji+a,

SO
(JSi+a, Joy ..., Jy) € imo.
Similarly, for ¢ > 2,

(Jl,...,Ji_l, Ji+a, Jig, ..., Jn) c imao.
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Thus, forall a1, ..., a, € A,

(Ji+ai, ..., Jp+a,)

n

p— Z(Jl,...,z]i_l, J@"l_aig Ji—|—17°°°7 Jﬂ)’
1=1
E Imo,

proving ¢ Is surjective.
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(iii) Suppose J; and J, are coprime whenever

1 £ k.
If n =2 then, by an earlier Observation,
JNJdy = J Jy,

which starts an induction. Suppose n > 2 and (as
inductive hypothesis)

n—1

n—1
1=1

1=1
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Put

n—1

K = HJ

1=1

But
(\V/iz 1,...n — 1)(3562 - JZ', Y; € Jn)

ri+y =1
so that
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yielding 1 € J,+ K .
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=
-

]
7~
—L

=~
N
S

= K J, = K N J,

n—1 n
(ﬂ Jq;) g = ()i
1=1 1=1

completing the proof by induction.
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The next result gives useful connections between

prime ideals, unions and intersections:

Theorem: Let A be aring.

ideal of A such that

n

P D ﬂ,]

i=1
Then P DO J. for some k.
If P = (.., J; then P = J; for some k.

(i) Let Ji,..., J, < A and P a prime
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Theorem (continued):

(i) Let P, ..., P, be prime ideals of A
and J < A such that
J < |J~h.
i=1

Then J C P, for some k.

Proof: (i) Suppose P 2 J; forall 7. Then
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Put

Then )
Yy € m J’L C P7
1=1

so, since P Is prime,
(Elk) x, € P,
contradicting that z; € Ji\P .

Hence P DO J, for some k.
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f P = (), J; then

so P = J;, and (i) is proved.

(i) If

n = 1 then

induction. We will show

J C P

- which starts an

(%)

J c Uy B

15 €{1,...n}.
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Suppose that (x) fails, so

(Vje{l,....n}) 3Faz; € J\|JP.
i#]
But .
J < |JP,
SO =

Vied{l,...,n} x; € P; .
J J
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Put

S

y = Z1 Lj—1 Lj+1 Ln
j=1
Then
n
yeJ C U P,
i=1
SO

y € B (HkE{l,...,n}).
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Hence

L]l «ooe LTk Lkt -+ Lp
= Yy — <Z $1...£Uj1513j+1...33n> c P
j#k
since y € P. and x;, € P, is a factor of

L1 .. Lj-1Lj4+1 -+ Tp for]#/c
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But Py is prime, so z; € P, for some j # k.
This contradicts that

r; ¢ UPz' o B
1£]

Hence (x) holds.

By an inductive hypothesis, J C P, for some 1,
and (ii) is proved.
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Ideal quotients:

let 1, J < A.

The ideal quotient of I by J is
I:J) = {zecA| Jz C1}.

It is routine to verify that

I:J) < A.
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We write

Ann(J) = (0:J) ({0} : J)

={xzed | Jx = {0} },
called the annihilator of J .

If y € A then we write

(I:y) = ({:Ay) and Ann(y) = Ann(Ay) .
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Easy to see:

U Ann(x) = { zero-divisorsin A } .
x#0

Example: Put A = Z,andlet m, n € z*.

Then
o o
m = p|* ... p.r, n:pfl...pk’“
for some prime numbers pq,...,p;r and nonnegative

integers aq,...,a5 and Bq,..., 0.
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Then

(mZ:n) = (mZ:nZ)

{2€Z | znemz}

where

M Tk
. Dy

205



such that, for each 1,

v = max{q; — 6;,0} = a; —min{q; G;}.
Thus

where
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Exercises: Let I, J, K < A .
following:

(1) I € (I:J);

2) (I:J)J C I;

3) ({:J):K) = (I:JK) =

Verity the

(I:K):J);
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(4) Verify thatif I, < A forall £ € X , where
X is some indexing set, and J <1 A, then

(ﬂ I J) = () (Le:J).

e X e X

(5) Verify thatif J, < A for all £ € X , where
X is some indexing set, and I <1 A, then

(I : ZJO = (U:J).

e X e X
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