1.6 Operations on ldeals

Let A be aring, and consider X C A .

Put

(X) = ideal generated by X

({J | XCJ <A},
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Write (xz1,...,x,) = ({{ x1,...,2, }), and note
that
) = {0},
Put
LA) = {J | J <A}

which is a poset with respect to C . Then

L(A) is a complete lattice.
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A lattice is a poset in which the greatest
lower bound (g.I.b.) and least upper bound
(l.u.b.) of a pair of elements exist.

A lattice is complete if the g.l.b. and |.u.b.
of any subset (not necessarily finite) exist.

It S C L(A) then

glb.S = Nn{J | JeS};
lub.S = (U{J | JeS}).
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Sum of sets:
If X,Y C A then put
X+Y ={z+y | xreX, yeY}

and write
X+y = X+{y}

(so if X <1 A then, consistent with earlier notation,
X + gy is the coset of X containing y ).
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Easy to see:

J,K<1A = J+K=(JUK).

(Need to check: (i) JUK CJ+ K ;
(i) J+ K is an ideal
(i) JUK CL<19A = J+KC L)
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Consider a family of ideals
{ J, < A ‘ 1 E ]-}

where [ is some indexing set. Define the sum

Y i = { ) @i | e (Viel

el el

and only finitely many x; are nonzero } .
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Exercise: Verify that

ZJZ' = (Ujer Ji) .

el

Thus

finding least upper bounds in L(A)
amounts to taking sums of families of ideals.
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Product of an ideal with a set:
let J < A, X C A.

Define the product
JX = {Zai:ﬁi | n>1 and
i=1
(VZ) CLL'GJ,ZIZ‘/,;EX}.

Easy to check:

JX = (ax |aeJ, zeX) a A.
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Write
Jr = J{z}.

Easy to see

Jr = {ax | a€e J}.

Special case:

the principal ideal generated by x is

(x) = Ax.
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Other routine facts:

if JJK,L < A then (JK)L = J(KL),

so brackets may be ignored, and

ifJ;, ..., J. < A then

Ji ..

Jk = <£Cl...513k|513j€<]j \V/]>

= { > wa..wu | n>1, myed; Vi)
1=1
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Powers of an ideal J are defined in a natural way:

J' = A
Jt = J
JV = JJ ... J (k times)

— <33133k | 1, ..., T E J>.
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It Is immediate that

J¢ = {0}
iff all products of k& elements of J are
ZEero.

Note: Always we have

J, K < A — JK CJNK.
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Examples:

(1) Put A=z, J={(m), K = (n) where

m,n € 4.

Easy to see:

JNK (l.eemA{m,n} )

and

J+ K

(g.cd{m,n})
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Hence the lattice of ideals of Z can be identified

with the lattice

(z"u{o}, <)

where a < b means b |a.

Further, clearly,

SO

JK = (mn)

JK = JNK iff m and n are coprime.
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(2) Put A = Flxy,...,x,] where F s a field
and x1,...,x, are n commuting indeterminates.

Put

J = <£Cl,...,33n>

{pe A | phas constant term 0 } .
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Clearly, if m > 1 then
J" = {pe A | each term of p has degree > m }
where the degree of a term

Azitg®2 L gl (A e F)

n

IS
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Easy Exercises:

(1)

(2) JN(K+L) D (JNK)+(JNL);

(3)

(4)

JK+L) = JK + JL -

JOK —
JN(K+L) = (JNK)

(the modular law);

(J+K)JNK) C JK .

let J K,L < A.

(JNL)
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Exercise: Find aring A and ideals J,
K , L such that

(JNK)+(JNL) ¢ JN(K+1L).

Exercise: Find aring A and ideals J,
K such that

(J+K)JNK) ¢ JK.
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Example: Put A=7 andlet a,b,c e z"U{0}.

Exercise: Verify that

l.em. {a, g.cd{bc}}

= g.cd. {l.cm{a,b}, lLemA{a,c}}

Put J = aZ, K = bz, L = cZ. Then
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JN(K+L) = aznN(gcd{b,c} z)
= lem{a, gcddbc} } Z

= g.cd{lcmda,b}, lemia,c}}z

= lcmAa,b}Z 4+ lcmda,ct } Z

= (JNK)+(JNL).
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Thus, since Z is a PID,

For all ideals J, K, L of Z,

JN(K+L) = (JNK)+(JNL).

Further, if a,b € zZ" U {0} then clearly

ab = (g.cd.{a,b})(l.c.m.{a,b})

so that
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(az)(bz) = abz = (g.cd.{a,b}z)(l.c.m.{a,b}2)

(aZ + bZ)(aZ N VZ) .

Again, since Z is a PID,

For all ideals J, K of Z,

(J+K)JNK) = JK .
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Call ideals J K of a ring A coprime or
comaximal if

J+ K = A,
equivalently

(JxreJ, yeK) l =x+4+y.

eg. If A = 7 then ideals are coprime iff their
respective generators are coprime as integers.
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Observation: If J K are coprime then

JNK = JK.

Proof: If J+ K = A then

JNK = A(JNK) = (J+K)(JNK)

c JK C JNK

whence equality holds.
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