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Abstract

We present results on the broadband nature of the power spectrum S(w),
w € (0,2m), for a large class of nonuniformly expanding maps with summable
and nonsummable decay of correlations. In particular, we consider a class
of intermittent maps f : [0,1] — [0,1] with f(z) ~ 2!t for z ~ 0, where
v € (0,1). Such maps have summable decay of correlations when v € (0, 3),
and S(w) extends to a continuous function on [0, 27] by the classical Wiener-
Khintchine Theorem. We show that S(w) is typically bounded away from zero
for Holder observables.

Moreover, in the nonsummable case v € [%, 1), we show that S(w) is defined
almost everywhere with a continuous extension S(w) defined on (0,2x), and
S(w) is typically nonvanishing.

1 Introduction

Let f: X — X be a measure preserving transformation of a probability space (X, u)
and let v : X — R be an L? observable. The power spectrum S : [0, 27r] — R is given
by

2
dj.

n—1
1 . .
Sw:lim—/‘ e?“vo fI
( ) n—oo M, ng(]

By the Wiener-Khintchine Theorem [24], S(w) = Y ;= e*p(k) where p(k) =
Jxvo fFfudu — ([, vdp)? is the autocorrelation function of v. In particular, the

power spectrum is analytic if and only if the autocorrelations decay exponentially.
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More generally, the power spectrum is well-defined and continuous provided the au-
tocorrelations are summable.

The power spectrum is often used by experimentalists to distinguish periodic
and quasiperiodic dynamics (discrete power spectrum with peaks at the harmonics
and subharmonics) and chaotic dynamics (broadband power spectra). See for exam-
ple [10]. In the atmospheric and oceanic sciences and in climate science, power spectra
have been widely used to detect variability in particular frequency bands (see, for ex-
ample, [9, 7]). Spectral analysis was successful in detecting dominant time scales in
teleconnection patterns, revealing intraseasonal variability in time series of the global
atmospheric angular momentum [6], interannual variability in the El Nino/Southern
Oscillation system [4, 14], and the Atlantic Multidecadal Variability [5]. On millenial
temporal scales the power spectrum was instrumental in unraveling dominant cycles
in paleoclimatic records [25, 26].

Despite this widespread applicability across these disparate temporal scales, there
are surprisingly few rigorous results on the nature of power spectra of complex sys-
tems. The (quasi)periodic case with its peaks at discrete frequencies is well under-
stood. The nature of power spectra for chaotic systems was first treated in [23] in the
case of uniformly hyperbolic (Axiom A) systems. In our previous paper [16], we con-
sidered in more detail the broadband nature of power spectra for chaotic dynamical
systems and showed that for certain classes of dynamical systems f and observables v,
the power spectrum is bounded away from zero.

The main results in [16] are for nonuniformly expanding/hyperbolic dynamical
systems with exponential decay of correlations. These results are summarised below
in Subsection 1.1. The current paper is concerned with systems possessing subexpo-
nential — even nonsummable — decay of correlations. A prototypical example is the
class of Pomeau-Manneville intermittent maps [22], specifically the class considered
in [15]. These are maps f : [0,1] — [0, 1] given by
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where v > 0 is a parameter. For v € (0, 1), there is a unique absolutely continuous
invariant probability measure y, and autocorrelations decay at the rate O(1/n?) for
Holder observables where 8 = v~! — 1. In particular, if v € (0, %), then the autocor-
relation function is summable and the Wiener-Khintchine Theorem assures that the
power spectrum is well-defined and continuous. We show that the power spectrum is
typically bounded away from zero. Moreover, we show that the same result holds for
all v € (0, 1) provided the Hélder exponent® of v is sufficiently large. More precisely,
we prove:

1Recall that if (X, d) is a metric space and n € (0, 1], then v : X — R is C" (Holder with exponent
n) if [oly = sup,, [v(z) — v(y)|/d(z,y)" < co.



Theorem 1.1 Suppose that f : [0,1] — [0,1] is of the type (1.1) where v € (0,1).
Suppose that v : [0,1] — R is C" where n > 0.

If v € (0, %), then the power spectrum is continuous on (0,2m) with a continuous
extension to [0,27], and is typically? bounded away from zero.

If v € [%, 1), and n > (3y — 1)/2, then the power spectrum is defined almost
everywhere with a continuous extension to (0,2m). Typically this extension is nonva-
nishing.

Remark 1.2 When v € (0, %), the result is a special case of a more general result,
Theorem 1.3, stated below. The only part of the result that is new for v € (0, %) is
that the power spectrum is typically bounded below.

The case v € [%, 1) depends more strongly on the details of the system, and seems
to be a new result in its entirety.

1.1 The results in [16] for systems with exponential decay

The simplest case considered in [16] is when f is either a (noninvertible) uniformly
expanding map or a uniformly hyperbolic (Axiom A) diffeomorphism and A is a
locally maximal transitive subset of X. Suppose first that A is mixing. Then f :
A — A has exponential decay of correlations for Holder observables; in particular,
the autocorrelation function of v decays exponentially provided v is Hélder. In this
situation, we showed [16, Theorem 1.3] that the power spectrum is bounded away
from zero for typical Hoélder observables.

Still in the uniformly expanding/hyperbolic setting, it was shown in [16] that the
mixing condition is unnecessary. There is an integer ¢ > 1 such that (i) A is a disjoint
union A = Ay U---UA,, (ii) f(A;) = Ajsq (computing subscripts mod ¢), and (iii)
f?: A; — A; is mixing for each i. Moreover, f9 : A; — A; has exponential decay
of correlations for Holder observables. By [16], the power spectrum is analytic with
removable singularities at 27j/q, j = 0,. .., ¢, and typically bounded away from zero.

Large classes of nonuniformly expanding/hyperbolic systems can be treated in the
same manner, namely those modelled by the tower construction of Young [27]. These
systems include the logistic family, Hénon-like attractors, and planar periodic dispers-
ing billiards. In such cases, the power spectrum is again analytic (up to removable
singularities) and typically bounded away from zero.

1.2 Systems with subexponential but summable decay

The current paper is concerned with the case when exponential decay of correlations
fails. Young [28] considers nonuniformly expanding maps with subexponential decay

2Throughout this paper “typically” means lying outside a closed subspace of infinite codimension
within the Banach space of Holder observables of a given exponent. Thus Theorem 1.1 fails only for
infinitely degenerate observables.



of correlations. The precise definition of nonuniformly expanding map is given in
Section 2. Although the power spectrum is no longer analytic, we may still discuss
its boundedness properties.

If the decay is summable, then the power spectrum is continuous and extends to
a continuous (and hence bounded) function on [0, 27]. We prove:

Theorem 1.3 Let f be a nonuniformly expanding map with polynomial decay of cor-
relations at a rate O(1/n”) where 8 > 1. Then the power spectrum is bounded away
from zero for typical Holder observables.

Remark 1.4 This result was claimed in [16, Section 4] but the proof sketched there
is incomplete (the iterates of L*® are summable as claimed, but only in L? spaces,
so the step that involves evaluation at periodic data is problematic). A full proof is
given in this paper. Moreover, we consider also the case 3 € (0, 1].

The remainder of this paper is organised as follows. In Section 2, we give the
definition for nonuniformly expanding map, and state Theorem 2.3 which implies
Theorem 1.3. Also, we show how Theorem 1.1 follows from Theorem 2.3. In Section 3,
we prove Theorem 2.3.

2 Nonuniformly expanding maps

Let (X, d) be alocally compact separable bounded metric space with Borel probability
measure mg and let f : X — X be a nonsingular transformation for which my is
ergodic. Let Y C X be a measurable subset with mg(Y) > 0, and let « be an at
most countable measurable partition of Y. We suppose that there is an L' return
time function r : Y — Z7, constant on each a € o with value r(a) > 1, and constants
A>1,n7€(0,1), C > 1, such that for each a € «,

(1) F= f"@:q =Y is a measure-theoretic bijection.
(2) d(Fz, Fy) > M\d(x,y) for all z,y € a.
(3) d(ffz, fly) < Cd(Fxz, Fy) for all z,y € a, 0 < £ < r(a).

(4) g, = dimolacF 1) oo tigfies |log gq(x) —log g.(y)| < Cd(z,y)" for all x,y € Y.

dmoly

Such a dynamical system f : X — X is called nonuniformly expanding. The induced
map F' = f" : Y — Y is uniformly expanding and there is a unique F-invariant
probability measure py on Y equivalent to mgly with density bounded above and
below. Moreover py is mixing. This leads to a unique f-invariant probability measure
won X equivalent to mg (see for example [28, Theorem 1]).

We assume throughout that ged{r(a) — r(b) : a,b € a} = 1. In particular, p is
mixing. The assumption is trivially satisfied for the maps (1.1) since {r(a) : a € a} =
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Z7". Such a restriction is not completely avoidable, since the power spectrum has a
finite number of (removable) singularities [16] when F' is not mixing.

The results in [16] apply directly when uy(y € Y : r(y) > n) decays exponentially.
In this paper, we show that the same results hold when r € L*"(Y)), thus proving
Theorem 1.3.3 In addition, we obtain results in the case r € L'*(Y)).

Given v € L>®(X) and w € [0, 27|, we define the induced observable V,, : Y — C,

Vo(y) = e“o(fy).

Proposition 2.1 For all wy,w € [0,27], a € «,
1aViloo < |v]eor(@),  [1aVe — 1aVigloo < 2|v|oor(a)2|w — Wol,

Proof The first estimate is immediate. Also, for y € a,

r(a)—1 r(a)—1

Vo) =V ()| < Y [ =e"[Jo]oe <2 Y [l(w—wo)|[v]e < 2[0]sor(@)’[w—wo,
£=0 =0

as required. [

Corollary 2.2 Let p > 1. If r € LP(Y) then V,, € LP(Y) for all w € [0,27].
Moreover, w +— V,, is a continuous map from [0,2x] to LP(Y).

Proof We have |Vw|g < Zaéa py (@)1 Vo [5, < Zaéa py (a)|v[Br(a)? = |v|§o|r|§ <
00, s0 V,, € LP(Y).
Next we prove continuity. Let wy € [0, 27]. Then

[Vio = Vi < ZNY(G)Han — LV l%

aca
< Y (@2 R w —woP + Y py(a)2P|ulir(a)”
a:r(a)<R a:r(a)>R
< 2P|v|%, (R2p\w — wol? + / P duy>.
{r(a)>R}

Fix R large so that the second term is as small as desired. For this fixed R, the first
term converges to zero as w — wy, proving continuity at wy. |

Define V; : Y — C,
J
> ety
=0
Again |1,V < ||t (a), so if r € LP(Y), then V* € LP(Y) for all w € [0, 27].
We now state our main result; this is proved in Section 3.

Voly) = osg%%l

3Throughout, we write ¢ € LPT(Y) as shorthand for ¢ € LPT¢(Y) for some € > 0.
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Theorem 2.3 Let f: X — X be a nonuniformly expanding map and let v : X — R
be a Holder observable.

(a) Suppose that r € L**(Y). Then the limit S(w) = lim, ;oo n™" [ [€7“vo f7|? dp
exists for all w € (0,27) and extends to a continuous function on [0,2x]. Typically,
infwe(o,%) S(w) > 0.

(b) Suppose that r € L*(Y) and that that V¥ € L**(Y) for all w € (0,27), where
a € (1,00], 1/a+1/b =1 and p > 2. Suppose further that w — V,, is a continuous
map from (0,2m) to L*(Y). Then the limit S(w) = lim, eon™" [ [€9“v o f7|*dp
exists for almost every w € (0,2n) and extends to a continuous function S(w) on
(0,2n). Typically, S(w) is nonvanishing on (0,2m).

Remark 2.4 (i) Young [28] considers the case where py(r > n) = O(1/nP+1) for
some 3 > 0 and deduces decay of correlations at rate O(1/n®). The case 8 > 1 is the
setting of Theorem 1.3. It is easily seen that r € LP*(Y) if and only if p(r > n) =
O(1/nPT), so Theorem 1.3 is a restatement of Theorem 2.3(a).

(ii) If r € L*(Y'), then summable decay of correlations follows from [20, Corollary 1.3]
and hence the Weiner-Khintchine Theorem guarantees that the power spectrum ex-
tends to a continuous function on [0,27]. However, our proof that the spectrum is
typically bounded below requires that r € L?T(Y").

(iii) If r € L?(Y'), then we expect (but have been unable to prove) that S(w) — oo
as w — 0 and w — 27. It would then follow that typically the power spectrum is
bounded below also in Theorem 2.3(b).

(iv) The proof of Theorem 2.3(b) shows that the limit S(w) exists and is continuous
on the set of irrational angles w. A different argument, which we have not included,
shows that the limit exists also for rational angles w € (0, 27) and we conjecture that
the resulting function w — S(w) is continuous on (0, 27).

2.1 Application to intermittent maps

For the intermittent maps (1.1), it is convenient to take Y = [%, 1lJand tolet r: Y —
Z* be the first return time r(y) = inf{n > 1: f"y € Y'}. It is standard that f is a
nonuniformly expanding map and that r € LP(Y") for any p < % Hence if v € (0, %),
then Theorem 2.3 applies directly. This completes the proof of Theorem 1.1 for
ve(0,3).

For v € [%, 1), we still have that » € L'T(Y'). To apply Theorem 2.3, we require
the next result.

Proposition 2.5 Suppose that v € (0,1) and v € C" where 0 < n < . Let p <
1/(y—mn). Then VI € LP(Y) for all w € (0,27) and w — V, is a continuous map
from (0,2m) to LP(Y).

Proof This is analogous to the situation in [12, Theorem 4.1] (see also [13]).

6



Writing v = (v — v(0)) + v(0), we may consider the cases v(0) = 0 and v = v(0)
separately. For v(0) = 0, we show that V* € LP(Y) for all w € [0,27] and that
w — V, is a continuous map from [0,27] to LP(Y). For v = v(0), we show that
V¥ e L>®(Y) for all w € (0,27) and that w — V,, is a continuous map from (0, 27) to
Li(Y) for all ¢ < oc.

First, suppose that v(0) = 0, so |v(y)| < |v],|y[". It is well known that |fy| <
(r(y)—0)~Y7 for £ =1,...,7(y). (See for example [15].) Hence for y € Y, w € [0, 27],

r(y)—1 r(y)—1 r(y)—1
VIWI< D0 W< Y0 bl ol < 3 (rly) = 07" < ()
/=0 /=0 —1

If p<1/(y—mn), then p(1 —n/y) <1/y and
/ Vo )PP dpy < / P dpy < oo,
Y Y

Next, we recall the estimate |¢”* — 1| < 2min{1, |z|} < 2|z|°, which holds for all
r€R,e€0,1]. Forall y € Y, wy,w € [0, 27],

r(y)—1
Val) = Vao )] < max [ — ™0 37 fol,fo(f'y)"
£=0

0<t<r(y
r(y)—1
<L 1(y)|w — wol Z (r(y) — 0" < r(y) "7 w — wol,
=0

so for e sufficiently small, |V, — V,, |, < |w — wo*.
It remains to consider the case v = v(0). We have

Vi(y) = [0(0)] max [(1—e™")/(1—e™)| <20u(0)]|1 — e[,
0<e<r(y)

for all y € Y, w € (0,2m). Moreover, for wy,w € (0,27), regarding wy as fixed,
Vo) = Vi ()] < g1(w,y) + ga(w) where

gl(w,y) = ‘U(O)Hl _ eiwo|71|€iwr(y) . einr(y)|’
92(w) = 2J0(0)][(1 = )" — (1 — &),
Clearly, go(w) — 0 as w — wy. Also, taking € = 1/¢q, we have that ¢;(w,y) <

(Y)Y w — wo|Y9, so [, |g1(w, y)|?dpy < |r|ijw — wol. It follows that gi(w,-) — 0 in
L9(Y'), and hence similarly for |V, — V,,|, as w — wy. This completes the proof. N

Proof of Theorem 1.1 As already mentioned, the case v € (0, %) follows directly
from Theorem 2.3(a).



When v € [1,1), we require that n > (3y—1)/2. Without loss, n € ((3y—1)/2,7).
Note that 1/(y —n) > 2/(1 —v) > 2. By Proposition 2.5, w +— V,, is a continuous
map from (0, 27) to L*(Y).

Let a=1/(y+¢€),b=1/(1—~—¢) where € € (0,1 —~). Then r € L*(Y'). Since
1/(y —n) > 2/(1 —~), it follows from Proposition 2.5 that V* € L¥1=7=9(Y) for
§ > 0 sufficiently small. Hence we can choose p > 2, € > 0 such that V* € L%(Y) for
all w € (0,27). Now apply Theorem 2.3(b). |

3 Proof of Theorem 2.3

In Subsection 3.1, we prove a version of our main results for the induced system
F = fr:Y — Y. This result is lifted to the original system f : ¥ — Y in
Subsection 3.2. In Subsection 3.3, we complete the proof of Theorem 2.3.

3.1 The induced system

Let f: X — X be a nonuniformly expanding map as in Section 2 with induced map
F = f":Y — Y and partition a. Define r,, = E?;ér o FJ. The induced power
spectrum SY : (0,27) — R is given by

Y wwr 7
SY(w) Y}Lngon /‘Ze iV,oF

We can now state the main result in this subsection.

dMY

Lemma 3.1 Suppose that r € L'(Y) and that w — V, is continuous as a function
from (0,27) to L*(Y).

(a) The pointwise limit SY : (0,27) — [0, 00) exists and is continuous.
(b) Typically, {w € (0,27) : S¥(w) =0} = 0.
In the remainder of this subsection, we prove Lemma 3.1.
If ag,...,a,_1 € a, we define the n-cylinder |ag,...,a,_1] = ﬂ i a;. Fix
6 € (0,1) and define the symbolic metric dg(z,y) = 0*@¥) where the sepamtzon time

s(z,y) is the least integer n > 0 such that = and y lie in distinct n-cylinders. For
convenience we rescale the metric d on X so that diam(Y) < 1.

Proposition 3.2 Let n € (0,1] and fir 6 € [\"",1). Then d(x,y)" < do(z,y) for all
T,y €Y.



Proof Let n = s(x,y). By condition (2),
1> diamY > d(F"z, F"y) > \d(x,y) > (0Y")™"d(z, y).

Hence d(x,y)" < 0™ = dy(x,y). |

An observable ¢ : Y — R is Lipschitz if ||¢|lg = |¢|l + |@ls < o0 where
[9lo = sup,, |6(x) — d(y)|/de(x,y). The set Fp(Y') of Lipschitz observables is
a Banach space. More generally, we say that ¢ : ¥ — R is locally Lipschitz,
and write ¢ € Fy°(Y), if ¢|, € Fy(a) for each a € a. Accordingly, we define

Do¢(a) = sup, yeq azy [0(2) — G(y)]/do(, y).

Proposition 3.3 Let v : X — R be a C" function, n € (0,1]. Set § = A\™". Then
V., € F)*e(Y) for allw € [0, 27], and there is a constant C > 1 such that

DyVi(a) < Clolyr(a),
for allw € [0,27], a € a.

Proof Lety,y € a. Thenr(y) =r(y’) = r(a). By condition (3) and Proposition 3.2,

r(a) r(a)—
Vi (y) — Z v(fY) < Jol, Z d(f'y. f'y)
/=0

< O"|,r(a)d(Fy, Fy')" < C"v|,r(a )de(Fy,Fy) = C"97 |v],r(a)do(y, '),

yielding the required estimate for DyV,(a). |

The transfer operator P : LY(Y) — LY(Y) corresponding to F is given by
[y Povduy = [, ¢ o Fduy for all ¢y € L>. It can be shown that (P¢)(y) =
Y wca 9(Ya)?(ya) where y, denotes the unique preimage of y in a under F' and logg
is the potential. Moreover, there exists a constant C'; such that

9(y) < Cipy(a), and |g(y) —g(y)| < Cipy(a)do(y, '), (3.1)

for all y,y' € a, a € a.
For w € [0, 27|, we define the twisted transfer operator P, : L'(Y) — L'(Y) given
by P,v = P(e ™).

Proposition 3.4 Let J C (0,27) be a closed subset. Viewing P, as an operator on
Fy(Y), there exists C > 1 and 7 € (0,1) such that |P"|| < C7" for allw € J, n > 1.

Proof This result is a combination of standard and elementary observations. By [1,
Theorem 2.4], w +— P, is a continuous map from [0, 27] to Fp(Y). Hence it suffices
to show that the spectral radius of P, is less than 1 for w € (0, 27).



It is easily checked that the spectral radius of P, is at most 1, and that the
essential spectral radius is at most 6 (see for example [1, Proposition 2.1]). Hence it
remains to rule out eigenvalues on the unit circle.

Suppose for contradiction that P,v = v for some eigenfunction v € Fp(Y) and
some 1) € [0,27]. A calculation using the fact that v — ™ v o F' is the L? adjoint of
P, (see for example [17, p. 429]) shows that e“"v o F' = e~™v. By ergodicity of F,
|v| is constant and hence v is nonvanishing.

Since F|, : a — Y is onto for each a, there exists y, € a with Fy, = y,. Evaluating
at y, and using the fact that v(y,) # 0, we obtain that ¢"(® = ¢~ for each a € a.
Hence w(r(a) — r(b)) = 0 mod 2 for all a,b € . Since w € (0, 27), it is immediate
that w = 27p/q where p, ¢ are integers with ged(p,q) = 1 and 1 < p < ¢. But then
E(r(a) —r(b) = 0 mod Z and so g divides r(a) —r(b) for all a,b € o. This contradicts
the assumption that ged{r(a) — r(b) : a,b € a} = 1. |

Proposition 3.5 Suppose that r € L*(Y). Then
(a) PV, € Fp(Y) for all w € [0,27] and sup,,e(2x || PuVallo < oo

(b) 3o supyey| [y PrVi Vo dpy| < 0o for any closed subset J C (0,27).

> uca 9Wa)e @ ¢(y,).  We use Propositions 2.1

Proof (a) Write (P,¢)(y) =
(3.1). First,

and 3.3 and the estimates

[PVloo €D NaglocllaViloo < C1 Y py(@)[v]oer(a) = Cafoluclri-

acqo aco

Also, P,V,(y) — P,V,(y') = I + I, + I, where

=) (9(ya) = 9W))e ™ “WValya), T =Y gwhe ™ (Vislya) — Vir(uh))-

aco aco

We have

L] < CY iy (@)dy(ya, ) [0]oor(a) = 0C1 0]l Flada(y, ),
acx
and

‘[2‘ S Cl Z MY(Q)DGVw<a>d9(ya7 yé,)

aco

<0C1CY " py (@) vlyr(a)de(y, ) = 0CLCloly|rlide(y, ¥).

aco

We deduce that |P,V,|s < (|v]e + |v]5)|7]1, completing the proof of part (a).
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(b) For n > 1,
[ P2V Vodiy| < P2V IVl < IR Pl Vol
Y

The result follows from Corollary 2.2, Proposition 3.4 and part (a), |

Proof of Lemma 3.1(a) Let w € (0,27). For 0 < j < k,
/ e—iw(rk—rj)vw o Fj Vw o Fk d,uy _ / e—iwrk_jonVw o Fj Vw o Fk d,uy
Y Y

= / e =iV, Vi, 0 F*I dpy = / PMIV,V, duy .
Y Y

Hence,
n—1 n—1
/ |Zeiwrjvw o Fj|2 d,uy _ Z / eiw(rj—rk)vw o Fj ‘_/w o Fk dMY
Y =0 jk=0"Y

n—1
:Z/ Vi o F7)* dpy +2
i=0"Y

:n/ VolPdpy +2 ) Re/Pﬁ_ijdeuy
Y Y

0<j<k<n

Z Re/ eIV o FIV, o F* duy
Y

0<j<k<n

n—1
:n/ Vol dpy +2 " (n—m) Re/ PV, V., duy-.
Y Y

m=1

Hence

n—1

SY (w) = /Y (VL |? dpy +2nli_>nc}OZ(1 - @) Re/yPL”Vw Ve, duy.
m=1

n

By Proposition 3.5(b), this converges uniformly on compact subsets of (0,27) to the
sum

SY(w):/ |Vw\2duy+2ZRe/P£Vwdeuy
Y n=1 Y

:/ |Vw|2dﬂy+QZRe/e_iW”VwVwOF"d,uy. (3.2)
Y n=1 Y

Fix n > 1 and let I, = e"“™V_,V, o F™. Note that |I,| = |V,||V,| o F" and
[y 1l dpy < V||Vl 0 F™y = |V,]3 < oo for each w. We claim that w — [, I, duy
is continuous on (0, 27). It then follows from uniform convergence of the series (3.2)
that SY : (0,27) — [0, 00) is continuous.
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To prove the claim, fix n > 1 and w, € (0,27). Let wy be a sequence in (0, 27)
converging to w,. We show that [, L, duy — [, L, duy as k — oo. Certainly
I, — I, pointwise. Moreover,

/|fwk|dw—/ |fw*|dMY=/(|Vwk|—|Vw*|)|Vw,€|OF"d,uy
Y Y Y

o AN
Y

) o™ d:uY7
and so

[ ety = [ L] < (V] = Vel Vel + Ve

< |Vwk - VUJ*|2(|VUJ}9|2 + |Vw* 2)
< |Vwk - VUJ*|2(|VWIC - Vw*|2 + 2|Vw* 2)-

It follows that [, |, |duy — [, |L.|dpy as k — oo. By the dominated convergence
theorem, [, I, duy — [, L. duy completing the proof of the claim. |

2| Vool = Ve[

Proof of Lemma 3.1(b) Letw € (0,27) and define x,, = >_72, PJV, and V,=Vo+
Xw — €“"Xw o F. Now [|[PIV,|lo < |PJ7I[|PsVelle, so it follows from Propositions 3.4
and 3.5(a) that y,, is absolutely summable in Fy(Y'). In particular V,, € L*(Y).

A calculation shows that V,, € ker P, and so \Z;:ll eV, o FI|3 = n|V, |3
Moreover, E;L;ll iV, o Fi = Z;:ll e“riV, 0 FI + x, — e*™y, o F" and so

n—1 n-l
’ }Zemjvw o Fj’2 _ ’Zewmm o FJ"2 ’ < 2|xul2-
j=1 g=t

Hence SY (w) = |V, |3 for all w € (0, 27). In particular, for a fixed w € (0, 27) we have

that if S¥(w) = 0, then equivalently V,, = 0 and so
Vo =€e“"xp o F — xo. (3.3)

It remains to exclude the possibility that (3.3) holds for some w. Following |16,
Section 3], let yo € Y be a periodic point of period p and let y, be a sequence
with Fy, = y,—1 and such that dg(y,p, o) < 0™. This ensures in particular that
rp(Yjp) = T0(yo) for all j. A -

Set A, = E?;(l] iV, 0 F7 and define g(w) = 377, e~ W) (A, (y;,) — Aw(vo))-

Note that for each fixed y,, the function w — A,(y,) is a finite trigonometric
polynomial and hence is analytic on [0, 27]. We claim that ¢ : [0, 27] — C is analytic.
Suppose that dy(y,y’) > p. Then

p—1 r(Fiy)—1 p—1

[Auly) = Ay < > oledo(Fly, Fy') = [olg Y r(F7y)6 7do(y, y')

0 7=0
< |vlg07P(1 — 0) " ry(y)do(y, ),

12



Hence
| Au(Yjp) — Aw(yo)| < [v]g07P(1—0) " rp(yo)0,

proving the claim.
If (3.3) holds, then A, = e“™x,, 0o FP — x,, and so

D e AL () = Xe(o) — €N (),
j=1

n

Ze—ijwrp(yo)Aw(yo) — Xw(yo) o e—inwrp(yo)xw(yo),
j=1

Hence A
g(w) = lim e=™?®0) (v (y5) — Xu(Ynp)) = 0.

n—oo

Still keeping w fixed, we can perturb the value of v at y; (say), independently
of any other values of v involved in the computation of g, so that g(w) # 0. Hence
typically (3.3) does not hold (and so S¥ (w) is nonzero) for any fixed value of w.

Considering two such analytic functions g; and g, (for two distinct periodic points)
we can perturb so that g; and g, have no common zeros on [0, 27] and hence SY is
nonvanishing on (0, 27). By considering infinitely many periodic points, and hence
infinitely many functions of the form g, we obtain infinitely many independent ob-
structions to the existence of an w € (0,27) such that S¥ (w) = 0. |

3.2 Relation between SY and S

In this subsection, we relate the power spectrum S¥ of the induced map F:Y — Y
with the power spectrum S of the underlying nonuniformly expanding map f: X —
X. Let 7 = [, rduy. We say that w is an irrational angle if w € [0, 27] \ 7Q.

Lemma 3.6 Let w be an irrational angle. Suppose either that r € L*T(Y), or that
r € LYY) and that V¥ € L**(Y) for all w € (0,27), where a € (1,00], 1/a+1/b=1
and p > 2. Then S(w) = SY (w)/7.

From now on, we work with a fixed irrational angle w € (0, 27) \ 7Q. We suppose
throughout that v : X — R is Holder.
Let dy denote Haar measure on S', Consider the circle extensions

fo: X xS' =X xS fu(x,0) = (fr, @ +w),
F,:YxS' =Y xS,  Fy,p) = (Fy,¢+uwr(y)),

with invariant probability measures v = pu X dp and vy = py X dp respectively.

13



Recall that FF = f" : Y — Y is the induced map obtained from f : X — X
with return time r : Y — ZT. Extend r to a return time on Y x S! by setting
r(y, ) =r(y). Then F, = f! is the induced map obtained from f,.

Let v : X — R be an observable. We associate to v the observable u : X x St — C
given by u(z,p) = e*v(z). This leads to the induced observable U, : Y x ST — C

given by U, (q) = r(q) “u(fq). Note that

r(y)—1

%
—~
<
-
|
—

u(fgy, o+ lw) = e'¥ eimv(fzy) = ewVw(y),

=0 =0
and similarly that
n—1 n—1
D U0 Fl(y,p) =¥ e“ WV, 0 Fi(y).
J=0 J=0

Proposition 3.7 Let w be an irrational angle. Suppose that r € L'**(Y) and that
V* e L*(Y). Then

n—1
n_l‘ZuofﬂZ —aZy on (X xS v),
=0

where Z,, is a random variable with EZ,, = S¥ (w)/T.

Proof Since w € [0,27] \ 7Q, the circle extension f, : X x S — X x S! is ergodic,
and we are in a position to apply [12, Theorem 1.10]. Note that G, ¢, V,V*, f, in [12]
correspond to St u,V,,, V*, f, here.

By [12, Theorem 1.10], we obtain a functional central limit theorem (weak invari—
ance principle) as follows. Define W, ,(t) = n='/2 Zg"to wo fJ for t =0,1/n,
and linearly interpolate to obtain W, , € C([0,1],R?*). Then W,, —, Ww in
C([0,1],R?) on (X x S',v), where W, is a two-dimensional Brownian motion with
some covariance matrix 3,. Moreover, it follows from the proof of [12, Theorem 1.10]
(see the statements of [12, Theorems 2.1 and 3.3]) that X, = 3, /7 where

n—1

n—1
i]w: lim n_l/ ( UwoFU{) < U, on> dvy 2
n—oo YXSl J;O Z Y

Consider the functional x : C([0,1],R?) — R, x(g9) = |g(1)|>. By the continuous
mapping theorem, x (W) —4 x(W,,), so

n—1
n! Zu o fI? =4 Z,, where Z, = |W,(1)]>.
=0

ReaReb Realmb
4 ~ 2 _ 3T _
For a,b € C = R*, we define a ® b = ab <ImaReb ImaImb>

14



In particular,

EZ, = E[W,(1)P = S2 + 52 = (51 + £2)/r.

Finally,
n—1
SY(w) = lim nl/ | Zei“”'ij o F7|* duy
n—00 y <
7=0
n—1
= lim n—l/ 1> Uso FiPdvy =51+ 52,
n—o0 Y xS1 ]:0
completing the proof. |

Proposition 3.8 Suppose that either
(a) 7 € L**(Y) and choose p > 2 such that r € L51H(Y), or

(b) re LYY) and Vr € L*(Y) for allw € (0,27), where a € (1,00, 1/a+1/b=1,
and p > 2.

Then there is a constant C' > 1 such that | Z?_& uo fi|, < Cn'/2.

Proof The method in both cases is to obtain a martingale coboundary decompo-
sition [11] and then to apply Burkholder’s inequality [3] to the martingale part. In
case (a), the decomposition is done on X x S following [19]. In case (b), we pass to
a tower extension and reduce to the induced system on Y x S*.

Case (a): By Markov’s inequality, the assumption r € LZ+'*(Y") guarantees that
w(r >n) = O(n~¥*+Y) for some B > p/2. Let L : LY(X) — LY(X) and L, : L' (X x
S1) — L'(X x S1) be the transfer operators corresponding to f and f,, respectively.
Regard u as fixed, and let /' € L>®(X x S') be of the form u'(y,p) = e%v'(z)
where v € L®(X). By [2], [y,q Liut'dv = [ qut o frdv = O(n Plu|).
Equivalently [, L™v 9" dp = O(nP|v/|). By duality [y o [Lliuldv = [, |[L™v|dp =
O(n=7).

Now we proceed as in the proof of [19, Theorem 3.1]. Since |L"u|; = O(n~")
and |L'u|w = O(1), it follows by interpolation that |L]u|, is summable for ¢ < S,
in particular for ¢ = p/2. Hence x, = > oo, L'u € LP/?(X x S') and we obtain
U = Uy + Xw © fio — Xo Where @, € ker L. Continuing as in [19] (in particular, see [19,
equation (3.1)]) we obtain the desired result.

Case (b): Define the Young tower [28]

A={(y,0,0) €Y xS'xZ:0<l<7r(y)},
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and the tower map fw A= A

(?/>80+W>€+1)a Egr(y)_z

fuoly,9.0) = {(Fy,<p+w,0), (=r(y)—1

with invariant probability measure vp = (v X counting) /7.

The projection 7 : A — X x St given by 7(y,p,£) = (f'y, ) is a measure-
preserving semiconjugacy between fw and f,,, with v = m,va.

Let @ =wom Then [y > 0" uo filPdy = NS o fiPdva.

Next, let N, : A — {0, 1,...,n} be the number of laps by time n,

Na(y, 0, 0) =#{j € {1,...,n}: fi(y,0.0) €Y x S* x {0}}.

Then
n—1 Nn(y,LP,Z)*l
e io fily e )= Y UsoFSy, @)+ Hyo f2(y,0,0) — Huly,¢,0)
j=0 k=0

where H,(y, ,0) = e 35 e““v(f"y). Note that |H,(y, ¢, ()] < V(y).
Now

r(y)—1

/|H Of"\”d/m—/ HLJP dyus = 1/r/ Z Ho(y, 0, OF diy (4, 0)
< / r V2P dy < [FlalV2Pl = [l V2L (3.4)
Y

Next, by Holder’s inequality,

/.

Np—1

Z U, oFk) dva < /max
i<n
j—1
= lr/ 7 max UwoFf’
ey [ o >

Let Q, : L'(Y x S') — LYY x S') denote the transfer operator corresponding
to F,: Y x S' — Y x S For an observable U : Y x S! — C of the form U(y, ¢) =
eV (y), we have (QuU)(y, ) = e"*(F,V)(y).

By Propositions 3.4 and 3.5(a),

ZU OF ‘ dI/A

p

p
w dl/y S |T‘|La(y)

max
Jj<n

Lbp (Y x ST)

— iQZjUw = e iPﬁVw c L*(Y x SY).
n=1 n=1

Hence we can write
Uw :mw+Xwon_Xwa
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where m,, € ker Q,,. Note also by the hypothesis on V* that U, € L”(Y x S!) and
hence m,, € LP(Y x S') where bp > 2. By Burkholder’s inequality [3],

1/2
¥xsh) < M| poe(y g1y 77,

j<n

j—1
k
max my, o F;
Lbp(
k=0

and so [max;<, | >4_y U o FJ| ‘LbP(Yxsl) < n'/2. Hence we have shown that

No—1 j—1
Z U,oE* < |r|/P |max Z U,oFk < nt/2 (3.5)
LP(A) Jj<n
k=0 k=0 Lbp(Y xS1)
By the triangle inequality, it follows from (3.4) and (3.5) that
n—1 n—1
’Zuofi :’ to fJ n'/?
: LP(XxS1) Lr(A)
Jj=0 j=0
as required. [

Proof of Lemma 3.6 The bound on moments in Proposition 3.8 together with the
distributional limit law in Proposition 3.7 implies convergence of lower moments, (see
for example [21]), and so

. 2
lim n~
n—00 L2(XxST)

n—1
> uof]
7=0

Now 527 u(fila ¢)) = € 3% ev(fi(x)) and so | X775 u o filuspexst) =
| E;:o e’%v o f]‘LQ(X). Hence

=S¥ @)/r

n—oo

n—1
S(w) = lim n_l‘z ey o fI
=0

2
L3(X)

as required. |

3.3 Completion of the proof

First assume the hypotheses of Theorem 2.3(b). By Lemma 3.1, S¥ exists and is
continuous on (0, 27), and typically SY is nonvanishing on (0, 27). By Lemma 3.6, S
coincides with SY /7 almost everywhere on (0,27). Theorem 2.3(b) follows immedi-
ately.

Under the hypotheses of Theorem 2.3(a) we have the same properties, but in
addition S(w) is continuous on (0,27) by the Wiener-Khintchine Theorem, so it

17



follows that S(w) = SY (w)/7 for all w € (0,27). Hence S is typically nonvanishing on
(0, 27). Moreover, by Weiner-Khintchine, S extends to a continuous function Sy(w) =
S e®p(k) on [0,27]. By the Green-Kubo formula, Sy(0) = Sy(27) coincides
with the variance 0? = lim, oo n™"' [ | Z?:_& v o fI|>dp where vy = v — [ vdpu.
Typically 0% > 0, see for example [18, Remark 2.11]. Hence typically Sy is bounded
away from zero on [0,27] and so S is bounded away from zero on (0,27). This
completes the proof of Theorem 2.3(a).
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