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Problem Set 3

Let X be a normed space and f € X'.
Show that f € X* if and only if ker f is closed (in the norm topology).

Let X be the normed space with underlying vector space IR? and norm defined by

(2, y)l| = max{|z|, [yl, |z + yl}.
(a) Sketch the unit ball of this norm.

(b) Find the dual norm (i.e. the operator norm) on X* by determining its unit ball.
(¢) Is X isometric with X*?

Let X, Y and Z be normed spaces over the same field, and S € B(X,Y), T € B(Y, 2).
Show that (T'S)* = S*T™*.

(a) Show that two equivalent norms on the same vector space induce the same topology.
(b) Show that if (X,]|| - ||o) is complete and || - ||1 equivalent to || - |[|o, then (X, || - ||]1)
is complete.

Show that Cfa,b] with the uniform norm is complete.

Check the details in the proof of the “Completion Theorem 2.28”:

(a) ~ is an equivalence relation;
(b) the vector space structure and the norm on X are well-defined;
(c) the candidate sequence (y)ren is Cauchy and the limit of (Zp)nen-

(a) Let X be a normed space and Z be a subspace that is closed in the norm topology.
Define the quotient norm on the quotient space X/Z by:

lle+ Z||=inf{ ||ly|]| | yex+Z}=inf{|lz+z2| | z€ Z}.

Show that this is a well-defined norm.
(b) Does the subspace Z need to be closed in the above?

(c) Let X and Y be normed spaces and T € B(X,Y). Let T: X/ker(T) — Y be the
linear map induced by 7. Let Z = ker(T) and give X/Z the quotient norm (why is
this possible?). Show that T € B(X/Z,Y) and ||T|| = ||T]|.

Let V' be the vector space of all scalar sequences x = ()72, with at most finitely many
non-zero terms. For 1 <p < oo, let X, = (V.|| - ||p), where

llellp = (Y lza)'? (1 <p <o)
k=1

and
||Z]|ooc = max{|zg| | 1 <k < oo}.

You may assume that each space X, is a normed space.
For 1 < 7,5 < oo, let T, s: X, — X, be the formal identity map 7, sz = x. Then T, is a
linear operator.

(a) Show that if r <'s, then T, s is bounded and ||T} 4|| = 1.
(b) Show that if r > s, then T, ; is unbounded.



