COUNTING ISOMORPHISM CLASSES OF ELLIPTIC CURVES OVER F(t)
JUN-YONG PARK

ABSTRACT. We determine the precise number of isomorphism classes of elliptic
curves over F,(t) with char(F,) = 3,2. The key idea is to obtain the exact un-
weighted number of rational points on the classifying stacks 5Q;,, 5Q,4 and BZ,
where Q;, and Q,, denote the dicyclic groups of orders 12 and 24, respectively,
and Z denotes the non-reduced group scheme of order 2. This computation,
inspired by the classical work of [|[dJ02]] and performed via motivic height zeta
functions of height moduli spaces constructed in [[BPS22]], establishes a complete
determination of the total number of isomorphism classes of rational points on
/71,1 over any rational function field k(t) with perfect residue field char(k) > 0.

1. INTRODUCTION

The families of abelian varieties defined over a global field are fundamental. In
this paper, we study families of elliptic curves over function fields. By a family, we
mean specifically an elliptic fibration, that is an algebraic surface X that admits a
proper flat morphism f : X — C to a smooth projective curve C/k over a field k
such that a general fiber is a smooth curve of genus one. Such an X is sometimes
called an elliptic surface in other literature. It is natural to work with the case when
there exists a distinguished section s : C < X coming from the identity points on
each of the elliptic fibers. An elliptic fibration is called relatively-minimal if none
of the fibers contain any (—1)-curves.

It is natural to ask how many elliptic fibrations f : X — C exist. This ques-
tion is equivalent to determining the total number of rational points on ﬂm over
a function field K = k(C). For proper stacks, unlike schemes, there is a distinc-
tion between rational and integral points. Moreover, rational points have extra
automorphism groups. In the case where K = F (t) with char(F ) > 3, the exact
number of isomorphism classes of elliptic curves over K is established in [BPS22,
Theorem 9.7]. The proof relies on the height moduli framework developed in
[BPS22], Theorems 1.2 & 5.1] by Bejleri, Satriano, and the author. Specifically, the
method involves extracting coefficients of rational motivic height zeta functions
Z;(t) associated to the height moduli spaces and their variants on the correspond-
ing inertia stacks ZZ;(t) as described in [BPS22, Theorem 8.9]. In the present
work, we extend the enumerations to the remaining cases char(F,) = 2, 3 inspired
by the classical work of [|dJO2]].

Specifically, we establish the following sharp enumeration of elliptic curves over
a global function field K = IF,(t) with precise lower order main terms. Recall that
the height of the discriminant of an elliptic curve E over K is given by ht(A) :=
qie82 = q'2" for some integer n (also called the Faltings height of E).
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Theorem 1.1. Let n € Zs,. The counting function N**(F,(t), B) (resp. N(F,(t), B)),
which gives the weighted count (resp. unweighted count) of the number of isomor-

phism classes of minimal elliptic curves over P} ordered by the multiplicative height
q

of the discriminant ht(A) = q'*" < B, is given by the following.

¢ -1
N"(Fy(t), B) :( )BS/ﬁ—B”"’

(1) Forq=3"
e risodd:
q°—1
N(F,(t), B)=2 ( )35/6 2BY/®
q®—q’
7 -1 3_1
+2(q )32/3—2(‘14 )31/3
q’—q° q*—q
e riseven:
¢’ -1 5/6 __ opl/6
N(IF (t), B)=2 B 2B
q8—q’
7—1 1
+4(q )32/3 4(‘1 3)31/3
q’—q° q*—q
(2) Forq=2"
e risodd:

N(F,(t), B)=2 ( ql)BS/ﬁ 2B1/6
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—2q+4
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N(F,(t), B)=2 B> —2B
@ —q’
+5 (qs—_l)33/4_ 5 (qs—_l)Bl/Z
—2q+4

Remark 1.2. The lower order main term of order B'/° present in both the weighted

and unweighted counts comes from subtracting the u, twist families of generically
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singular isotrivial j = oo elliptic curves. And the lower order main terms of order
B** & B/ for char(F,) = 3 and B** & B'/2 for char(F,) = 2 in the unweighted
count N'(F,(t), B) come from counting the Q,, and Q,, twist families of isotrivial
elliptic curves having strictly additive bad reductions with extra automorphisms
concentrated at the supersingular j-invariant j = 0.

1.1. Outline of the paper. In Section [2) we compute the motivic classes in the
Grothendieck ring of stacks of the inertia stack ZM, ; for char(k) > 0 and height
moduli in the case of weighted projective stacks. In Section [3] we count the exact
unweighted number of rational points on the classifying stacks BQ;,, BQ,, and BZ,
where Q,, and Q,, denote the dicyclic groups of orders 12 and 24, respectively, and
Z denotes the non-reduced group scheme of order 2. Afterward, we enumerate
elliptic curves over F (t) with char(F,) = 3,2 and prove Theorem

2. MOTIVES & POINT COUNTS OVER FINITE FIELDS

In this section, we briefly review the arithmetic of algebraic stacks over a perfect
field k, with a focus on the case when k = F, is a finite field. Afterward, we
introduce motivic invariants of moduli stacks via the Grothendieck ring K,(Stck;)
of k-stacks. We compute the motives of M, ; and its inertia stack ZM, ;. We also
recall the height moduli spaces on 0- dimensional weighted projective stack P(a)
for later computation of the motives of height moduli spaces on the classifying
stacks BQ,, BQ,, and BZ, where Q,, and Q,, denote the dicyclic groups of orders
12 and 24, respectively, and Z denotes the non-reduced group scheme of order 2.

Due to the presence of automorphisms, point counts of an algebraic stack X over
finite fields are weighted.

Definition 2.1. The weighted point count of an algebraic stack X’ with finite inertia
over IF, is defined as a sum

. 1
F)= DL

x€X(Fy)/~
where X'(IF;)/ ~ is the set of F,~isomorphism classes of F,—points of X'.

The main advantage of the weighted point count is that it is algebro-topological
as it depends only on the cohomology of X and is equal to the usual point count of
the coarse moduli space via the Grothendieck-Lefschetz trace formula for algebraic
stacks proven by classical works of [Beh93, [Sun12].

It is important to note that the above sum runs over the set X'(F,)/ ~ of iso-
morphism classes over I, thus the weighted point count #,(X’) is not equal to the
number |X'(F,)/ ~ | of F,~isomorphism classes when there is a non-trivial auto-
morphism |Aut(x)| # 1 for some stacky point x € X'(FF,)/ ~. Because of this,
for enumeration purposes, it is important to consider the unweighted count of iso-
morphism classes. The following result of [HP23[] shows that the unweighted point
count is also natural and depends on the arithmetic of the inertia stack of X.
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Theorem 2.2 (Theorem 1.1. of [HP23]]). Let X’ be an algebraic stack over F, of
finite type with quasi-separated finite type diagonal and let Z(X') be the inertia stack
of X. Then,

(X (Fg)/ ~ | = #,(Z(X))

In this paper, we study proportions via motivic classes in the Grothendieck ring
K, (Stck;) of k-stacks. We review some properties of the Grothendieck ring of stacks
introduced in [[Eke25]].

Definition 2.3. [[Eke25, §1] The Grothendieck ring of stacks K,(Stck, ) is the abelian
group generated by classes {XX'}, for each algebraic stack X" of finite type over k
with affine inertia modulo the relations

o (X}, ={Z} +{X \ Z}, for Z Cc X a closed substack,

o {&} ={X x, A"}, for £ a vector bundle of rank n on X.
Multiplication on K,(Stck,) is induced by {X'}, {)V}, = {X %, V}. There is a dis-
tinguished element L. := {A'}, € K,(Stck,), called the Lefschetz motive. We drop
the subscript if k is clear.

We denote by K, (Stck;) the ring obtained by imposing only the cut-and-paste
relation but not the vector bundle relation and denote the class of a stack in this ring
by {X'}. The Grothendieck ring is universal among all additive and multiplicative
invariants. For instance, when k = I, the point counting measure {X'} — # ,(X)
is a well-defined ring homomorphism # : KO(Stck]Fq) — Q giving the weighted
point count #,(X") of X’ over F,. When {X'} is mixed Tate i.e. a polynomial in the
Lefschetz motive L := {Ai} which serves as a natural “measure” of the affine line,
the weighted point count is a polynomial in q.

Recall that an algebraic group G is special in the sense of [[Ser58]] and [Gro58]],
if every G-torsor is Zariski-locally trivial; for example G,, GL,, SL; are special and
PGL,, PGL, are non-special. If ¥ — ) is a G-torsor and G is special, then we have
{X} ={G}-{V} ([Eke25, Prop. 1.1 iii)]).

Finally, we can use the following result to access unweighted point counts.

Proposition 2.4. [[dFLNUQ7, Prop. 5.3] The association X — ZX extends to a
unique ring homomorphism

1: K(/)(St(:kk) - K(/)(StCkk)
which we call the inertia operator.

Note that Z does not descend to a well defined operator on K,(Stck;) as in
[Eke25, Prop. 1.1 iii)]. In order to keep track of the primitive roots of unity con-
tained in IF;, we define the following auxiliary function.

1 if x divides ¢ —1,
o(x) = i

0 otherwise.
Proposition 2.5. Let k be a perfect field with char(k) t a,b. The motivic classes of
the weighted projective stack P(a, b) and its inertia stack ZP(a, b) in K,(Stck,) are
equal to

{P(a,b)} =L+1
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{ZP(a,b)} =gcd(a,b)-(L+1)+6(a)-(a—ged(a, b))+ 6(b) - (b—ged(a, b))

Proof. As P(a,b) = [(A2\ {0})/G,, ] we have {P(a,b)} = E=2 = L + 1 which
holds as G,, = GL, is a special group. For the inertia stack ZP(a, b), note that

IP(a, b) = Uged(a,p)P(a, b) Ug_ged(a,p) P(a) Up—ged(a,p) P(b)
by [HP23| Proposition 3.5] which translates to
{ZP(a, b)} = ged(a, b)-{P(a, b)}+6(a)-(a—ged(a, b))-{P(a)}+5(b)-(b—ged(a, b))-{P(b)}

As P(r) :== |:(A1 AN {O})/(Gm] hence {P(r)} = % = 1 we get the desired formula.
|

Note that computing the exact weighted point count #,(Z(Xx)) of the inertia
stack via algebro-topological method is useful as we are able to deduce the exact
unweighted point count of the underlying stack |X'(F,)/ ~ |.

Let us illustrate this important discrepancy with an example. One can ask how
many isomorphism classes of elliptic curves are there over F,.

Proposition 2.6. Let k be a perfect field. The motivic class of the fine modular curve
M 1 of smooth elliptic curves in Ky(Stck,) is equal to

{My,} =L

The motivic classes of the inertia stack ZM, , for char(k) # 2,3 is equal to

{TM }=2L+5(6)-4+5(4) -2

which translates to the following for k = F, with char(F ) # 2,3

{IM,,} =2L+6, ifg=1 mod 12,
=2L+2, ifg=5 mod 12,
=2L+4,ifq=7 mod 12,
=2L, ifg=11 mod 12.

The motivic classes of the inertia stack ZM, ; for char(F;) = 2,3 is equal to

{I/\/ll,l} =2IL+1, if g = 2" with r odd,
=2L+5, ifq=2" with r even,
=2L +2, ifq=3" with r odd,

= 2L +4, if ¢ = 3" with r even.
5



Proof. The weighted point count is identical over any field which follows from the
coarse moduli space M1,1 = P! over Spec Z thus we have {M1,1} = {Mm —{j= oo}} =
(L+1)—1=L. The classes {Z(M,, —{j =0} —{j = 1728})} = 2(L — 2) of the
inertia stack for char(k) # 3,2 follows as the automorphism group of a geometric
point of M, ; is of order 2 away from j = 0 and j = 1728 (c.f. [Sil09, Ap. A, Prop.
1.2]). It remains to find out how many F —points j = 0,1728 have respectively
depending on the primitive roots of unity contained in IF;. This is 5(6)-6 for j =0

and 6(4) -4 for j = 1728.

For the classes of the inertia stack for char(F,) = 3, 2, the classes {I(/\/l == O}} =
2(IL — 1) of the inertia stack follows as the automorphism group of a geometric
point of M, ; is of order 2 away from j = 0 (c.f. [ISil09, Ap. A, Prop. 1.2]). For
q = 3', It remains to find out how many F,—points j = 0 has which is the number
of IF,~isomorphism classes of supersingular elliptic curves. For r odd we have 4 iso-
morphism classes and for r even we have 6 isomorphism classes from [[CJ04, Thm.
3.5]. Thus we have {IM1,1} =2(L—1)+4 for r odd and {I/\/tljl} =2(L—1)+6
for r even. Similarly for the number of F —isomorphism classes of supersingular
elliptic curves for ¢ = 27, for r odd we have 3 isomorphism class and for r even
we have 7 isomorphism classes from [Men93, Thm. 3.6 & 3.7]. Thus we have
{I/\/ll,l} =2(L—1)+1 for r odd and {I/\/ll,l} =2(L—1)+5 forr even.

|

Let us briefly recall the formulation of height moduli spaces on weighted pro-
jective stack PA) = P(Ag,...,Ay) and £ = O(1). By [BPS22, Theorem 4.28]
the height moduli space M, . (77(1), O(1)) was constructed as a moduli space of
i—weighted linear series (L,s,,...,Sy) on the curve C.

Definition 2.7. A i-weighted linear series on C is a tuple (L,s,,...,Sy) where s; €
H°(C, L®). The tuple is minimal if for all x € C(k*P), there exists j such that
v,(s;) < A; where v, is the order of vanishing at x.

Particularly, Hm = P(4,6) over Z[%] with £ the Hodge line bundle by the
short Weierstrass equation y? = x° + a,x + a4, where { - a; = {'a; for { € G,, and
i =4,6. The minimal weighted linear series on the smooth projective curve C are
Weierstrass data which are rational points on /Vu over K = k(C). And in [BPS22),
§7], the moduli stacks of elliptic surfaces over k with char(k) # 2,3 of stacky
height n with fixed singular fibers are identified with the height moduli spaces.
As Aut(P') = PGL,, it is natural to consider PGL, stack quotient [Wfl“i“ / PGLZ] as
was done in [[PS25, Main Theorem 1.2]. Note that the 12th root of the minimal
discriminant of an elliptic curve is known to be the Faltings height (c.f. [Lan24,
Remark 1.2]). In the cited paper, Landesman showed that the Faltings height on
Hu in characteristic 3 is not a height function in the sense of [ESZB23]].

We now consider the motives {W:l;} } of the height moduli space Mn,P; (P(a,b),0(1)) =
"k

Wfl“"“ in the Grothendieck ring K,(Stck,). In [BPS22, §8 and §9], the exact mo-
tivic classes in the Grothendieck ring K,(Stck,) of stacks of height moduli spaces
(together with their inertia stacks) of k(t)-points on weighted projective stacks

73(71) =P(Ag,...,Ay) with £ = O(1) were determined as follows.
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Theorem 2.8 (Theorems 9.1 and 9.2 of [BPS22]]). The classes {W;“i“} are given by
the following formulas:

05} =
{Winin} — {]P;N}(Lm _ L) + ]LN+1{]P>|XI—N—2}
{Wmin} — L(n—2)|7L|+N+2(L|3L|—1 _ 1){IP)|7L|—1}

n>2

This is proven via extracting the coefficients of rational motivic height zeta func-
tions Z;(t) of height moduli spaces with its variant on the inertia stacks ZZ3(t) in
[BPS22|, Theorem 8.9]. The rationality follows from establishing the stratification
by minimality defect in [BPS22], Corollary 6.2] where we stratify the complement
of W,Ti” inside W, \ W?° into strata corresponding to minimal weighted linear
series of smaller height.

For later counting purposes, it is important to work out the {Wﬂj}} for O-
ke

dimensional weighted projective stack P(a).

Corollary 2.9. The classes {Wfl“i“} for P(a) are given by the following formulas:
v} =1
{wmink =10 4 L7+ + L2
{Wmin — L(n—2)a+2(La—l 1) {]P;a—l}

n>2

We also need slightly modified motive formula for {W:‘Eﬁ} for 77(7)) which be-
"k

haves as a virtual (—1)-dimensional weighted projective stack. We will define this
motive formally to facilitate subsequent operations involving formal addition and
subtraction in the Grothendieck ring of stacks.

Definition 2.10. The classes {Wff‘i“} for P(b) are given by the following formulas:
{wmin} = L0 4 L2 4 4L+ 1
{Wmin} — L(n—Z)b+1 (Lb_l _ 1){Pb_1}

n>2

3. COUNTING ISOMORPHISM CLASSES OF E/FF (t)

In counting the exact unweighted number of isomorphism classes of E/F/(t),
it is vital to understand the families of elliptic curves that are non-constant (i.e.
height n > 1) and isotrivial (i.e. a fixed j-invariant) with extra automorphisms (i.e.
more than the generic hyperelliptic involution automorphism of order 2) having
strictly additive bad reductions (i.e. potentially good reduction) which leads to
various lower order main terms that are hidden from the exact weighted number
of isomorphism classes of E/F (t) (c.f. [BPS22, Rmk 9.8]).

In this regard, for char(F,) = 3, 2, the automorphism group of a geometric point
of M, ; is of order 2 away from j = 0 (c.f. [Sil09, Ap. A, Prop. 1.2]). In char(F,) =
2, the generic geometric points with j, # 0 have the stabilizer groups of Z =
Speck[x]/(x?—1) which is non-reduced as x> —1 = (x — 1)?. The automorphism
group of a geometric point at j = 0 is Q;, (resp. Q,,) the dicyclic group of order
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12 (resp. 24). The dicyclic groups are non-abelian with order 4n for n > 3 and
each contains a unique element of order 2.

A given generalized Weierstrass form F = x*+a,x*+a,x+a,—y*—a;xy—asy,
where a; € H*(Op:(in)) defines an E/F,(t) and if F defines an E/IF(t) with a fixed
j-invariant then as explained in [[Sil09, Ap. A, Prop. 1.1] there exists a coordinate
change of the form x — x + b; and y — y + b;x + b; with b; € H°(Op:(in)) such
that for char(FF;) = 3 and j = 0 has the following normal Weierstrass form

y2 =x3+a4x+a6
As explained in [[dJ02) §4.13 (b2)], there exists a unique choice of the pair (b, b;)
so that we get

yr=x’+adx+a
where a; is a nonzero section of O(4n) and a; is any section of O(6n). As in the
paragraph before [[dJ02, Prop. 4.14], we have (¢**"* — 1)q®""1q*"*? as the total
number of Weierstrass polynomials which are non-constant and isotrivial with j =
0 where (¢*"*! — 1) corresponds to counting a nonzero section of O(4n) and q°**!

corresponds to counting any section of O(6n) and ¢**** corresponds to counting
any sections of O(n) and O(3n) due to (b,, b;) worth of freedom.

After dividing out the coordinate change factor of ¢®*"3(q — 1) consisting of
(by, by, b3) worth of freedom and a nonzero scalar A € k*, we have

@"+...+1)-q"=(@>"+...+¢") =" +...+D—=(¢" ' +...+1)

This expression is the total number of minimal Weierstrass forms that are isotriv-
ial with j = 0 upto height n. Using the relation of [dJ02] (4.13.1)], we see that
counting the weighted number of rational points of height n > 1 on the classify-
ing stacks BQ, (the stacky point of M, ; at j = 0) has the same cardinality as

counting the weighted number of rational points on P(8) — P(4).

Proposition 3.1. The classes {W,Tin} for the classifying stack BQ,,, of dicyclic group
of order 12 are given by the following formulas:

prpe) =1
(Wrin} = (LB 4+ ...+ L) — (L3 + L2+ L +1)
{Wmin — L(n—2)8+2(L7 _ 1){IF>7} _ L(n—2)4+1(]L3 _ 1){@3}

n>2

Proof. At height n = 0 we only have a constant map to j = 0 which means W(‘)“i“ has
the motive of {IP’O} = 1. For height n = 1, we have the motive of {W{“i“(P(S), (’)(1))} =
L8+1L7+LO+L5+L*+L3+1L? from this we need to subtract {W™"(P(4), 0(1))} =
L3+ L%+ L + 1. For height n > 2, we have the motive of {W;I;_ig(P(S), O(l))} =
L8147 —1){P’} from this we subtract {ng(P(zl), O(1))} = L*7(L3—1){P%}.

|

As for char(IF;) = 2 and j # 0 has the following normal Weierstrass form

Y2+ axy =x>+ax*+ag
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As explained in [|[dJ02) §4.13 (c1)], there exists a unique choice of the pair (b,, b3)
so that we get
Y +dxy =x*+a,x*+(a})°

where a/ is a nonzero section of O(n) and a;, is any section of O(2n). As in the
paragraph before [[dJ02| Prop. 4.14], we have (q — 1)(¢"*! — 1)q***'q°"*? as the
total number of Weierstrass polynomials which are non-constant and isotrivial with
a certain fixed j, # 0 where (¢ — 1) corresponds to M, ; — {j = 0} and (g™ —
1) corresponds to counting a nonzero section of O(n) and ¢*"*! corresponds to

counting any section of O(2n) and g°**? corresponds to counting any sections of
O(2n) and O(3n) due to (b,, b;) worth of freedom.

After dividing out the coordinate change factor of q®*3(q — 1) consisting of
(b4, by, b3) worth of freedom and a nonzero scalar A € k*, we have

@ +...+1)-¢"=(@*"+...+¢)=(@*""+...+1D)—=(@" ' +...+1)

This expression is the total number of minimal Weierstrass forms that are isotriv-
ial with j, # 0 upto height n. Using the relation of [|dJ02} (4.13.1)], we see that
counting the weighted number of rational points of height n > 1 on the classifying
stack BZ (the generic stacky point of M, ; at j, # 0) has the same cardinality as

counting the weighted number of rational points on P(2) — P(1).

Proposition 3.2. The classes {Wflni“} for the classifying stack BZ of non-reduced
group scheme of order 2 are given by the following formulas:

ey =3
o) =1
{Wrrlr;I; — L(n_2)2+2(]L _ 1){]13;1}

Proof. At height n = 0 we only have a constant map to j = 0 which means Wg‘i“ has
the motive of {IP’O} = 1. For height n = 1, we have the motive of {Wfli“(P(Z), (’)(1))} =
L2 from this we need to subtract {Wi“m(P(i), (9(1))} = 1. For height n > 2, we
have the motive of {W™1(P(2),0(1))} = L?*2(L — 1){P'} from this we subtract

n>=2

nothing as {W™in(P(1),0(1))} = 0.

n>2

|
Lastly, as for char(F,) = 2 and j = 0 has the following normal Weierstrass form
y2+a3y=x3+a4x+a6

As explained in [[dJ02, §4.13 (c2)], there exists a unique choice of b, so that we
get

y?+ayy =x’+a,x +a
where a; is a nonzero section of O(3n) and a; (resp. ay) is any section of O(4n)
(resp. O(6n)). As in the paragraph before [[dJ02, Prop. 4.14], we have (¢*"*! —
1)g**t1q®*1g2"*! as the total number of Weierstrass polynomials which are non-
constant and isotrivial with j = 0 where (¢®"*! — 1) corresponds to counting a

nonzero section of O(3n) and g*™*! (resp. q°**!) corresponds to counting any
9



section of O(4n) (resp. O(6n)) and g>**! corresponds to counting any sections of
O(2n) due to b, worth of freedom.

After dividing out the coordinate change factor of ¢®*"(q — 1) consisting of
(by, by, b3) worth of freedom and a nonzero scalar A € k*, we have

@ +...+1)-¢" =" +..+¢")=@"+...+ D)= (@ +...+1)

This expression is the total number of minimal Weierstrass forms that are isotriv-
ial with j = 0 upto height n. Using the relation of [IdJ02, (4.13.1)], we see that
counting the weighted number of rational points of height n > 1 on the classify-
ing stacks BQ,, (the stacky point of M, ; at j = 0) has the same cardinality as

counting the weighted number of rational points on P(9) — P(6).

Proposition 3.3. The classes {Wflni“} for the classifying stack BQ,,4 of dicyclic group
of order 24 are given by the following formulas:

(=1
{wirint = (L7 +...+L) - (L +...+1)
{Wis} = L2 (@8 — 1)} — L2 (L° — 1){P)

Proof. At height n = 0 we only have a constant map to j = 0 which means Wg‘i“ has
the motive of {IP’O} = 1. For height n = 1, we have the motive of {Wfﬂ“(P(9), 0(1))} =
LO+LS+L7+LO+L5+L4+L3+1L2 from this we need to subtract { W™"(P(6), O(1))} =
LS+L*+L3+L2+L+1. For height n > 2, we have the motive of V™2 (P(9), O(1))} =

n>=2

Lo"19(L8—1){P*} from this we subtract { W™ (P(6), O(1))} = Lo (L5—1){P°}.
|

We are now ready to prove Theorem (1.1

Proof of Theorem We prove for ¢ = 3" case first. We recall that the weighted
count N"*(FF,(t), B) in [BPS22, Theorem 9.7] is the same for all positive charac-
teristic as shown in [|[dJO2, Proposition 4.12]. As for the unweighted count, we
multiply 2 to the weighted count N"*(F (t), B) since any stacky point away from
j = 0 has the hyperelliptic involution automorphism group of order 2 (c.f. [[Sil09,
Ap. A, Prop. 1.2]).

For j = 0, we take the weighted count in Proposition and multiply appro-
priate factors which are (4 —2) = 2 for r odd case and (6 —2) = 4 for r even case
depending on the parity of prime power of 3 as there are 4 isomorphism classes
(resp. 6 isomorphism classes) of supersingular elliptic curves for r odd case (resp.
r even case) (c.f. [[CJ04, Thm. 3.5]) and -2 comes from taking into account the
hyperelliptic involution.

Thus for the unweighted count, we would like to compute the following.

When r is odd:

N(EF(£),B)=2-N"(F(t), B)+2 - (#W,p1(8) — # W, ()
10



When r is even:
N(Fq(t)7B) =2 'NW(]Fq(t): B) +4- (#an,Pl (8) - #an,IP’l(Z]'))

We first compute the following by summing over n > 2

\‘loquJ

12

_q' -1 2/3_ 8

Z # Whp(8) = ———(BY" —q°)
- q° —q

n=2
%

> #W 1(4)=—(qs—_1).(31/3—q4)
o q-(a*~¢?)

which leads to the following as we sum over all n > 0:

v q7_1 2/3 8 q3_1 1/3 4
#qwn,m(s)—#qwn,wm):(q7_q6)-(3 SO e B RCGETD

+(@®+...+¢)—(?+¢+qg+1)+1
_ -1 B2/3 _ ¢ -1 Bl/3
q’ —qb gt — s
from which the result follows.

We now prove for g = 2" case. We recall that the weighted count N*'(F (t), B) in
[BPS22, Theorem 9.7] is the same for all positive characteristic as shown in [IdJ02),
Proposition 4.12]. As for the unweighted count, we multiply 2 to the weighted
count N*(F,(t), B) since any stacky point away from j = 0 has the hyperelliptic
involution automorphism group of order 2 (c.f. [[Sil09, Ap. A, Prop. 1.2]). There
needs to be an adjustment, however, as the weighted number of rational points on
P(2) and P(2)—P(1) differ at height n = 1. The difference of {Wf‘in(P(Z))} =12
and {Wmin(p(2)—P(1))} =L>—1is —1.

Thus taking account of all points for every j, # 0, we need to subtract (¢ —1)
from the total number of weighted count corresponding to M, ; —{j = 0} for a
certain fixed j, # 0. And then we need to add 1 from the total number of weighted
count as we subtract the rational points landing on j = o0 since we do not want
to count the generically singular j = oo isotrivial elliptic curves.

Lastly for j = 0, we take the weighted count in Proposition and multiply
appropriate factors which are (3 —2) = 1 for r odd case and (7 —2) = 5 for r
even case depending on the parity of prime power of 2 as there are 3 isomorphism
classes (resp. 7 isomorphism classes) of supersingular elliptic curves for r odd case
(resp. r even case) (c.f. [Men93, Thm. 3.6 & 3.7]) and -2 comes from taking into
account the hyperelliptic involution.

Thus for the unweighted count, we would like to compute the following.

11



When r is odd:
N(F(£),B) =2 (N"(F(t), B)= (g = 1)+ 1)+ (# W, 1 (9) = #,W, 1 (6))
When r is even:
N(Fy(6),B)=2-(N"(F(t), B)=(q—1) + 1) +5- (# W, 1(9) — #,W, 1 (6))
We first compute the following by summing over n > 2
E4
D EWem(9) =
n=2

5]

> W@ == (L) g
&4 TarinE q-(¢°—q%)

which leads to the following as we sum over all n > 0:

¢°—1

q8 _q7 . (B3/4 _q9)

x q®—1 3/4 9 °—1 1/2 6
£y (9) = #Wm(8) = L 59— g0y — [ L1 ). (12— ¢9)
q°—q q°—q

+(@P+...+¢)—(@P+q*+@P+*+q+1)+1
(L=t gt (L1 g
q8_q7 q6_q5

from which the result follows.

ACKNOWLEDGEMENTS

Warm thanks to Dori Bejleri, Scott Mullane, Tristan Phillips and Matthew Satri-
ano for numerous helpful discussions. The author was partially supported by the
ARC grant DP210103397 and the Sydney Mathematical Research Institute.

REFERENCES

[Beh93] Kai A. Behrend. The Lefschetz trace formula for algebraic stacks. Invent. Math.,
112(1):127-149, 1993.

[BPS22]  Dori Bejleri, Jun-Yong Park, and Matthew Satriano. Height moduli on cyclotomic stacks
and counting elliptic curves over function fields, 2022. arXiv:2210.04450.

[CJ04] Youngju Choie and Eunkyung Jeong. Isomorphism classes of elliptic and hyperelliptic
curves over finite fields F(,,1).. Finite Fields Appl., 10(4):583-614, 2004.

[dFLNUO7] Tommaso de Fernex, Ernesto Lupercio, Thomas Nevins, and Bernardo Uribe. Stringy
Chern classes of singular varieties. Adv. Math., 208(2):597-621, 2007.

[dJO2] A.J. de Jong. Counting elliptic surfaces over finite fields. Mosc. Math. J., 2(2):281-311,
2002. Dedicated to Yuri I. Manin on the occasion of his 65th birthday.

[Eke25] Torsten Ekedahl. The Grothendieck Group of Algebraic Stacks. In Perspectives on Four
Decades of Algebraic Geometry, Volume 1, volume 351 of Progr. Math., pages 233-261.
Birkhduser/Springer, Cham, 2025.

12



[ESZB23] Jordan S. Ellenberg, Matthew Satriano, and David Zureick-Brown. Heights on stacks
and a generalized Batyrev-Manin-Malle conjecture. Forum Math. Sigma, 11:Paper No.
el4, 54, 2023.

[Gro58] Alexander Grothendieck. Torsion homologique et sections rationnelles. Séminaire
Claude Chevalley, 3, 1958. talk:5.

[HP23] Changho Han and Jun-Yong Park. Enumerating odd-degree hyperelliptic curves and
abelian surfaces over P'. Math. Z., 304(1):Paper No. 5, 32, 2023.

[Lan24] Aaron Landesman. Stacky heights on elliptic curves in characteristic 3. Ann. Inst.
Fourier (Grenoble), 74(5):1881-1894, 2024.

[Men93]  Alfred Menezes. Elliptic curve public key cryptosystems, volume 234 of The Kluwer In-
ternational Series in Engineering and Computer Science. Kluwer Academic Publishers,
Boston, MA, 1993. With a foreword by Neal Koblitz, Communications and Information
Theory.

[PS25] Jun-Yong Park and Johannes Schmitt. Arithmetic geometry of the moduli stack of
Weierstrass fibrations over P!. Math. Z., 310(4):Paper No. 84, 2025.

[Ser58] Jean-Pierre Serre. Espaces fibrés algébriques. Séminaire Claude Chevalley, 3, 1958.
talk:1.

[Sil09] Joseph H. Silverman. The arithmetic of elliptic curves, volume 106 of Graduate Texts in
Mathematics. Springer, Dordrecht, second edition, 2009.

[Sunl2] Shenghao Sun. L-series of Artin stacks over finite fields. Algebra Number Theory,
6(1):47-122, 2012.

Jun-Yong Park — june.park@sydney.edu.au
SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SYDNEY, AUSTRALIA

13



	1. Introduction
	1.1. Outline of the paper

	2. Motives & Point counts over finite fields
	3. Counting isomorphism classes of P
	Acknowledgements
	References

