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Abstract We present here a mathematical model describing the primary mechanisms
that drive the early stages of atherosclerosis. This involves the interactions between
modified low density lipoprotein (LDL), monocytes/macrophages, cytokines and foam
cells. This model suggests that there is an initial inflammatory phase associated with
atherosclerotic lesion development and a longer, quasi-static process of plaque devel-
opment inside the arterial wall that follows the initial transient. We will show results
that show how different LDL concentrations in the blood stream and different immune
responses can affect the development of a plaque. Through numerical bifurcation
analysis, we show the existence of a fold bifurcation when the flux of LDL from the
blood is sufficiently high. By analysing the model presented in this paper, we gain a
greater insight into this inflammatory response qualitatively and quantitatively.
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1 Atherosclerotic plaque formation as the outcome of nonlinear processes

Atherosclerosis (or arteriosclerotic vascular disease) is the primary cause of heart
attack (acute myocardial infarction) and stroke (cerebrovascular accident). Together,
these are the leading causes of death around the world. It is now accepted that
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atherosclerosis is a chronic inflammatory response within the intima, the innermost
layer of an artery, and that atherosclerosis is driven by the accumulation of macrophage
cells within the intima and promoted by modified low density lipoprotein (LDL) par-
ticles (Libby 2002; Lusis 2000).

The early stages of atherosclerosis are non-symptomatic. Atherosclerotic lesions, or
plaques, can form in the artery wall as early as infancy and continue to grow throughout
adulthood. Depending on where the atherosclerotic plaque grows, symptoms may
begin to occur, such as numbness or pain in certain parts of the body (examples include
angina, peripheral arterial disease and kidney disease). Atherosclerotic lesions stiffen
and subsequently weaken the arterial wall and may become unstable and rupture,
causing occlusions to blood flow to vital organs which may result in heart attack and
stroke.

Plaque formation and growth is the outcome of many nonlinear processes that
promote, inhibit or compete with one another. These processes occur on different
timescales and in different parts of the tissue. In particular, some processes take place
in the lining of the blood vessel and others in the vessel wall. As we are considering this
as a continous process, we represent these processes as a system of partial differential
equations (PDEs) and their associated boundary conditions. Many processes can be
represented by saturating kinetics, others by bilinear dynamics similar to those of the
Law of Mass Action. Logically we expect that atherosclerosis (and certainly models
for atherosclerosis) will show characteristic outcomes of nonlinear dynamics, such as
loss of steady states through fold bifurcations and hysteresis.

In this paper we focus on early plaque formation and examine both the transient
and quasi-steady state behaviour of the model and the bifurcations that it predicts.
We interpret these analysis biologically and explore the implications for clinical and
medical understanding of plaque growth.

2 Early development of an atherosclerotic lesion

2.1 Endothelial failure and the formation of modified low density lipoproteins
in the intima

A healthy artery is lined by the endothelium, which is a layer of cells that covers
the inside of the vessel wall and that significantly contributes to the integrity of the
arterial wall. The endothelium can become damaged, particularly in areas of low shear
stress, where, for example, there is turbulence of recirculation in the blood flow. This
damage may be exacerbated by factors such as hypertension. When the endothelium
is injured, LDL, which is present in the blood stream, penetrates the arterial wall and
enters the intima. LDL inside the intima is susceptible to modification by free radicals
that are produced when the endothelial wall fails (Channon 2002; Furchgott 1999;
Napoli et al. 2006).

The failure of the endothelium and the presence of modified LDL trigger the
expression of adhesion molecules on the surface of the endothelium. These include
selectins (E- and P-selectin) (Hansson and Libby 2006), intercellular adhesion mole-
cules (ICAM-1) and vascular-cell adhesion molecules (VCAM-1) (Libby 2002; Libby

123



Bifurcation and dynamics in a mathematical model

and Ridker 2006). Modified LDL also triggers the production of cytokines such as
macrophage colony stimulating factor (M-CSF), monocyte chemotactic protein 1
(MCP-1) and platelet derived growth factors (PDGF) (Channon 2002; Lusis 2000).
Figure 1a illustrates the LDL modification and subsequent stimulation of the endothe-
lium.

2.2 Activated species go to work

Endothelial cell adhesion molecules such as VCAM-1 and ICAM-1 enable monocytes
from the blood stream in the lumen to attach themselves to the endothelial wall (Lusis
2000). These monocytes migrate into the intima in response to a chemoattractive
gradient established by MCP-1 and other cytokines (Han et al. 2004; Hansson and
Libby 2006; Newby and Zaltsman 1999).

Monocytes inside the intima differentiate into macrophages in response to
macrophage colony stimulating factor (M-CSF) (Libby 2002; Ross 1999). These
macrophages begin to exhibit scavenger receptors on their surface which include
scavenger receptor A and B1 (SR-A and SR-B1), CD36, CD68, CXCL16 and lectin-
type oxidized low-density lipoprotein receptor 1 (LOX1) (Hansson and Libby 2006).
Figure 1b illustrates the recruitment and adherence of monocytes to the surface of
the endothelium, their subsequent migration into the intima and differentiation into
macrophages.

2.3 Macrophage ingest modified LDL and promote further inflammation

Macrophages that exhibit scavenger receptors recognise modified LDL in the intima
and readily internalise the lipid content. Stimulated by their consumption of mod LDL,
macrophages secrete chemoattractants, such as MCP-1 and endothelial-stimulating
cytokines such as tumour necrosis factor α (TNFα) (Hansson and Libby 2006; Libby
2002; Ross 1999). Both chemoattractants and endothelial stimulating (ES) cytokines
promote further immigration of monocytes. Macrophages that have consumed lipids,
become foam cells, that is, large cells which are filled with lipid droplets that give them
a foamy appearance. Foam cells collectively form a fatty streak inside the intima. Fig-
ure 1c illustrates the consumption of modified LDL by macrophages, the chemoattrac-
tants and ES cytokines produced during this consumption and the resultant cholesterol
filled foam cells.

3 Previous models: their purpose and structure

Articles on mathematical and computational models that describe the inflammatory
processes in atherosclerosis are starting to proliferate. Each model has its own par-
ticular focus, both in how the atherosclerotic plaque and inflammatory processes are
represented and in the purpose and results of the modelling.

The simplest approach to atherosclerosis modelling is to ignore plaque spatial
structure and take a population-type approach using ordinary differential equation
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Fig. 1 a When the endothelium
fails, LDL from the lumen
infiltrates the intima. LDL inside
the intima is susceptible to
modification. The presence of
modified LDL at the
endothelium triggers the
production of monocyte
chemoattractants such as MCP-1
and stimulating factors such as
M-CSF. This aggravation of the
endothelium triggers an
expression on the surface of the
endothelial wall of adhesion
molecules such as VCAM-1 and
ICAM-1. b Monocytes from the
blood stream adhere to the
endothelial wall and move into
the intima in response to the
chemoattractant present in the
intima. Once inside the intima,
macrophage colony stimulating
factor (M-CSF) stimulates the
monocytes to differentiate into
macrophages and these
macrophages display scavenger
receptors on their surface. c
Scavenger expression allows
macrophages to consume the
modified LDL inside the intima.
Macrophages secrete
chemoattractants such as MCP-1
and endothelial stimulating
cytokines (e.g., TNFα). As they
consume modified LDL,
macrophages become foam cells
and cease to consume modified
LDL
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models. Ougrinovskaia et al. (2010), produced a simple model for inflammation in
early atherosclerosis which models modified LDL, macrophages and foam cell popu-
lations. The key feature in the model is that macrophage recruitment depends on both
modified LDL and the macrophage population in a nonlinear way. Hence, the model
has solutions that are bistable, or even multistable, depending on the parameters and
the nature of the nonlinearities, so it is possible to have a steady state with low, stable
levels of macrophages and a high level of modified LDL and for the same parameter
values have an attracting state with no modified LDL (as it has all been consumed)
but a mathematically infinite number of macrophages. Cohen et al. (2014) extended
this model to include HDL and showed that lipid export is the only mechanism that
permits plaque regression, although other actions of HDL reduce the rate of plaque
growth.

Simulation models (Pappalardo et al. 2008; Poston and Poston 2007) also take
spatially distributed processes and approximate them by populations averaged across
the intima although they may include spatial dimensions along or around the blood
vessel. Pappalardo et al. (2008) use a complicated agent-based model which includes
immune reactions and macrophage production that occur in the other parts of the body
to examine the role of antibodies against oxidised LDL in controlling atherosclerosis.
Poston and Poston (2007) use a simple cellular automaton model to explore why
atherosclerosis is localised in plaques and not ubiquitous in the vessel lining.

There are many models for blood flow in arteries that seek to determine and explain
the location of atherosclerotic plaques (see, for example, Plank et al. 2007), usually by
identifying regions of low shear stress and non-laminar flow in blood vessels. Some
models (Zohdi et al. 2004; Gessaghi et al. 2011; Bulelzai and Dubbeldam 2012; Cilla
et al. 2014) seek to link blood flow with modified LDL penetration of the intima. The
price of including the effect of blood flow is often a lack of accurate biological detail
in the dynamics of events in the intima. In this paper we regard the endothelial injury
as a given so that we can carefully examine events on the endothelium and inside
the intima. Bulelzai et al. (2014) perform a bifurcation analysis on their ODE models
and show that oscillatory solutions are possible but only in a parameter range where
the rate of conversion of monocytes into macrophages is two orders of magnitude
slower than the rate that macrophages consume modified LDL which modified LDL
is plentiful. Ougrinovskaia et al. (2010), in contrast, show that their ODE model has
no oscillatory solutions.

Because plaques spread along the length of the blood vessels, models for early
atherosclerosis are an obvious application for travelling wave analysis. El Khatib
et al. (2009, 2007, 2012) focus on events early in plaque formation and propose a
simple two species model where the presence of oxidised LDL draws macrophages
across the luminal boundary via a nonlinear boundary condition and the oxidised LDL
itself is generated within the intima. They show that there exist travelling waves of
inflammation that move along the length of the vessel both when the width of the intima
is explicitly modelled and when the width of the intima is assumed to be negligible
so that the equations are in only one spatial dimension. Hidalgo et al. (2014) compute
solutions of a variant of El Khatib et al.’s model and show that there is a region of
bistability in parameter space where excitatory cytokines and macrophage numbers
may either be at a high or at a low steady state.
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Calvez et al. (2009) present a similar but more complicated model for early
atherosclerotic plaque formation which includes not only macrophages and oxidised
LDL but also an activation cytokine that is produced in response to macrophage
consumption of oxidised LDL (using a law of mass action model) and stimulates
the recruitment of the macrophages at the endothelium. They also include a moving
boundary as the intima deforms in response to the accumulation of foam cells. Calvez
et al. (2010) use this model, coupled with a model for blood flow to examine how the
distortion of the lumen affects blood flow.

Atherosclerosis is an obvious application of free boundary models, although the
occlusion of the lumen and the stretching of the outer wall of the blood vessel does not
occur to any substantial extent in very early stages of the disease and the determining
the details of moving boundary models for plaque growth is not straightforward. Fok
(2012) presents a model that represents a chemoattractant which prompts smooth
muscle cells to invade from the media. There are several problematic aspects to the
model, not least the absence of any lipids in the model and the assumption that the
intima thickens in a radially symmetric way rather than only close to the atherosclerotic
lesion.

Some models focus on the later stage of atherosclerosis when the plaque has become
structured, either by forming a necrotic core or by the invasion of smooth muscle cells
that generate a collagen cap. Ibragimov et al. (2005), produce a complicated PDE
model for six species that they then simplify to a reduced model for immune cells,
cellular debris and chemoattractant. Although the model gives results that appear
plausibly similar to the observed pattern of distribution of these quantities in the intima,
the reduced model does not include modified LDL and its relation to biological events
is not strong. Little et al. (2009) construct a PDE model where there is a necrotic core
but no smooth muscle cells or collagen cap, based on a model by McKay et al. (2004),
to investigate why low-dose ionising radiation increases the risk of cardiovascular
disease. They use the model to examine the effect on inflammation of perturbations
from the spatially inhomogeneous steady state that occur when monocytes are killed
by radiation. The timescale of the model is, therefore, essentially in hours, rather than
the months or years that it takes a plaque to develop from the initial injury.

While the mature plaque is interesting and highly clinically important, models for
atherosclerosis will only be built on a sound foundation if we first examine the earliest
phase of plaque formation; the processes that are active at the start of plaque formation
continue in the mature plaque but other processes and more species are added as
plaques get older. It is important, therefore, to generate a biologically sound model for
inflammation in the early plaque formation before embarking on more complicated
models for the mature plaque.

The model presented here has some similarities with the model presented by Calvez
et al. (2009) but takes a more detailed view of the events at the endothelium. We model
both the ingress of LDL into the intima and the effect on the endothelium of activation
by endothelial injury and the presence of modified LDL inside the vessel wall. We
also model the chemotactic flux of macrophages in response to cytokines and modified
LDL, both within the intima and across the endothelium and show how events at the
endothelium can drive the development of early stage plaques. In particular, we show
how transients that follow endothelial injury can settle down to the slow growth of
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plaques, a phase that can last for many years. We also show that there can be bistability
where the model predicts that the lesion can either be in a highly inflamed state with
many macrophages and low levels of modified LDL or less inflamed with a residual
level of LDL for the same level of blood LDL and monocyte count. We show that
there is a well-defined region of parameter space where this bistability exists.

4 Model development

In this section, we use the description of the mechanisms of early atherosclerosis
outlined in Sect. 2, to build a partial differential equation (PDE) model. We will con-
sider five species in this model: modified low density lipoproteins (modified LDL); a
chemoattractant (commonly MCP-1 type); an endothelial stimulating (ES) cytokine
species (commonly TNFα type); the density of monocytes/macrophages; and the den-
sity of foam cells.

We do not distinguish, mathematically, between monocytes and macrophages, as
we assume that the transition from monocytes to macrophages occurs on a much
shorter time scale than other processes. However, in discussing our results, we will
call cells “monocytes” when they are in the bloodstream and as they enter the intima
and “macrophages” when they are inside the intima. This corresponds to the convention
in medical science.

We will also not differentiate between low density lipoprotein types (not modified
and modified). We assume that the LDL that enters intima is rapidly modified on
a timescale much shorter than the timescale of this model and so we only consider
modified LDL. LDL modification been modelled in detail in Cobbold et al. (2002).

We assume that foam cells are immotile in early atherosclerosis and as such have
no spatial terms and as such, have no flux boundary conditions.

The model comprises equations for the following quantities:

˜�(x, t) the concentration of modified LDL;
p(x, t) the concentration of chemoattractants;
q(x, t) the concentration of ES cytokines;
m(x, t) the density of monocytes/macrophages; and
N (x, t) the density of foam cells.

We use a tilda to indicate variables and parameters that will be rescaled in Sect. 4.2.
Each of these dependent variables is a function of position, x, and time, t . We

assume that the inflammatory process occurs inside a bounded domain Ω , which may
be a subset of R, R

2 or R
3. We define Γ1 as the part of the boundary of Ω which

corresponds to the interface between the lumen and the intima. We define Γ2 as the
part of the boundary on Ω that corresponds to the interface between the intima and
the media, which is the next layer outwards in the arterial wall. Moreover, we assume
that none of the species are present before the endothelium is compromised and that
the medial boundary does not contribute to the initial inflammatory processes.

Thus we have the following initial conditions

˜�(x, 0) = 0 p(x, 0) = 0 q(x, 0) = 0 m(x, 0) = 0 N (x, 0) = 0. (1)
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The boundary conditions on the medial boundary Γ2 are

(n̂ · J
˜�)Γ2 = 0 (n̂ · Jp)Γ2 = 0 (n̂ · Jq)Γ2 = 0 (n̂ · Jm)Γ2 = 0.

where n̂ is the relevant outward unit normal to the surface.
This assumes that no cells, modified LDL or cytokines pass from the intima into

the media or vice versa.
The boundary conditions on the luminal boundary Γ1 are complicated and key to

the dynamics of the model. We specify boundary conditions on Γ1 in Sect. 4.1 along
with the differential equations for interactions within the intima.

4.1 Model equations

4.1.1 Modified LDL (˜�)

Within the intima, the concentration of modified LDL is modelled by

∂˜�

∂t
= ˜D�∇2

˜�
︸ ︷︷ ︸

Diffusion

− μ̃�

m˜�

α + ˜�
︸ ︷︷ ︸

Consumption

− ˜d�
˜�

︸︷︷︸

Decay

. (2)

The first term on the right hand side of this equation describes diffusion of modified
LDL (Dabagh et al. 2009). The next term describes the loss of modified LDL within the
intima due to consumption by macrophages. We model this as linear in macrophage
density, m, but saturating in modified LDL concentration, ˜�, as it is likely that there is
an upper limit to the rate that modified LDL can be consumed by each macrophage. We
use a Michaelis–Menten-type function as it is the simplest way to represent saturating
dynamics. It is reasonable to expect that macrophages will consume modified LDL at a
rate proportional to˜� at low concentrations of modified LDL and the function˜�/(α+˜�)

is linear close to ˜� = 0. The last term is a linear decay term, which represents other
losses of modified LDL, perhaps through degradation. We choose ˜d� so that this term
is an order of magnitude smaller than the other terms in Eq. (2).

We divide the luminal boundary Γ1 into two subsets, Γ3 and Γ4. On Γ3 we assume
that the endothelium has been compromised so that there is a flux of LDL into the
domain (the intima) We assume this LDL is immediately modified and that LDL influx
and modification can be represented as a single process by a flux of modified LDL.
This flux of modified LDL on Γ3 is given by

(n̂ · J
˜�)Γ3 = −σ̃�. (3)

This boundary condition assumes that the flux of modified LDL across the endothe-
lial wall is constant and that the only controlling factor is the physical failure of the
endothelial wall. We take Γ4 = Γ1\Γ3 as the section of endothelium that is not injured.
We assume that no LDL permeates the healthy endothelial wall, so the boundary con-
dition on Γ4 is
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(n̂ · J
˜�)Γ4 = 0. (4)

In the analysis of this model, we will only use one spatial dimension across the
width of the intima. The endothelial boundary must either be undamaged or damaged,
however, it can only be divided into damaged and undamaged subsets in two or three
spatial dimensions. Hence, in our analysis, we assume the endothelial boundary is
damaged (see Sect. 4.2).

4.1.2 Monocyte chemoattractants (p)

Within the intima, the concentration of monocyte chemoattractants is modelled by

∂p

∂t
= ˜Dp∇2 p

︸ ︷︷ ︸

Diffusion

+ μ̃p
m˜�

α + ˜�
︸ ︷︷ ︸

Production

− ˜dp p
︸︷︷︸

Decay

. (5)

The first term on the right hand side of this equation, represents the diffusion of
chemoattractants. This is large compared to diffusion of modified LDL and random
motion of monocytes/macrophages (Sect. 4.1.4) because cytokine molecules are much
smaller and lighter than both LDL particles and macrophages. The next term defines
the production of chemoattractants by macrophages at a rate proportional to their
consumption of modified LDL. The last term is a linear decay term, which models
other losses and, as with modified LDL, is at least an order of magnitude smaller than
the other terms in Eq. (5).

At the endothelial boundary Γ1, the flux of chemoattractants (p) is modelled by

(n̂ · Jp)Γ1 = −
(

σ̃p1

˜�

˜βp + ˜�
+ σ̃p2q

)

. (6)

Chemoattractants such as MCP-1 are produced at the endothelium in response to
stimulation by modified LDL (Lusis 2000). This is described by the first term on
the right hand side of (6). We assume that the rate of chemoattractant production
saturates as modified LDL concentration increases. We also assume that ES cytokines
enhance the production of chemoattractant by endothelial cells. This is described by
the second term in (6) so the flux of chemoattractants from the endothelium into the
intima increases as the concentration of ES cytokines increases at the endothelium
(Hansson and Libby 2006; Volpert and Petrovskii 2009).

4.1.3 ES cytokines (q)

Within the intima, the rate of change of ES cytokine concentration is modelled by

∂q

∂t
= ˜Dq∇2q

︸ ︷︷ ︸

Diffusion

+ μ̃q
m˜�

α + ˜�
︸ ︷︷ ︸

Production

− ˜dqq
︸︷︷︸

Decay

. (7)
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The first term on the right hand side models diffusion of ES cytokines. The diffusion
rate of ES cytokines is similar to the diffusion rate of chemoattractant concentration p.
The next term represents the production of ES cytokines under the same assumptions
as the production of chemoattractants. The last term is a linear decay term that models
generic ES cytokine loss in the intima.

At the endothelial boundary Γ1, the flux of ES chemokines (q) is modelled by

(n̂ · Jq)Γ1 = σ̃qq. (8)

ES chemokines occur at detectable levels in the bloodstream (McKellar et al. 2009;
Pai et al. 2004). The cytokines may or may not have atherosclerotic origins, but it
is reasonable to impose a small outward flux of ES cytokines from the intima to the
lumen.

4.1.4 Monocytes/macrophages (m)

Within the intima, the density of macrophages is modelled by

∂m

∂t
= ˜Dm∇2m

︸ ︷︷ ︸

Random
movement

−∇ · (χ̃mm∇˜�)
︸ ︷︷ ︸

Chemotaxis

− μ̃m
m˜�

α + ˜�
︸ ︷︷ ︸

Conversion
to foam cells

− ˜dmm
︸︷︷︸

Decay

. (9)

The first term on the right hand side of this equation models the random movement
of macrophages within the intima. As macrophages are relatively large, we assume
that this is slow compared to diffusive movement of LDL and cytokines in the intima.
The next term describes chemotactic motion of macrophages in response to modified
LDL. We assume that the chemotactic coefficient, χ̃m , is constant throughout the
intima. The third term describes the rate of conversion of macrophages to foam cells
in the intima after the consumption of modified LDL. This is similar to the modified
LDL consumption term discussion in Sect. 4.1.1. The last term is a small linear decay
term that accounts for other losses and cell death and, perhaps, dedifferentiation.

The boundary conditions for monocytes/macrophages (m) is

(n̂ · Jm)Γ3 = −σ̃m(1 + A0q)(p − P0)H(p − P0) (10)

where H(p − P0) is the Heaviside function. This models macrophage migration
into the intima in response to a chemoattractant gradient across the endothelium.
We assume that monocytes can only enter the intima at the site of injury, Γ3 (as
defined in Sect. 4.1.1), the only site of the endothelium at which monocytes adhere to.
Mathematically, we model this gradient as the difference between the concentration of
chemoattractant in the bloodstream P0 and the concentration of chemoattractant at the
endothelium. This boundary condition is similar to the condition for heat loss through
a poorly conducting boundary. Monocyte presence and adhesion to the endothelium
is enhanced by the ES cytokines that are present at the boundary. We assume that
the more monocytes that adhere to the endothelium, the more that will migrate into

123



Bifurcation and dynamics in a mathematical model

Fig. 2 The cross section of an
artery showing the domain of the
model. The size of the intima is
exaggerated

Lumen
Intima

Media

x = 0

x = L

the intima. We assume that the migration of monocytes through the endothelial wall
depends on the concentration of ES chemokines, q, and we choose a linear expression
to model this. We assume that monocytes can not adhere to healthy endothelial cells,
so the boundary condition on Γ4 = Γ1\Γ3 is

(n̂ · Jm)Γ4 = 0 (11)

4.1.5 Foam cells (N)

We assume that within the intima, the rate that macrophages undergo conversion
through lipoprotein consumption to become foam cells is proportional to macrophage
consumption of modified LDL and hence:

∂ N

∂t
= μ̃m

m˜�

α + ˜�
. (12)

We assume that foam cells are immotile and so don’t have flux boundary conditions.

4.2 Rescaled equations on a one dimensional domain

We take the domain as the one dimensional segment through the intima, bounded by
the lumen (at x̃ = 0) and the media (at x̃ = L) (see Fig. 2). We rescale time (t), space
(̃x) and modified LDL concentration ˜� as follows

τ = r t x = x̃

L
� = ˜�

α
,

where r is dependent on the timescale considered (see Sect. 4.3) and L is the width of
the intima. The parameter α controls the saturation rate of modified LDL consumption
as ˜� increases. We assume that the effects of curvature on the flux boundary conditions
at the endothelium are negligible because the width of the intima (L) is much less than
the radius of the lumen.
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The rescaled equations in one spatial dimensional are

∂�

∂τ
= D�

∂2�

∂x2 − μ�

m�

1 + �
− d��, (13)

∂p

∂τ
= Dp

∂2 p

∂x2 + μp
m�

1 + �
− dp p, (14)

∂q

∂τ
= Dq

∂2q

∂x2 + μq
m�

1 + �
− dqq, (15)

∂m

∂τ
= Dm

∂2m

∂x2 − χm
∂

∂x

(

m
∂�

∂x

)

− μm
m�

1 + �
− dmm, (16)

∂ N

∂τ
= μm

m�

1 + �
, (17)

with boundary conditions at x = 0:

D�

∂�

∂x
(0, τ ) = −σ�, (18)

Dp
∂p

∂x
(0, τ ) = −σp1

�

βp + �
− σp2q, (19)

Dq
∂q

∂x
(0, τ ) = σqq, (20)

Dm
∂m

∂x
(0, τ ) − χmm

∂�

∂x
(0, τ ) = −σm(1 + A0q)(p − P0)H(p − P0), (21)

and boundary conditions at x = 1

D�

∂�

∂x
(1, τ ) = 0, Dp

∂p

∂x
(1, τ ) = 0, Dq

∂q

∂x
(1, τ ) = 0,

Dm
∂m

∂x
(1, τ ) − χmm

∂�

∂x
(1, τ ) = 0. (22)

The initial conditions are

�(x, 0) = 0, p(x, 0) = 0, q(x, 0) = 0, m(x, 0) = 0, N (x, 0) = 0. (23)

The rescaled parameters are

D� = ˜D�

r L2 , μ� = μ̃�

rα
, d� = ˜d�

r
, σ� = σ̃�

r Lα
,

Dp = ˜Dp

r L2 , μp = μ̃p

r
, dp = ˜dp

r
, σp1 = σ̃p1

r L
,

σp2 = σ̃p2

r L
, βp = ˜βp

α
,

Dq = ˜Dq

r L2 , μq = μ̃q

r
, dq = ˜dq

r
, σq = σ̃q

r L
,
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Table 1 Values for parameters
whose values can be estimated
from evidence external to the
model

Parameter Value Source

˜Dp ∼100 µm2/s Paavola et al. (1998)

˜Dq ∼100 µm2/s Assumed same as ˜Dp

˜D� 2.13µm2/s Dabagh et al. (2009)

L ∼40 µm Di Vito et al. (2013)

Table 2 Rescaled parameters
from Table 1 and values of
unknown parameters that can be
estimated using order of
magnitude assumptions in the
model

Parameter Value Reason

D� 103 From Table 1

Dp 105 From Table 1

Dq 105 From Table 1

Dm 10−1 Dm � D�

Dm = ˜Dm

r L2 , χm = χ̃mα

r L2 , μm = μ̃m

r
, dm = ˜dm

r
,

σm = σ̃m

r L

4.3 Parameters of interest and parameter values

There are 24 constants in the model, most of which are unknown. In some cases,
this is due to the difficulty of measuring these parameters either in vivo or even in
vitro. In other cases, there has been no apparent need to measure these parameters.
Since experimental work in atherosclerosis is usually carried out in vivo using animal
models, measuring reaction rates and fluxes is difficult, expensive and time consuming
and so there usually has to be a demonstrated need for a measurement before it is
made. However, some values for Dp, Dq , D� and L are known from experimental
data (Table 1).

We take r = 6 × 10−7 which converts the timescale of the model into the order
of weeks (one time unit represents approximately 19 days), rather than seconds. As
we know little about the other constants in this model, we will represent all of the
constants by some relative order of magnitude (Table 2).

We will explore the effect of two parameters in particular: σ� which controls the
rate that modified LDL enters the intima from the lumen; and σm which controls the
rate of migration of monocytes into the intima. These parameters model effects that
are believed to trigger inflammation at the endothelium and drive lesion formation in
the intima. We present numerical results for different values of σ� and σm .

The parameter σ� is important as we assume that the magnitude of σ� is related to
the concentration of LDL in the blood and the severity of the injured endothelium.
The parameter σm corresponds to the number of monocytes in the blood stream and
their ability to adhere to the endothelium, both related to the underlying levels of
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Table 3 Estimates for unknown
parameters for use in the model.
We take μ�, μp and μq to be
much larger than μm as we
assume that macrophages need a
large quantity of modified LDL
to convert into foam cells and
that a large amount of
chemoattactants and cytokines
are secreted per macrophage

Parameter Value

μ� 105

d� 101

μp 105

dp 101

μq 105

dq 101

χm 10−1

μm 102

dm 10−1

σp1 104

σp2 103

βp 100

σq 100

P0 10−1

A0 10−2

inflammation in the body. This may be high due to inflammation elsewhere in the
body, for example, Type 1 diabetes, arthritis or any other trauma within the body.

The values for the other parameters in the model are given in Table 3.

5 Time Dependent Solutions of the Model

In Figures 3 and 4 we present results for the concentration of modified LDL at the
endothelium, �(0, τ ) and the concentration of chemoattractant at the endothelium,
p(0, τ ), each as a function of the rescaled time variable, τ . The variables, p and �

take their maximum on the endothelial boundary, i.e., x = 0 (Fig. 5), so the value
at the endothelium provides a good measure of the solution. Additionally, in Figs. 3
and 4, we show the monocyte migration rate into the intima, which is given by σm(1+
A0q(0, τ ))(p(0, τ )− P0)H(p(0, τ )− P0). These three measures are important drivers
of atherogenesis. To complete Figs. 3 and 4, we include results for the total number
of macrophages, the total consumption rate of modified LDL and the total number

of foam cells in the intima. Mathematically, these are integrals of m,
�m

1 + �
and N

respectively over the rescaled spatial domain of the intima.
In general, the results show that there are transient changes in all the variables

immediately following the injury. This transient behaviour settles to a quasi-steady
state after some time, which depends on the parameters used. At quasi-steady state,
the modified LDL concentration, �, the density of macrophages, m, the concentration
of chemoattractants, p and the concentration of ES cytokines, q, do not change with
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Fig. 3 Examples of the development of lesions as a function of time, immediately after injury when
the inward flux of modified LDL is low (σ� = 2 × 102) for various values of σm between 5 and 8 ×
10−5. (Blue dashed line σm = 5 × 10−5, green solid line σm = 6 × 10−5, red dot-dash line σm =
7 × 10−5, magenta dashed line σm = 8 × 10−5.) a Concentration of modified LDL on the endothelial
boundary; b chemoattractant concentration at the endothelial boundary; c monocyte migration rate through
the endothelium; d total density of monocytes/macrophages in the intima; e rate of consumption of modified
LDL by macrophages across the intima; f total density of foam cells in the intima
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Fig. 4 This figure shows analogous plots to Fig. 3 of time courses immediately following injury for the
same values of σm but when the modified LDL flux is high (σ� = 7×102). See Fig. 3 caption for explanation
of subplots

time. However, the foam cell density, N , continues to increase with time. Therefore we
refer to the consumption rate of modified LDL as a measure of foam cell production
that achieves a non-zero steady state.

Figure 3 shows results for varying values of σm in the range 5 × 10−5 to 8 × 10−5

when σ� = 2 × 102, a low value for the model.
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Initially, the concentration of modified LDL at the endothelial boundary increases
for every value of σm . However, once a significant number of monocytes have migrated
into the intima, modified LDL is consumed by macrophages causing a decrease in the
concentration of modified LDL. We notice that in Fig. 3a, the larger the value of σm

is, the earlier the concentration of modified LDL begins to decrease and the lower the
concentration of modified LDL throughout the intima at the steady state.

There are two key features in the chemoattractant concentration at the endothelial
boundary (Fig. 3b) as σm increases. Firstly, over a short time, as we increase σm , we
get an increase in the chemoattractant concentration. This is most noticable for the
first three σm values (blue dashed curve, green solid curve and red dot-dash curve).
This is due to the fact that we are getting increasing contibutions to the concentra-
tion of chemoattractants from macrophage secretion and ES cytokine stimulation of
the endothelium. Secondly, once σm is above a certain critical value, the steady state
chemoattractant concentration at the endothelium begins to decrease as σm increases.
This is because once modified LDL has been consumed and drops to lower concen-
trations for the larger values of σm , the contribution to chemoattractant concentration

via the σp1

�

βp + �
term is less significant than the production of chemoattractant from

macrophage secretion and ES cytokine stimulation of the endothelium. However, the
production of chemoattractant from macrophage secretion and ES cytokine stimulation
of the endothelium is unable to keep chemoattractant concentrations from decreasing.

The level of chemoattractants controls the monocyte migration into the intima. Fig-
ure 3c shows that as σm increases, the monocyte migration increases. We note a very
interesting feature of Fig. 3c. When comparing the red dot-dash (σm = 7.0 × 10−5)

and magenta dashed (σm = 8.0 × 10−5) curves, the values for monocyte migration
are very similar after the initial phase. Initially, the red dot-dash curve is noticably
beneath that of the magenta dashed curve due to the respective chemoattractant con-
centrations at early time, where the magenta curve grows more quickly than that of
the red curve. However, on the magenta curve, once the chemoattractant decreases
to a steady state, the monocyte migration decreases to a steady state also. Thus we
conclude that monocyte migration for a low value of σ� switches behaviour from
chemoattractant controlled migration to σm controlled migration, the availability of
monocytes in the lumen that can adhere to the endothelium.

Figure 3d–f illustrate the features of this model that constitute lesion development.
In Fig. 3e, increasing σm leads to higher consumption rates throughout the intima.
For low values of σm , there is excess modified LDL in the intima (Fig. 3a), and so
this consumption rate is controlled by the number of macrophages within the intima
(Fig. 3d), which in turn is controlled by σm . Furthermore, Fig. 3e shows, for these larger
values of σm , that the consumption rate of LDL at the quasi-steady state saturates to
a value determined by the influx of LDL into the intima, so that the consumption rate
of modified LDL throughout the intima becomes constant. Therefore, values of σm

that achieve the same limiting consumption rate, have very similar foam cell densities
(Fig. 3f).

While modified LDL influx remains low, the transitory inflammatory period is kept
relatively short when compared to the larger value of σ� (Fig. 4). For low σ�, (that is,
low modified LDL influx) qualitative behaviour changes smoothly as σm increases.
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This is not the case for higher values of σ�. Figure 4 shows the same set of plots as
Fig. 3 but for a higher value of σ�. In Fig. 4, σ� = 7 × 102 and σm lies in same range
as for Fig. 3.

As in Fig. 3, the concentration of modified LDL (Fig. 4a) after initially increasing,
decreases to steady state. However, increasing σm shows that there is a transition from
modified LDL being present in the intima at steady state to essentially no modified LDL
in the intima. With all of the curves in Fig. 4 there is a distinct change in the qualitative
nature of the solutions over time. This transition occurs between σm = 6.0 × 10−5

and σm = 7.0 × 10−5.
Chemoattractant concentration drives this transition (Fig. 4b). For the lower values

of σm (blue dashed curve and green solid curve), the dynamics are very similar to
that of low σ� case (Fig. 3). Modified LDL stimulates the endothelial cells to produce
chemoattractants and σm is too small to recruit enough monocytes to consume the
modified LDL, and so modified LDL dominates the intima.

However, this changes when σm increases. The plot of the evolution of the chemoat-
tractant concentration at the endothelial boundary against time has two changes in
concavity (Fig. 4b). This suggests that initially the same processes operate for all val-
ues of σm but for the higher values, an extra process kicks in at about τ = 1.5 for
σm = 7.0 × 10−5 and at τ = 0.5 for σm = 8.0 × 10−5.

Unlike the low σ� case (Fig. 3), the consumption of modified LDL by macrophages
contributes significantly to the inflammatory period. The concentration of ES cytokines
now becomes significant and contributes to the production of more monocyte chemoat-
tractant by endothelial cell stimulation as well as enhancing monocyte adhesion to the
endothelial wall. The higher value of σ� fuels this process.

This change in behaviour is also evident in the monocyte migration (Fig. 4c). The
two low values of σm are at comparable levels to the low σ� case (Fig. 3), but for
the two higher values of σm , monocyte migration switches to a much higher levels at
quasi-steady state reflecting not only the additional monocyte chemoattactant in the
intima, but the action of the ES cytokines in enhanced endothelial adherence.

These monocytes account for the rapid growth in the rate of consumption of modi-
fied LDL (Fig. 4e) and a consequent rapid reduction in the concentration of modified
LDL on the endothelial boundary (Fig. 4a).

There are two timescales for transients when σm and σ� are both high. One is
timescale of order τ ∼ 1 which governs monocyte migration, modified LDL concen-
tration and chemoattractant concentration. The other is of order τ ∼ 10 and governs
macrophage numbers in the intima (Fig. 4d). We know from other numerical solu-
tions that the total number of macrophages in the intima goes to a constant value as
τ → ∞ (not shown in Fig. 4d). The speed at which the solution appoaches this value
depends on the balance between monocyte migration Fig. 4c, governed by σm and the
consumption of modified LDL in the formation of foam cells (Fig. 4f), governed by
σ� at long time.

Figure 4f shows that foam cell populations at a given time are quite different for
small differences in σm . Although the same limiting consumption rate is reached for
the two largest values of σm , the largest value has produced around 30 % more foam
cells by τ = 4 as it has reached its maximum production rate more quickly. This is
distinctly different from the low σ� case (Fig. 4f).
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Fig. 6 Bifurcation plots showing the quasi-steady state values of modified LDL concentration at the
endothelial boundary vs σm in (a) and (c) and monocyte migration into the intima in (b) and (d). a and b
correspond to Fig. 3, a low σ� value (σ� = 200); c and d correspond to Fig. 4, a high σ� value (σ� = 700)

6 Bifurcation and bistability in σ�-σm parameter space

In all cases in Figs. 3 and 4 all quantities except foam cell numbers settle to a constant
value which we describe as the quasi-steady state. We used AUTO (Doedel et al. 2007)
to draw bifurcation diagrams at this quasi-steady state with bifurcation parameter σm

for σ� = 2 and 7×102. Figure 6 shows the bifurcation diagrams where the quasi-steady
state solutions are measured by modified LDL concentration at the endothelial bound-
ary (cf. Fig. 6a, c) and monocyte migration through the endothelium (cf. Fig. 6b, d).

When σ� is low, the quasi-steady state value of modified LDL at the bound-
ary decreases monotonically with σm (Fig. 6a) and monocyte migration increases
monotonically (Fig. 6b).

When σ� is large, however, the bifurcation curve has two fold bifurcations and
hence there is a switch from high to low values of modified LDL concentration as σm

increases (Fig. 6c) and from low to high rates of monocyte migration (Fig. 6d). As
discussed in Sect. 5, production of chemoattractant is dominated by modified LDL
stimulation on the branch with lower σm and production through LDL consumption
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Fig. 7 Parameter plot of the
loci of fold bifurcations at
quasi-steady state as σ� and σm
change. These curves divide the
σ� − σm parameter space into a
region with three steady states
and a region with one steady
state. The nature of the single
steady state changes depending
on the value of σm
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and ES cytokine stimulation dominates on the branch when σm is high, that is, the
upper branch in Fig. 6d.

Numerical simulations suggest that the upper and lower branches of the fold cor-
respond to attracting quasi-steady state solutions and the middle branch is a repellor.

Using AUTO, we plot the locus of the fold points as a function of σ� and σm (Fig. 7).
There is a cusp point at σ� ≈ 502 and σm ≈ 6.40×10−5, thus defining a region where
there are three quasi-steady state solutions, two of which are attractors. In the rest of
parameter space, there is only one solution which is an attractor. On one side of the
region of three steady states, the single quasi-steady state has a high modified LDL
concentration and a low macrophage density; on the other side, the single quasi-steady
state has a high macrophage density and low modified LDL concentration.

Figure 7 suggests that the bifurcation curves where σ� is taken as the bifurcation
parameter for constant σm has one or two fold bifurcations. Figure 8 shows the three
qualitatively different bifurcation curves for different values of σm . For low values of
σm (Fig. 8c), the attracting quasi-steady state with low monocyte migration and residual
modified LDL always exists for all values of σ�. However the repelling quasi-steady
state is relatively close to this low steady state which suggests that a comparatively
small perturbation of the low steady state will switch the system to the other attracting
quasi-steady state with high monocyte migration.

For intermediate values of σm (Fig. 8b) there are two folds and the low-inflammation
state does not exist for high σ�. This suggests that there is a discontinuous switch in
plaque inflammation and growth rates at quasi-steady state as σ� increases or decreases.

When σm is high (Fig. 8a) there is only one quasi-steady state. There are no dis-
continuous switches due to fold bifurcations but inflammation levels increase rapidly
as σ� increases.

7 Discussion

7.1 Plaque growth: interpreting the results of the model

This model is for the earliest events in the formation of atherosclerotic plaque. It does
not include the formation of the necrotic core or the collagen cap, but only includes
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events and species that are active immediately following endothelial injury. The pur-
pose of the model is to explore the events which follow injury and may determine
whether the endothelial injury resolves in time or evolves into a large and dangerous
plaque over many years.

The first observable sign of atherosclerotic plaque formation is a fatty streak in the
wall of the artery (Kharbanda and MacAllister 2005). In this model, the growth in
the number of foam cells corresponds to the accumulation of lipids in a fatty streak.
Eventually, in real arteries, the fatty streak becomes sufficiently large that foam cells
undergo necrosis to form a necrotic core and smooth muscle cells start to move from
the media to the endothelial boundary of the intima and produce collagen to form a
hard cap (Libby 2002). Once this happens, our model ceases to be valid; a different
model is required to capture the fundamental processes in later-stage plaque.

7.2 The model agrees qualitatively with known observations

The model correctly predicts that the rate of accumulation of foam cells in most
cases, is proportional to the influx of modified LDL into the intima once the initial
response to injury has settled down. It also predicts that if there are comparatively
high levels of monocytes in the blood stream, then inflammation will persist in the
lesion. This agrees with the known correlation between inflammatory diseases, such as
uncontrolled diabetes, obesity and osteoarthritis and an increased risk of heart disease
(Galkina and Ley 2009; Berg and Scherer 2005; Prior et al. 2014). Inflammation in
other parts of the body produces more circulating monocytes in the blood stream.

7.3 The role of LDL influx into the intima

The solutions to these equations is driven by the flux of modified LDL into the intima;
that is, by the value of σ�. If σ� = 0 then all the dependent variables remain zero for all
time. This reflects the nature of the problem: if there is no injury to the endothelium
and no modification to the entry of LDL particles into the intima, then there is no
endothelial or immune cell (monocyte/macrophage) response and no plaque forms.

The parameter σ� which represents the flux of modified LDL into the intima, can be
thought of as analogous to the blood LDL cholesterol level that is routinely measured
in most older people in developed countries. A high value of σ� corresponds to high
LDL cholesterol levels and low σ� corresponds to low LDL cholesterol.

When σ� is low, Fig. 6a and b shows that there is no switch between the uninflamed,
high modified LDL/low monocyte migration quasi-steady state and the inflamed, low
modified LDL/high monocyte migration steady state and the values of the dependent
variables at quasi-steady state change smoothly with changingσm , rather than changing
discontinuously as in Fig. 6c and d. Hence the model predicts that a low flux of modified
LDL into a developing early plaque eliminates the possibility of a switch to a highly
inflamed state where the fatty streak grows more rapidly.

Figure 7 suggests that at a high blood monocyte count, the system will necessarily
converge to a quasi-steady state where monocyte migration into the plaque is high
and so the plaque will grow rapidly unless σ� is very low. For intermediate values of

123



A. D. Chalmers et al.

σm , Fig. 7 shows that there is an interval of σ� values where there are two attracting
and one repelling quasi-steady state solutions for the system so that plaques may be
either uninflamed and slow-growing or inflamed and rapidly growing depending on
their history. When σm is low, the lower branch of solutions always exists, so provided
there are no large perturbations to the system, the plaque will always remain in the
low inflammation quasi-steady state as σ� changes (Fig. 8c).

These results suggest, not only the importance of keeping LDL cholesterol levels
low, but also the importance of maintaining low blood monocyte counts. Even with
a constant LDL cholesterol level, a sufficiently sustained change in monocyte count
may switch the plaque into a new, highly inflamed state.

7.4 Inflammation: the physiological meaning of monocytes and macrophages

Monocytes are cells of the innate immune system that circulate in the blood stream.
They can migrate into other tissues where they differentiate into macrophages.
Macrophages have several different subtypes (Tabas 2010), but their most common
function is to consume (phagocytose) cellular debris, pathogens and foreign sub-
stances. The presence of macrophages is frequently regarded as a marker of inflamma-
tion. Macrophages also produce cytokines, including chemoattractants and enzymes
such as matrix metalloproteinases (Libby 2002). Matrix metalloproteinases are impli-
cated in plaque rupture in the mature plaque (Newby 2008).

In this paper we refer to this class of immune cells as “monocytes” when they are
in the blood stream and as they pass through the endothelium and as “macrophages”
once they have entered the intima. It is important, however, to remember that both
monocytes and macrophages are essentially the same set of cells, just in different
places and at different stages of their development.

We interpret the parameter σm to represent not only the availability of monocytes
in the bloodstream, but their ability to adhere to an injured endothelium. The flux of
monocytes into the intima depends, not only on σm , but also on the concentrations
of chemoattractant p and endothelial stimulating (ES) cytokine q [Eq. (10)], and
indirectly on the concentration of modified LDL either through the production of
chemoattractant or ES cytokines [Eqs. (5)–(7)]. If there are few circulating monocytes,
however, even high levels of chemoattractant and a highly stimulated endothelium will
not produce a strong flux of macrophages into the intima.

The number of monocytes in the blood stream is easily quantified by standard tests.
Infection in the body can temporarily increase the number of circulating monocytes and
chronic diseases such as osteoarthritis and untreated diabetes can produce permanently
elevated monocyte counts. It is known that increased monocyte counts are a risk factor
in the progression of atherosclerotic plaques (Nozawa et al. 2010).

Our results suggest that there is a switch between a slow-growing uninflamed lesion
with a low density of macrophages and a highly inflamed early plaque that grows com-
paratively quickly. For large values of σm—that is, for a high monocyte count—the
only solution is for this inflamed, fast-growing plaque. For intermediate values of σm

both solutions are possible. If a high enough monocyte count is sustained for suffi-
ciently long, then the plaque may switch from the comparatively benign, uninflamed
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state to the inflamed, fast growing quasi-steady state and will not return once the
monocyte count returns to its former level.

Plaque behaviour similar to this switch is observed clinically in patients who have
recently had heart attacks which are known to raise their blood monocyte counts during
the months following the heart attack. These patients are at increased risk of further
heart attacks during this time (Milonas et al. 2010). A recent study showed that mice
who had received a cardiac injury similar to a heart attack subsequently developed
larger atherosclerotic lesions and at the same time experienced a sustained increase in
the production of monocytes (Dutta et al. 2012). Although this result is for late stage
plaque, it does suggest that monocyte availability is crucial in determining plaque
progression.

7.5 The role of monocyte chemoattractants and endothelial stimulating cytokines

Monocytes chemoattractants, such as MCP-1, are crucial in the development of
atherosclerosis. If these are absent, then plaque growth is substantially reduced (Charo
and Taubman 2004). We have shown that in this model, highly inflamed plaques have
high levels of chemoattractant production and high chemoattractant concentrations.

The presence of adhesion molecules such as VCAMs and ICAMs on cells of the
damaged endothelium is also vital for the recruitment of monocytes (Galkina and Ley
2007). Endothelial stimulating cytokines increase the density of adhesion molecules
on the endothelium and increase the production of chemoattractant by the endothelium
but their presence is not essential for the entry of monocytes into the intima. For this
reason we have focused primarily on the chemoattractant rather than the ES cytokines.

Nevertheless the ES cytokines have a noticeable effect on the dynamics. For exam-
ple they substantially increase monocyte immigration into the intima, especially in the
highly inflamed state where large amounts of ES cytokine is being produced in the
intima as macrophages consume modified LDL.

7.6 The choice of bifurcation parameters

In Sect. 5, we looked at how model outputs varied as the influx of modified LDL into the
intima, σ�, and the availability of monocytes σm were changed. These are quantities that
correlate with clinically measurable factors such as LDL cholesterol in the blood and
blood monocyte count. From a mathematical point of view, we could equally well have
looked at the role of any other parameters. Possibly the most interesting of these are the
parameters that govern the rate of consumption of modified LDL by macrophages, μ�

and the rate that macrophages turn into foam cells due to modified LDL consumption,
μm . These affect the way that modified LDL, macrophage numbers and other quantities
evolve in the transient phase but the bifurcation diagrams for solutions at the quasi-
steady are similar. This is because the levels of modified LDL and macrophages at
quasi-steady state are determined by the balance between modified LDL present in
the intima and the availability of macrophage capacity to consume modified LDL.
This balance can either be determined by the influx into the intima of modified LDL
and monocytes (that become macrophages) or by the rate at which modified LDL is
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consumed once it is in the intima balanced with the dwelling time of macrophages in
the intima which is primarily determined by the rate at which they become foam cells.

7.7 Other factors that affect inflammation and plaque progression

As the model stands, when there are two possible stable quasi-steady states, then one
has high modified LDL concentrations and low macrophage density and the other
has high macrophage density and low modified LDL concentration (see Fig. 6). This
suggests that there is a discontinuous switch in macrophage recruitment as monocyte
availability increases. Either there are enough macrophages in the intima to consume
modified LDL at a sufficient rate to produce enough chemoattractant to recruit more
macrophages and so support a high macrophage population that can consume all the
modified LDL present or macrophage levels are too low to consume all the modified
LDL and also to produce sufficient chemoattractant to foster more recruitment. In
this case, chemoattractant is primarily produced by the modified LDL that remains
unconsumed at the endothelium. Unless more macrophages can be recruited, then
modified LDL concentration will stay high and macrophages density low.

In actual lesions there are factors that enable extra activity at low macrophage
density to prevent high modified LDL concentrations in the intima and there are anti-
inflammatory factors that limit the density of macrophages when they dominate the
intima.

The presence of modified LDL in a lesion continues to excite the endothelium
which continues to express adhesion molecules. These attach, not only to monocytes
but also to T cells, which also penetrate the endothelium to the intima. These T cells
respond to the presence of modified LDL by producing pro-inflammatory cytokines
that stimulate the endothelium to produce more adhesion molecules and increase the
activity of the macrophages (Hansson and Libby 2006). For simplicity this model does
not include T cells, but if they were included in a more complicated model, we expect
that the solution with modified LDL remaining present in the intima would exist only
in a smaller region of parameter space. This T cell feedback is included in an earlier
ODE model (Ougrinovskaia et al. 2010).

In real lesions there exist classes of T cells and macrophages that produce anti-
inflammatory cytokines, transforming growth factor β (TGF-β) and interleukin-10
(IL-10). TGF-β limits the recruitment of monocytes to the lesion and both TGF-β and
IL-10 reduce the activity of macrophages (Andersson et al. 2010). This, along with
other healing processes can enable a fatty streak to regress and inhibit the formation of
a mature plaque. This model does not include this anti-inflammatory phase, but clearly,
if would be possible to add another class of cytokines to a more comprehensive model.

This model also does not include the action of high density lipoproteins (HDL).
HDL has a number of important anti-inflammatory effects: it reduces the excitation
of the endothelium; it reduces the rate of modification of LDL; it exports lipids from
foam cells (and, indeed it provides really the only mechanism for this) and it enables
foam cells and macrophages to leave the intima (Llodra et al. 2004). ODE modelling
(Cohen et al. 2014) suggests that lipid export and cell emigration, particular can have
a significant impact of plaque inflammation and growth or regression.
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7.8 Moving from a qualitative to quantitative modelling

Although we have attempted to find and use parameter values that lie, at least, within
an order of magnitude of their probable value, this model is principally a qualitative
model rather than a model that makes correct quantitative predictions. For this model to
become quantitatively useful, observations need to be made to find out reaction rates,
consumption rates, influx rates and so on in vivo. Many of these measurements would
be difficult, if not impossible to do dynamically and it is likely that most information
would need to be inferred from post mortem measurement. Parameter values are easiest
to find for mice, rather than humans for ethical reasons. It is impossible to reproduce
many aspects of atherosclerosis in vitro where measurement is comparatively easy. If,
however, some parameters can be accurately determined, it would be possible to find
others by fitting model results to observations.

7.9 Comparison with other models and analyses

This model includes complicated interactions between the cells in the damaged
endothelium but does not include the effect of blood flow. It represents a middle
way between simple models that are amenable to analysis, such as the suites of mod-
els by EI Khatib et al. (2009, 2012), Calvez et al. (2009) and Hidalgo et al. (2014) and
more complicated models that link blood flow with events in the intima by explicitly
modelling blood flow and LDL transport in the bloodstream and into the intima such
as the collection of models by Filipovic et al. (2012, 2013), Parodi et al. (2012) and
Bulelzai and Dubbeldam (2012). These latter models use simple modelling for the
inflammatory response.

The aim of the model that we present here is to explore the dynamics of inflammation
in early atherosclerosis in more realistic detail than EI Khatib et al. (2009, 2012) or
Calvez et al. (2009). We do not include blood flow, but start with the assumption that
the endothelium is already injured and letting LDL into the blood vessel wall. We
explicitly include the rate of penetration of modified LDL, which allows us to explore
the effect of changes in blood LDL on lesion growth and we assume that monocyte
availability can be modelled, reflecting the level of inflammation in the body, another
clinical concern in the treatment and prevention of atherosclerosis.

In the models EI Khatib et al. (2009, 2012) and Calvez et al. (2009), it is assumed
that the recruitment of monocytes from the bloodstream into the intima is saturat-
ing while the production of chemoattractant and the consumption of modified LDL
by macrophages is bilinear. We assume that the consumption of modified LDL by
macrophages and the consequent production of chemoattractant and ES cytokines is
saturating in the concentration of modified LDL so each cell has a maximum rate of
modified LDL consumption, regardless of the concentration of modified LDL avail-
able. We also assume that the entry of monocytes into the intima, is controlled by
the concentrations of chemoattractant and ES cytokines in a bilinear way and that the
availability of monocytes in the blood stream is controlled directly by a parameter σm

rather than implicitly assuming a saturating rate of monocyte entry.
EI Khatib et al. (2009, 2012) analyse their model using a travelling wave coordi-

nates and show that there are regions of parameter space where bistability exists and
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other regions where there is only one stable positive steady state. Hidalgo et al. (2014)
confirms this result with extensive numerical work and confirms that, where bistability
exists, the initial conditions determine whether the system settles to the higher or lower
steady state. EI Khatib et al. (2012) show that this bistability arises via a pitchfork
bifurcation. With our more sophisticated model we have shown that hysteresis folds
are possible when σm is changed for some values of σ� (Fig. 6) and that for increasing
values of σm the bifurcation diagrams with σ� as the bifurcation parameter give the
degenerate unfolding of a pitchfork (Fig. 8). This suggests, not only that initial con-
ditions are important but that subsequent slow changes in parameters may, at critical
values, promote rapid changes in lesion inflammation or growth rate.

8 Conclusion: The role of nonlinear dynamics in atherosclerosis

This model strongly suggests that dynamics matter in the progression, treatment and
outcome of atherosclerosis. We know that plaque growth and inflammation is the out-
come of many complicated biochemical and cellular processes both at the endothelium
and in the intima and also in other parts of the body via cells and cytokines carried by
the blood stream (Libby 2002). It is therefore no surprise that even a comparatively
simple model such as this can produce dramatic changes in behaviour for small changes
in parameters. These changes are both in the quasi-steady state levels of modified LDL
and macrophage numbers in the intima and in the time that system takes to evolve to
quasi-steady state via an initial transient, following injury to the endothelium. Previous
ODE models (Ougrinovskaia et al. 2010; Cohen et al. 2014) have produced similar
highly nonlinear effects, in response to changing uptake dynamics (Ougrinovskaia
et al. 2010) and changing high density lipoprotein (HDL) levels (Cohen et al. 2014).
Together, these suggest that it may be unreasonable to expect a linear response to
therapies, such as raising HDL or lowering LDL or inflammation. A small change in
therapy may produce a major reaction or it may produce no change at all, depending
on the underlying dynamics in a particular patient. This suggests that in the long term
there may be a role for patient specific therapy for atherosclerosis.

We present here a model that explicitly examines inflammatory events in the intima
and interactions between the injured endothelium and the dynamics of cells and
cytokines in the intima in response to modified LDL penetration. The long term pur-
pose of this modelling is to provide insight into the effects of treatment regimes and
preventative advice and to provide a complementary tool to support research using
animal models and clinical studies.
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