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On finite-size Lyapunov exponents in multiscale systems

Lewis Mitchell'*® and Georg A. Gottwald"
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(Received 20 December 2011; accepted 30 March 2012; published online 20 April 2012)

We study the effect of regime switches on finite size Lyapunov exponents (FSLEs) in determining
the error growth rates and predictability of multiscale systems. We consider a dynamical system
involving slow and fast regimes and switches between them. The surprising result is that due to the
presence of regimes, the error growth rate can be a non-monotonic function of initial error
amplitude. In particular, troughs in the large scales of FSLE spectra are shown to be a signature of
slow regimes, whereas fast regimes are shown to cause large peaks in the spectra where error
growth rates far exceed those estimated from the maximal Lyapunov exponent. We present
analytical results explaining these signatures and corroborate them with numerical simulations. We
show further that these peaks disappear in stochastic parametrizations of the fast chaotic processes,
and the associated FSLE spectra reveal that large scale predictability properties of the full
deterministic model are well approximated, whereas small scale features are not properly resolved.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4704805]

The atmosphere and the climate system are inherently
complex multiscale systems with processes spanning spa-
tial scales from millimetres to thousands of kilometres,
and temporal scales from seconds to millennia. It is a for-
midable challenge to find consistent and effective reduced
dynamical equations for the “slow” and “large” degrees
of freedom with predictive power. An important question
is how to measure the radius of predictability in such a
multiscale system. One such measure is the maximal Lya-
punov exponent Zm.c. A generic situation is that the fast
degrees are strongly chaotic, causing the Lyapunov expo-
nent of the whole system to be large, indicating poor pre-
dictability. However, the large scale slow behaviour can
still be forecast with reasonable accuracy for times much
longer than O(1//max); for example, weather can be fore-
cast on time scales above those expected from small-scale
instabilities such as convection.”®> This is usually due to
the small-scale instabilities growing faster but becoming
nonlinearly saturated at a much smaller level than large
scale instabilities.

. INTRODUCTION

In a series of papers Aurell er al." and Boffetta er al. >

introduced the finite size Lyapunov exponent (FSLE) to
extend the idea of measuring the divergence of nearby tra-
jectories to resolve predictability measures for processes
developing on various scales. FSLEs have been success-
fully used in the recent years to study mixing and transport
problems in lakes?' and ocean currents,'” and to study
meso-scale and sub-mesoscale filamentary processes in the
surface circulation.'*!33°
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The study of error growth rates has also led independ-
ently’”*® to the development of breeding vectors to produce
optimal perturbations for ensemble forecasting. The average
growth rate of these vectors is closely related to the
FSLE.*?? Besides studying predictability,®’ optimal finite-
size perturbations have been used in ensemble forecast-
ing®”® and data assimilation,?® where they should represent
the directions of growing analysis errors, which are again
scale dependent. Hence, the question of how error growth
rates depend on initial error amplitude is integral to the gen-
eration of perturbation ensembles for ensemble forecasting
and data assimilation.

The particular aspect we address here is how to interpret
the FSLE spectrum in a multiscale dynamical system which
involves abrupt switches between regimes. We study a sys-
tem which involves both slow and fast regimes. The meaning
of “slow” depends on the context; synoptic weather systems
such as high and low pressure fields are slow when compared
to gravity waves, the buoyancy oscillations of stratification
surfaces of the atmosphere. However, weather itself is fast
when it comes to climate modelling in coupled ocean-
atmosphere models, where the ocean evolves on a much
slower time scale than the atmosphere.

Slow weather regimes have long been associated with cli-
mate. In the atmosphere, they can be associated with zonal and
blocked flows dominating weather on time scales up to several
weeks.®?* Atmospheric slow regimes are responsible for low-
frequency variability of planetary scale dynamics,™’ the
Arctic Oscillation and North-Atlantic Oscillation (NAQO), the
dominant pattern of atmospheric variability over the Atlantic.?
In the ocean, slow regimes have been associated with low-
frequency variability of the thermohaline circulation and the El
Nifio-Southern Oscillation (ENSO).10 On paleoclimatic scales,
slow regimes distinguish glacial and interglacial periods.'"**

Fast regimes have recently been considered to be highly
relevant for atmospheric and climatic variability and may

© 2012 American Institute of Physics
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determine predictability of dominant slower processes. For
example, synoptic weather events such as Rossby-wave
breaking and high-latitude blocking episodes with life times
of 5-10 days are important for the NAO and may give rise to
its low-frequency variability on interannual and longer time
scales.'”*! Similarly, the ENSO variability on time scales of
seasons to years can be produced or maintained by faster
subseasonal long-lived transient westerly wind bursts and the
Madden-Julian Oscillation with life times of 30-90
days.14’34’42 On the mesoscale, fast mesovortices with life
times of a few hours can dampen the intensification of hurri-
canes by mixing heat and momentum.*”

We investigate a low-dimensional toy model describing
one slow metastable degree of freedom coupled to a fast cha-
otic system. To study the influence of fast regimes, the slow
variable will be coupled to two types of fast dynamics, the
Lorenz-63 system which involves regimes and the Rossler
system which does not. The deterministic system under con-
sideration is amenable to stochastic singular perturbation
theory (for both types of fast dynamics) which allows us to
effectively describe the slow dynamics in a dimension-
reduced stochastic model, which supports the same slow
regimes. We will show that the presence of slow metastable
states causes the FSLE spectrum to have a pronounced
trough at large scales. Fast regimes, on the other hand, may
cause the FSLE spectrum to exhibit large peaks. We develop
a quantitative theory which explains both phenomena.

The paper is organized as follows. In Sec. II, we briefly
introduce the FSLE. The toy model under consideration is
introduced in Sec. III. Numerically obtained FSLE spectra of
the model are presented in Sec. IV. The signatures of slow
metastable states on the FSLE spectra are explained analyti-
cally in Sec. V A using the multimodal probability density
function of the slow variables. The signature of fast regimes
on the FSLE spectra is quantitatively explained by means of
a heuristic argument in Sec. V B. We conclude with a discus-
sion in Sec. VL.

Il. FINITE SIZE LYAPUNOV EXPONENTS

FSLEs introduced by Aurell e al.' and Boffetta et al.>>
measure the growth rate of a perturbation of finite size o.
The FSLE A(9) is defined as

1 1
)v(é) = <m >ﬂlnr = mlnr, (l)

where T,(0) is the time taken for a perturbation of size 0 to
grow by an amplification factor r, which we take to be r =
1.1 throughout. The first average (-), is taken over the
invariant measure of the dynamics, which is approximated
by the ensemble average (- )., over many realizations. To
compute the FSLE spectrum, i.e., 4 as a function of 9,
numerically, two trajectories are created starting with an ini-
tial separation J¢, and the separation ¢ is measured as the tra-
jectories diverge over time. The perturbations ¢ are assumed
to be already aligned with the most unstable direction, which
is guaranteed by initializing each realization with a suffi-
ciently small initial perturbation size J,. Note that the small-
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scale FSLE with 6 — 0 corresponds to the maximal Lyapu-
nov exponent Ap,y.

lll. THE MODEL

We study multiscale systems of the form

dx _ SR N

= = (B’ =)+ —f), @)
dy 1
= = 580), 3)

in which a slow degree of freedom x € R describes an over-
damped degree of freedom in a double-well potential

4 2

V(x) = azfabzxg, 4)

which is driven by a fast chaotic process y € R?. The param-
eter b controls the location of the slow metastable states near
X* = *b and their separation 2b. The height of the potential
barrier AV (x) = ab*/4 is controlled by both @ and b. Unless
otherwise specified, we seta = b = 1, and &2 =0.01.

We consider three cases: where the fast subsystem is
given by (a) the chaotic Lorenz-63 system, (b) the chaotic
Rossler system, and (c) a reduced stochastic system which
we derive to describe the statistics of the effective slow
dynamics only. The slow x-dynamics supports slow metasta-
ble states near x* = *p in all three cases. However, only the
Lorenz-63 system supports fast regimes.

Figure 1 shows a sample trajectory of the slow variable
x for the Lorenz-driven system (see Egs. (5)—(8)) which
clearly shows how the fast chaotic process causes the slow
variable to switch between regimes centred around x* = *=1.
Simulations of the Rossler-driven system and of the reduced
stochastic system exhibit qualitatively similar behaviour.

A. Fast Lorenz-63 subsystem with regimes

We consider the multiscale model (2) and (3) when the
slow dynamics is driven by a fast Lorenz-63 subsystem

dx 5k
VR 5
PR +SY2, (&)
dy 10
7228—2()’2—%), (6)
dy 1
7;:87(28)’1 — Y2 = Y1)3), (7

I L 1 L 1 A 1 L
0 100 200 300 400 500 600 700 800 900 1000
t

FIG. 1. Sample trajectory of the metastable slow variable x calculated from
the system (5)—(8).
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dy 1 8
d_t3 =2 (yw’z - g)&z) . ®)

This system was introduced by Givon ef al.'® and has been

further analyzed by Mitchell and Gottwald.”* We use here k
= 4/90 which produces an autocorrelation decay time of the
slow variable 7o /= 208 time units. The maximal Lyapunov
exponent is estimated as Ap.x =~ 97.4 and scales with &2, the
time scale of the fast dynamics. This exemplifies the discrep-
ancy between large scale predictability as measured by Tcor
and the inverse of the maximal Lyapunov exponent.

The fast dynamics contains regimes consisting of the
two respective lobes of the butterfly attractor and abrupt
switches between them. We remark that strictly the metasta-
ble states of the Lorenz-63 system do not consist of the lobes
of the butterfly attractor, but involve parts of the attractor
from both lobes, separated by the stable manifold of the low-
est period symmetric unstable periodic orbit.'> Here, how-
ever, we use the common terminology of regimes, meaning
the lobes of the butterfly attractor.

B. Fast Rossler subsystem with no regimes

Further, we consider the multiscale model (2) and (3)
when the slow dynamics is driven by a fast Rossler
subsystem

dx k _
2 =X 02—, ©
dy 1
oA (10)
dy, 1
—2 = 0.432 11
dy; 1
3__" —4)). 12
7 32( +y3(1 —4)) (12)

Unlike the Lorenz-63 system, the fast Rossler system has
only one unstable fixed point and does not support regimes.
The coupling is chosen so that the forcing has mean zero; the
mean of the driving Rossler variable was estimated as y, ~
—0.939 from a long trajectory. We chose the coupling pa-
rameter k = 0.525, which corresponds to an autocorrelation
decay time of the slow variable 7 o, ~ 234 time units, com-
parable with that calculated for the Lorenz-driven system.
The maximal Lyapunov exponent for the fast subsystem is
measured to be Ay, = 10.1, scaling again with .

C. Reduced homogenized stochastic slow dynamics

The multiscale system (2) and (3) can be reduced using
stochastic singular perturbation theory (homogenization)
(Refs. 28 and 31) in the case that the fast dynamics is mixing
and the average of the slow vectorfield f(y) over the ergodic
measure induced by the fast process vanishes. Ergodicity
and the mixing property have been rigorously proven for the
chaotic Lorenz-63 system,%’39 and numerical simulations
suggest that they exist for the Rossler system as well. The
centering condition of the vanishing average of the fast vec-
torfield f(y) is automatically satisfied for the Lorenz-driven
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system (5)—(8) since the average of y, is zero and is satisfied
by construction for the Rossler-driven system (9)—(12) for
sufficiently accurate numerical estimates of the average y,.

In stochastic homogenization, the fast chaotic degrees of
freedom are parametrized by a stochastic process, provided
the fast processes decorrelate rapidly enough that the slow
variables experience the sum of uncorrelated fast dynamics
during one slow time unit. According to the central limit
theorem, this corresponds to approximate Gaussian noise.
Applying homogenization, the following reduced stochastic
model can be deduced for the slow x-dynamics

dX 5 aw
—=X(1-X — 13
dt ( )+o dt’ (13)
with one-dimensional Wiener process dW, and where o is
given by the integral of the autocorrelation function of the
fast y, variable with

62 ) 00 1 T
?zk J { lim ?J yz(s)yz(t—&—s)ds}dt. (14)

o (T—eod Jo

In the case of the Lorenz-driven system (5)—(8), the diffusion
coefficient is estimated as ¢ = 0.113 from a long-time tra-
jectory, for which the decay time of the autocorrelation func-
tion iS Teor &~ 222 time units. For details, the reader is
referred to Refs. 16 and 29.

Whereas the invariant ergodic probability density func-
tions can only be numerically estimated for the deterministic
equations (5)—(12), it is readily analytically determined for
the stochastic gradient Langevin equation (13) as the unique
stationary solution p(x) of its associated Fokker-Planck

equation
0 (x)ia av +6262
o’ o \ax? 2 a2t
We find
1 ! o0
p(x) = Ze—%vm with Z :J e Way,  (15)

which is depicted in Figure 2.

In Figure 2, we show the empirical probability density
functions of the slow variable x from the Lorenz-driven and
Rossler-driven systems (5)—(8) and (9)—(12) obtained from
long-time numerical simulations, as well as the exact density
function (15) for the stochastic system (13) with ¢*> = 0.113.
For this value of ¢°, the stochastic reduced system approxi-
mates the statistics of the full dynamics of the Lorenz-driven
system (5)—(8) very well.?? This is reflected in the close cor-
respondence of the respective empirical density functions.
The probability density functions clearly show a bimodal
structure indicative of the (slow) metastable nature of the x-
dynamics as already encountered in Figure 1. The Rossler-
driven system, however, exhibits a slight asymmetry of the
empirical probability density function with one maximum
larger than the other. This is caused by the only approximate
numerical estimate of y,. When numerically simulating the
equation for the slow degree of freedom (9) for the slow
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0.012

0.01r

0.008F

FIG. 2. Empirical density function of the slow variable x calculated from a
long time simulation with 7' = 10° of the system (2) and (3). Empirical den-
sity functions are shown for the Lorenz-driven system (5)—(8) (continuous
black line), for the Rossler-driven system (9)—(12) (dashed line, online red)
and for the reduced stochastic system (13) with 62 = 0.113 (crosses, online
green).

degree of freedom of the Rossler-driven system we approxi-
mate the average of y, and may write

k k

dx _ N
(V2 —¥2) +

sz—ﬁ—i—g E(Yz—f’z%

where y, is the numerically estimated average of y, and ¥,
the true average of y,. Provided o = y, — y, = O(¢) the cen-
tering condition (i.e., the vanishing of the average of the 1/¢-
part of the slow vectorfield over the ergodic measure induced
by the fast dynamics) is satisfied. Hence, the corresponding
reduced stochastic equation (13) is modified by an additional
small term «/¢. This term modifies the potential to V(x) =
ax* /4 — ab’x? /2 + ox causing the slight asymmetry in the
probability density function as seen in Figure 2.

IV. NON-MONOTONICITY OF FSLE SPECTRA FOR
SYSTEMS INVOLVING REGIMES: NUMERICAL
SIMULATIONS

We now numerically determine the FSLE spectra 4(9)
using only data of the slow x-variable for our three cases;
(5)—(8) with slow and fast regimes, (9)—(12) with only slow
regimes, and (13) with only slow regimes. In all simulations,
we initialize the estimation with an initial perturbation size
of 9o =107 and average the FSLE spectra over 5000
realizations.

Figure 3 shows the FSLE as a function of perturbation
size 0 for the Lorenz-driven model (5)—(8). For small values
of the perturbation size 6, we find the well known plateau
corresponding to the maximal Lyapunov exponent which
was estimated to be Amax A~ 97.4 (for 2 = 0.01).17

Surprisingly, the FSLE spectrum contains several peaks,
notably near 6 = 0.0278 and 6 = 0.0790, in stark contrast to
the behaviour reported in Refs. 1-3. Note that the FSLE at
the first peak is much larger than the maximal Lyapunov
exponent An,, suggesting a far greater loss of predictability
at those scales. Initial error amplitudes of those sizes experi-
ence much stronger growth than the eigendirections corre-
sponding to the maximal Lyapunov exponent.

Chaos 22, 023115 (2012)
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FIG. 3. FSLE 1 as a function of perturbation size ¢ for the Lorenz-driven
system (5-8) with slow and fast regimes. The inset shows a zoom for large
scale disturbances.

Interestingly, for larger perturbations J, the large-scale
FSLE develops a minimum centred at approximately 6 =
1.1 with Arg &~ 0.00428 as shown in the inset, suggesting a
large-scale predictability time scale of around 234 time units.
This is comparable to the decay time of autocorrelation of
the slow variable 7.,; =~ 208, which is a measure for the
transition times between the slow regimes. Since the large
scale FSLE measures the predictability associated with tran-
sitions of the slow variable from one slow metastable state
near x* = =1 to the other, this suggests that the trough in the
FSLE spectrum is linked to the existence of slow regimes.

For values 6 > 1.5, the perturbation size is comparable
to the range of the slow variable which is approximately
equal to 2.8, rendering the FSLE meaningless.

Figure 4 shows the FSLE spectrum for the Rossler-
driven system (9)—(12). As in Figure 3, the spectrum exhibits
a plateau at small scales corresponding to the maximal Lya-
punov exponent Ap.x = 10.1. Most notably for the Rossler-
driven system which does not support regimes, the large
peaks at small perturbation amplitudes 6 that we observed
for the Lorenz-driven system are absent. Since the small
scale FSLEs describe fluctuations within each of the slow
metastable states, this suggests that peaks in the FSLE spec-
trum are suggestive of fast regimes.

As shown in the inset, for larger perturbations o, the
FSLE monotonically decreases to reach a lower plateau with

FIG. 4. FSLE / as a function of perturbation size ¢ for the model driven by
the Rossler system (9)—(12) with slow regimes but without fast metastable
regimes. The inset shows a zoom for large scale disturbances.
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the large scale FSLE /pg ~ 0.00227 at the minimum at
0 ~ 1.25, suggesting a large-scale predictability time scale
of around 440 time units. Here, 1/Js is not close to
Teorr &= 234. This is again due to the inevitable inaccurate
estimation of the mean y, which leads to an asymmetric
probability density for x as seen in Figure 2. Hence, the
trajectory resides longer in one well, thereby increasing the
large scale predictability time; the autocorrelation time Ty,
however, is measured for lag times much smaller than the
mean residence time.

Figure 5 shows the FSLE spectrum for the stochastic
model (13) with ¢2 = 0.113, which best approximates>’ the
full dynamics of the Lorenz-driven system (5)—(8). For small
0, the FSLEs of the stochastic system do not reproduce the
values for their parent systems, and we observe no small-
scale plateau in the spectrum. This is expected as the maxi-
mal Lyapunov exponent Ay is not defined for the stochastic
system. However, at large scales J (depicted in the inset), we
find a minimum of the FSLE spectrum at 6 ~ 1.1 with A g =
0.00485 for 6> = 0.113. This gives a large scale predictabil-
ity time of 206 time units, close to that obtained for the full
parent model (5)—(8). As for the Rossler system, there are no
large peaks in the FSLE spectrum.

From these numerical simulations, we now formulate our
main hypothesis which we corroborate in Sec. V by quantita-
tive analytical theory and further simulations. We propose that
the non-monotonicity observed in the FSLE spectra is due to
the presence of regimes. In particular, large-scale troughs in
the FSLE spectrum are an indication of slow regimes, whereas
small-scale peaks are caused by fast regimes.

V. NON-MONOTONICITY OF FSLE SPECTRA FOR
SYSTEMS INVOLVING REGIMES: THEORY

We now explain the numerical observations of Sec. IV
and relate them to the existence of slow and fast regimes,
respectively. The minima at large scales will be explained by
calculating most likely trajectory separations supported by a
bimodal probability density function. The large peaks at
small scales will be explained by a simple heuristic argument
involving rapid switches of the fast dynamics between lobes
of the Lorenz attractor. We denote the perturbation size cor-
responding to the minimum of the FSLE spectrum associated
with slow regimes by ds. Similarly, we denote by O the per-

200

150F

50

FIG. 5. FSLE 1 as a function of perturbation size ¢ for the climate model
(13) with ¢*> = 0.113. The inset shows a zoom for large scale disturbances.
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turbation size corresponding to the peaks associated with fast
regimes.

A. FSLE spectra for slow regimes

The observed minimum of the FSLE spectrum A(J) at
large scales can be understood by considering the bimodal
probability density function of the slow variables. Before
deriving an analytic expression for the large scale perturba-
tion size ds, we give a heuristic argument why a minimum in
the FSLE spectrum occurs for multimodal probability den-
sity functions. As seen in Figure 2, each of the two maxima
in the probability density function has a characteristic width
of roughly 1.25. Perturbations larger than this size therefore
likely correspond to a pair of trajectories with members
residing in opposite wells of the potential V(x). Perturbations
smaller than this size likely correspond to a pair of trajecto-
ries with members residing in the same potential well.
Hence, there should exist a separation ds with associated
error growth rate ;g such that perturbations smaller than Jg
will separate quicker, being pulled towards their mutual
potential minimum, and perturbations slightly larger will
separate quicker as they are pulled towards their respective
closest potential minima.

We quantify this phenomenological argument by esti-
mating the most likely configurations of pairs of trajectories
which are separated by 6. We denote the values of the slow
variable x of a pair of trajectories by & and 5. Let p(&,n) be
the joint probability function for two trajectories which were
initially separated by Jy to assume state values ¢ and 7,
respectively. The state values of the pair of trajectories & and
n are then random variables drawn from this joint probability
p(&,n). For sufficiently large separations, the two trajectories
will have decorrelated and we can treat ¢ and # as statisti-
cally independent, and approximate p(&, 1) = p(&)p(n). We
have numerically verified this assumption for sufficiently
large 6. We perform the expectation value analytically utiliz-
ing the reduced stochastic model (13) and its invariant den-
sity (15) and set p(x) = p(x). This is justified by the
theorems which underpin stochastic homogenization®®~' as
well as our numerical observations (cf. Figure 2) which state
that the statistics of the full deterministic system converges
to the statistics of the reduced stochastic system for ¢ — 0.

The expectation value Z of a location ¢ conditioned on
all possible pairs which are separated by 0 is given by

=) =2 j°° j°° dédn Ep(E,)3(1E — 1| — 8)

0 Jo

z%fdiéi)(é)(ﬁ(@ré)+ﬁ(c’—5)), (16)

where Z is the normalization constant, and the bold-face &
denotes the Dirac ¢-function. We only consider positive val-
ues of &, justified by the symmetry of our problem. As
approximations we assumed statistical independence of &
and # and ignored the conditioning of the expectation value
on the initial separation J.

In the case of a bimodal probability density function,
E(6) will decrease initially with increasing separation o
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allowing the pair of trajectories (&,17) to arrange themselves
within one of the two potential wells. For sufficiently large
separations o0, however, = will increase linearly with ¢ and
the two trajectories will be in opposite wells. The curve of
=(J) obtains its minimum when d ~ b.

The functional form of the asymptotic linear behaviour
of the expectation value E(9) for large b can be determined
by expanding the probability density function p(x) around
the maxima at x* = =1 with

2ab*(x — b)*
0-2

2ab*(x + b)*

+exp| — )

p(x) ~ exp| -

Upon inserting this approximation into Eq. (16) a lengthy
but straightforward calculation yields the asymptotic behav-
iour E(0) — 6/2 in the limit of large perturbation sizes
0 — 0.

Following our heuristic argument from above, we may
define the large-scale error perturbation dg corresponding to
maximal predictability as the value for which E(0) assumes
its (unique) minimum. However, we find better numerical
agreement if we estimate g as the value of J for which E(0)
is sufficiently close to its asymptotic behaviour, i.e., Jg
solves

E(ds) — 0s/2
= “7)
where we chose 0 = 0.01. The two definitions become indis-
tinguishable for large values of b.

To test our analytical prediction, we now vary the pa-
rameters a and b of the potential V(x) in Eq. (4), which mea-
sure the height of the potential well and separation of the
potential minima. In Figure 6, we show a comparison
between og as calculated from estimating the FSLE spectra
using numerical simulations of the dynamics of the Lorenz-
driven system (5)—(8) and our analytical prediction (17),
showing good agreement. Note that the behaviour is almost
linear (however, b not only affects the distance between the
minima at x* =1 but also the potential well height). Linear

0%8 0.9 1 1.1 1.2
b

FIG. 6. Perturbation size ds associated with the large-scale minimum of the
FSLE spectrum as a function of the separation b of the potential minima of
V(x) for fixed values of ¢ = 1 and k = 4/90. The crosses denote values
obtained by averaging 20000 simulations of the Lorenz-driven system
(5)—(8); the dashed line is our analytical prediction (17).
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FIG. 7. As in Figure 6, but with k = (4/90)b2.

scaling with b can be achieved if we scale the coupling k
with b according to k — b*\/ak, such that the probability
density function p is invariant upon scaling x — bx (cf. Eq.
(15) with the definition of ¢® in Eq. (14)), as illustrated in
Figure 7. We have tested that dg is insensitive to (i) varying
a for fixed b and also to (ii) varying the coupling k for fixed
b, consistent with our formula (17) (not shown).

Hence, slow regimes and fast transitions between them
cause the FSLE spectrum to exhibit a distinct minimum at
large error perturbation sizes, with error growth rate related
to the average residence time in each potential well (or decay
rate of the autocorrelation time).

B. FSLE spectra for fast regimes

We now present a simple heuristic argument explaining
the observed peaks in the FSLE spectrum A(0) for the
Lorenz-driven system (5)—(8). We link these to the presence
of regimes in the fast process and the switching of the fast
dynamics between the two lobes of the butterfly attractor.
Figure 8 depicts the slow x and fast y, variables of two typi-
cal trajectories which are used to calculate the FSLE. The
slow variable x evolves in a step-like fashion with step size
Ax. Separations between nearby trajectories therefore occur
in “units” of Ax. Separations of 6 = mAx can only occur
when the y, components of each trajectory are on opposite
lobes of the Lorenz attractor. We measured the period of one

FIG. 8. Two trajectories obtained from integrating the Lorenz-driven system
(5)—(8) from nearby initial conditions with separation 1073, showing short
time dynamics of the slow x variable, and how increments correlate with
switches between regimes of the y,-component of the Lorenz-63 subsystem,
corresponding to the lobes of the butterfly attractor.
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(fast) revolution around a lobe of the Lorenz attractor to be
Ty =~ 0.00691. Integrating the slow dynamics (5) over one
fast period Ty within a lobe and assuming that no transitions
between slow metastable states at x* = =1 occur so that
OT’ x(¢)(1 — x*(¢))dt = 0, we can approximate the step size
Ax by

k
Ax = ETf<|y2‘>zv

where ([y2|), = TlfJ"OTf [v2|dt. Hence, we estimate

k
Or = |Ax] ~o (18)

We numerically obtain (|y;|), ~ 10 as the average value of
|y2] in each of the fast regimes, i.e., the lobes of the butterfly
attractor. For our parameters with &> = 0.01 and k = 4/90,
this yields a step size of Ax ~ 0.0307 which corresponds rea-
sonably well with the observed location of the first peak in
the FSLE spectrum in Figure 3 at op = 0.0278. The location
of the second peak at dg = 0.0790 is roughly approximated
by 2Ax = 0.0614 according to the above argument. The cor-
responding FSLEs 4(0) can be estimated as follows. We
assume that the separation of slow x trajectories over short
times t = O(T) is approximately linear, and the initial sepa-
ration 0 of trajectories prior to taking a “step” in opposite
directions is small. We define the times ¢, and ¢,,, it takes for
trajectories to separate by mAx and rmAx, respectively.
Assuming trajectories initially are infinitesimally separated
and subsequently move apart at a constant rate of 2Ax/T; =
mAx/t, = rmAx/t,, (where 2Ax is the separation of trajec-
tories after one step taken in opposite directions, see Figure
8), the time T, (mAx) taken for a perturbation of size mAx to
grow to size rmAx is
m(r — 1)Ty

Tr(mAx) =lim —Im = fa

and so we can approximate the FSLE for the mth separation
mAx using Eq. (1) as

AlmAx) = _ 2n{r) .
m(r — l)Tf

For r = 1.1, we find A(Ax) = 276 and /(2Ax) = 138, which,
given the crude approximations, provide reasonable esti-
mates of the numerically observed peaks 4(0.0278) = 394
and 2(0.0790) = 104 in Figure 3.

According to our analytical expression for the location
of the peaks (18), O scales linearly with the coupling param-
eter k. This is confirmed in Figure 9 where we show Jf as a
function of k obtained from numerical simulations of the
Lorenz-driven system (5)—(8). We have checked (not shown)
that Jf is insensitive to changes in @ and b for fixed & which
would only affect the slow regimes.

VI. DISCUSSION

We have studied the dependency of error growth rates
on the amplitude of the initial error for a multiscale toy

Chaos 22, 023115 (2012)
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FIG. 9. Perturbation size or associated with peaks in the FSLE spectrum as
a function of the coupling k obtained from simulations of the Lorenz-driven
system (5)—(8). The crosses denote the locations of the first peak, the circles
denote the location of the second peak (cf. Figure 3); the dashed lines are
our analytical predictions (18).

model with slow metastable states and fast regimes by calcu-
lating the finite size Lyapunov exponents. We found that the
error growth rates can be a highly non-monotonic function
of the initial error size in the presence of regimes. In particu-
lar, we found that slow regimes produce minima in the FSLE
spectrum at large scales, indicating enhanced predictability.
On the other hand, fast regimes in the dynamics produce
regions of rapid divergence of trajectories of the slow
degrees of freedom, indicating poor predictability at those
scales. This loss in predictability is found to be far greater
than expected from the maximal Lyapunov exponent. In the
context of ensemble generation, either for ensemble forecasts
or for data assimilation, this means that there are initial per-
turbation sizes, which may experience stronger amplification
than infinitesimal perturbations along the most unstable
eigendirections corresponding to the maximal Lyapunov
exponent. Simple analytical arguments were employed to
calculate the respective predictability times and critical per-
turbation sizes. Stochastic parametrizations of the fast proc-
esses do not exhibit peaks in the FSLE spectrum but as
effective models of the slow dynamics share the large-scale
minima of the FSLE spectrum. The sensitivity of the error
growth rate in the presence of regimes suggests caution is
required when generating ensembles for forecasts or when
assimilating data on systems with regimes. It is pertinent to
mention that the signatures in the FSLE spectrum of slow
and fast regimes occur only if perturbations are taken of the
slow variables only; if one were to measure perturbations
over all variables or of only the fast variables, the FSLE
spectrum would be dominated by the strongly chaotic behav-
iour of the fast variables without any large-scale troughs or
large peaks.

Non-monotonous behaviour of the FSLE has been previ-
ously reported.”® Discrete maps involving singular deriva-
tives such as the circle map are simple examples where finite
size perturbations can grow faster than infinitesimal pertur-
bations. Here, we discussed the occurrence of narrow well-
defined peaks, caused by the fast dynamics switching
regimes. We note that such behaviour was not seen by
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Boffetta ef al.,”> where a system of nonlinearly coupled fast
and slow Lorenz-63 systems was studied. This is entirely
due to the nature of the coupling used for which the fast dy-
namics does not induce rapid variations in the slow dynam-
ics; we have checked that for linear skew coupling large
peaks in the FSLE spectrum are again observed. Linearly
coupled Lorenz-63 systems were for example used to model
ENSO events.>? However, the example of Boffetta er al?
shows that the existence of fast regimes is not sufficient for
the occurrence of peaks in the FSLE spectrum.

Multimodal probability density functions are not neces-
sary for the existence of metastable regimes.””** Boffetta
et al.? found a minimum in the FSLE spectrum for a coupled
map system, which has a unimodal probability density func-
tion but dynamics, which consists of laminar phases inter-
rupted by intermittent large amplitude bursts. This is in
accordance with our reasoning of a critical perturbation size
above which the dynamics dramatically increases sensitivity.
Further work is required to determine how well our argu-
ments transfer to unimodal probability density functions.

We remark that our numerical results were performed
by estimating the FSLE spectra using the algorithm proposed
by Aurell ef al.' and Boffetta et al.®> Our analytical results,
however, do not employ the particular method used to calcu-
late the FSLEs, and we expect the observed non-monotonous
behaviour of the FSLE due to slow and fast regimes to hold
when other algorithms* are used to estimate the FSLEs. We
further remark that for higher dimensional slow subspaces
the choice of norm used to measure separations and to nor-
malize bred vectors was shown to significantly alter their sta-
tistical properties.'®* Again, the generality of the arguments
used here suggests that the choice of norm will not alter the
occurrence of the non-monotonicity of the growth rates. This
is planned for further research.

ACKNOWLEDGMENTS

We would like to thank Armin Kohl for valuable discus-
sions on the North Atlantic Oscillation, and Jeffrey Kepert for
pointing us to the work of Nguyen et al.*® GAG acknowledges
support from the Australian Research Council. LM acknowl-
edges support from an Australian Postgraduate Award, and
the University of Vermont Advanced Computing Centre.

"Aurell, E., Boffetta, G., Crisanti, A., Paladin, G., and Vulpiani, A.,
“Predictability in the large: An extension of the concept of Lyapunov
exponent,” J. Phys. A 30(1), 1-26 (1997).

2Boffett&l, G., Giuliani, P., Paladin, G., and Vulpiani, A., “An extension of
the Lyapunov analysis for the predictability problem,” J. Atmos. Sci.
55(23), 3409-3416 (1998).

3Boffetta, G., Crisanti, A., Paparella, F., Provenzale, A., and Vulpiani, A.,
“Slow and fast dynamics in coupled systems: A time series analysis view,”
Physica D 116(3-4), 301-312 (1998).

“Boffetta, G., Cencini, M., Falcioni, M., and Vulpiani, A., “Predictability:
A way to characterize complexity,” Phys. Rep. 356(6), 367-474 (2002).
5Branstator, G., and Berner, J., “Linear and nonlinear signatures in the plan-
etary wave dynamics of an AGCM: Phase space tendencies,” J. Atmos.
Sci. 62(1), 1792—1811 (2005).

°Cai, M., Kalnay, E., and Toth, Z., “Bred vectors of the Zebiak-Cane model
and their potential application to ENSO prediction,” J. Climate 16, 40-56
(2003).

Chaos 22, 023115 (2012)

7Cencini, M., and Torcini, A., “Linear and nonlinear information flow in
spatially extended systems,” Phys. Rev. E 63(5), 056201 (2002).
8Chamey, J. G., and De Vore, J. G., “Multiple flow equilibria in the atmos-
phere and blocking,” J. Atmos. Sci. 36(7), 1205-1216 (1979).
gDeremble, B., D’Andrea, F., and Ghil, M., “Fixed points, stable manifolds,
weather regimes, and their predictability,” Chaos 19, 043109 (2009).

Dijkstra, H., Nonlinear Physical Oceanography: A Dynamical Systems
Approach to the Large Scale Ocean Circulation and El Niio, 2nd ed.
(Springer, 2005).

11Ditlevsen, P. D., “Observation of a-stable noise induced millennial climate
changes from an ice-core record,” Geophys. Res. Lett. 26(10), 1441-1444
(1999).

2D’Ovidio, F., Fernindez, V., Hernindez-Garcia, E., and Lépez, C.,
“Mixing structures in the Mediterranean Sea from finite-size Lyapunov
exponents,” Geophys. Res. Lett. 31(17), 1-4 (2004).

3D Ovidio, F., Isern-Fontanet, J., Lopez, C., Hernandez-Garcia, E., and
Garcia-Ladona, E., “Comparison between Eulerian diagnostics and finite-
size Lyapunov exponents computed from altimetry in the Algerian basin,”
Deep-Sea Res. 56, 15-31 (2009).

14Frauen, C., and Dommenget, D., “El Nifio and La Nifia amplitude asym-
metry caused by atmospheric feedbacks,” Geophys. Res. Lett. 37(18),
L18801 (2010).

lsFroyland, G., and Padberg, K., “Almost invariant sets and invariant mani-
folds — Connecting probabilistic and geometric descriptions of coherent
structures in flows,” Physica D 238, 1507-1523 (2009).

'%Givon, D., Kupferman, R., and Stuart, A., “Extracting macroscopic dy-
namics: Model problems and algorithms,” Nonlinearity 17(6), R55-127
(2004).

17Greatbatch, R. J., “The North Atlantic Oscillation,” Stochastic Environ.
Res. Risk Assess. 14(4), 213-242 (2000).

lgHallerberg, S., Pazo, D., Lopez, J. M., and Rodriguéz, M. A., “Logarithmic
bred vectors in spatiotemporal chaos: Structure and growth,” Phys. Rev. E
81, 066204 (2010).

1Ql~lerna’.ndez—Carrasco, 1., Lépez, C., Hernandez-Garcia, E., and Turiel, A.,
“How reliable are finite-size Lyapunov exponents for the assessment of
ocean dynamics?,” Ocean Modell. 36(3-4), 208-218 (2011).

ZOKalnay, E., Atmospheric Modeling, Data Assimilation and Predictability
(Cambridge University Press, Cambridge, 2002).

2IKdrolyi, G., Pattantyts-Abraham, M., Krdmer, T., J6zsa, J., and Tél, T.,
“Finite-size Lyapunov exponents: A new tool for lake dynamics,” Proc.
ICE Eng. Comput. Mech. 163(4), 251-259 (2010).

22K ondrashov, D., Ide, K., and Ghil, M., “Weather regimes and preferred
transition paths in a three-level quasigeostrophic model,” J. Atmos. Sci.
61, 568-587 (2004).

23Kwasniok, F., and Lohmann, G., “Deriving dynamical models from paleo-
climatic records: Application to glacial millennial-scale climate varia-
bility,” Phys. Rev. E 80(6), 066104 (2009).

24Legras, B., and Ghil, M., “Persistent anomalies, blocking and variations in
atmospheric predictability,” J. Atmos. Sci. 42, 433—471 (1985).

ZLorenz, E. N., “The predictability of a flow which possesses many scales
of motion,” Tellus 21(3), 289-307 (1969).

26Luzzatto, S., Melbourne, I., and Paccaut, F., “The Lorenz attractor is
mixing,” Commun. Math. Phys. 260, 393—-401 (2005).

27Majda, A. J., Franzke, C., Fischer, A., and Crommelin, D. T., “Distinct
metastable atmospheric regimes despite nearly Gaussian statistics: A para-
digm model,” Proc. Natl. Acad. Sci. 103(22), 8309-8314 (2006).

28Melbourne, 1., and Stuart, A., “A note on diffusion limits of chaotic skew-
product flows,” Nonlinearity 24, 1361-1367 (2011).

2Mitchell, L., and Gottwald, G. A., “Data assimilation in slow-fast systems
using homogenized climate models,” J. Atmos. Sci. 69(4), 1359-1377 (2012).

3Nguyen, M. C., Reeder, M. J., Davidson, N. E., Smith, R. K., and Mont-
gomery, M. T., “Inner-core vacillation cycles during the intensification of
Hurricane Katrina,” Q. J. R. Meteorol. Soc. 137(657), 829-844 (2011).

'Pavliotis, G. A., and Stuart, A. M., Multiscale Methods: Averaging and
Homogenization (Springer, New York, 2008).

32Peﬁa, M., and Kalnay, E., “Separating fast and slow modes in coupled cha-
otic systems,” Nonlinear Processes Geophys. 11(3), 319-327 (2004).

33Primo, C., Rodriguéz, M. A., Lopez, J. M., and Szendro, 1., “Predictability,
bred vectors, and generation of ensembles in space-time chaotic systems,”
Phys. Rev. E 72, 015201(R), (2005).

34Roulston, M. S., and Neelin, D., “The response of an ENSO model to cli-
mate noise, weather noise and intraseasonal forcing,” Geophys. Res. Lett.
27(22), 3723-3726, (2000).


http://dx.doi.org/10.1088/0305-4470/30/1/003
http://dx.doi.org/10.1175/1520-0469(1998)055<3409:AEOTLA>2.0.CO;2
http://dx.doi.org/10.1016/S0167-2789(97)00300-X
http://dx.doi.org/10.1016/S0370-1573(01)00025-4
http://dx.doi.org/10.1175/JAS3429.1
http://dx.doi.org/10.1175/JAS3429.1
http://dx.doi.org/10.1175/1520-0442(2003)016<0040:BVOTZC>2.0.CO;2
http://dx.doi.org/10.1103/PhysRevE.63.056201
http://dx.doi.org/10.1175/1520-0469(1979)036<1205:MFEITA>2.0.CO;2
http://dx.doi.org/10.1063/1.3230497
http://dx.doi.org/10.1029/1999GL900252
http://dx.doi.org/10.1029/2004GL020328
http://dx.doi.org/10.1016/j.dsr.2008.07.014
http://dx.doi.org/10.1029/2010GL044444
http://dx.doi.org/10.1016/j.physd.2009.03.002
http://dx.doi.org/10.1088/0951-7715/17/6/R01
http://dx.doi.org/10.1007/s004770000047
http://dx.doi.org/10.1007/s004770000047
http://dx.doi.org/10.1103/PhysRevE.81.066204
http://dx.doi.org/10.1016/j.ocemod.2010.12.006
http://dx.doi.org/10.1680/eacm.2010.163.4.251
http://dx.doi.org/10.1680/eacm.2010.163.4.251
http://dx.doi.org/10.1175/1520-0469(2004)061<0568:WRAPTP>2.0.CO;2
http://dx.doi.org/10.1103/PhysRevE.80.066104
http://dx.doi.org/10.1175/1520-0469(1985)042<0433:PABAVI>2.0.CO;2
http://dx.doi.org/10.1111/j.2153-3490.1969.tb00444.x
http://dx.doi.org/10.1007/s00220-005-1411-9
http://dx.doi.org/10.1073/pnas.0602641103
http://dx.doi.org/10.1088/0951-7715/24/4/018
http://dx.doi.org/10.1175/JAS-D-11-0145.1
http://dx.doi.org/10.1002/qj.823
http://dx.doi.org/10.5194/npg-11-319-2004
http://dx.doi.org/10.1103/PhysRevE.72.015201
http://dx.doi.org/10.1029/2000GL011941

023115-9 L. Mitchell and G. A. Gottwald

Tew Kai, E., Rossi, V., Sudre, J., Weimerskirch, H., Lépez, C., Herndn-
dez-Garcia, E., Marsac, F., and Garcon, V., “Top marine predators track
Lagrangian coherent structures,” Proc. Natl. Acad. Sci. 106(20),
8245-8250 (2009).

36Torcini, A., Grassberger, P., and Politi, A., “Error propagation in extended
chaotic systems,” J. Phys. A 28(16), 4533-4541 (1995).

3"Toth, Z., and Kalnay, E., “Ensemble forecasting at NMC: The generation
of perturbations,” Bull. Am. Meteorol. Soc. 74, 2317-2330 (1993).

3Toth, Z., and Kalnay, E., “Ensemble forecasting at NCEP and the breeding
method,” Mon. Weather Rev. 125(12), 3297-3319 (1997).

Chaos 22, 023115 (2012)

39Tucker, W., “The Lorenz attractor exists,” C. R. Acad. Sci. Series I
328(12), 1197-1202 (1999).

4OWirth, V., “Detection of hidden regimes in stochastic cyclostationary time
series,” Phys. Rev. E 64(1), 016136 (016136).

41W0011ings, T., Hoskins, B., Blackburn, M., and Berrisford, P., “A new
Rossby wave-breaking interpretation of the North Atlantic Oscillation,” J.
Atmos. Sci. 65(2), 609-626 (2008).

42Zavala—Garay, J., Moore, A. M., Perez, C. L., and Kleeman, R., “The
response of a coupled model of ENSO to observed estimates of stochastic
forcing,” J. Climate 16(17), 2827-2842 (2003).


http://dx.doi.org/10.1073/pnas.0811034106
http://dx.doi.org/10.1088/0305-4470/28/16/011
http://dx.doi.org/10.1175/1520-0477(1993)074<2317:EFANTG>2.0.CO;2
http://dx.doi.org/10.1175/1520-0493(1997)125<3297:EFANAT>2.0.CO;2
http://dx.doi.org/10.1016/S0764-4442(99)80439-X
http://dx.doi.org/10.1103/PhysRevE.64.016136
http://dx.doi.org/10.1175/2007JAS2347.1
http://dx.doi.org/10.1175/2007JAS2347.1
http://dx.doi.org/10.1175/1520-0442(2003)016<2827:TROACM>2.0.CO;2

