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THE PROBLEM.

Let 1 < p < +o0. Then, we are interested in the following question:
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THE PROBLEM.

Let 1 < p < +o0. Then, we are interested in the following question:

Does for every continuous function f : [0,1] X R — R, which is
Lipschitz continuous in the second variable, uniformly with respect to the
first one, each bounded solution u of

(1) {ut{|ux|p_2ux}x+f(x, u)=0 in(0,1) x Ry,

u(0,t) =u(l,t) =0 fort € Ry,
converge to a solution ¢ of the stationary problem

(2) {_{|¢X|p2§’)x}x+f(X, ®)=0 in(0,1),

¢(0) = ¢(1) = 0.

ast — +oo?
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HISTORY AND METHODS.
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HISTORY AND METHODS.

For p = 2, the question has been solved by
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For p = 2, the question has been solved by

@ Zelenyak [7] (1986)
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HISTORY AND METHODS.

For p = 2, the question has been solved by

@ Zelenyak [7] (1986)
@ Matano [5] (1978)
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HISTORY AND METHODS.

For p =2,

@ Zelenyak's method in [7] is based on the so-called tojasiewicz-Simon
gradient inequality ( [4, 6])
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HISTORY AND METHODS.

For p =2,

@ Zelenyak's method in [7] is based on the so-called tojasiewicz-Simon
gradient inequality ( [4, 6])

@ Matano's method in [5] is based on:

o the convergence u(t,) — @ in C1[0, 1] of a solution u of problem (1)
to an w-limit point ¢,
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HISTORY AND METHODS.

For p =2,

@ Zelenyak's method in [7] is based on the so-called tojasiewicz-Simon
gradient inequality ( [4, 6])

@ Matano's method in [5] is based on:

o the convergence u(t,) — @ in C1[0, 1] of a solution u of problem (1)
to an w-limit point ¢,

@ a parabolic maximum principle on non-cylindrical open sets,
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HISTORY AND METHODS.

For p =2,

@ Zelenyak's method in [7] is based on the so-called tojasiewicz-Simon
gradient inequality ( [4, 6])

@ Matano's method in [5] is based on:

o the convergence u(t,) — @ in C1[0, 1] of a solution u of problem (1)
to an w-limit point ¢,

@ a parabolic maximum principle on non-cylindrical open sets,

@ the unique solvability of the initial value problem

— @+ f(x,9(x)) =0 in[0,1], ¢(x0) = @o, Px(x0) = 91
for given xp € [0,1], @0, 91 € R.
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OUR WORK.

We follow also the idea of Matano and show in [3]:

@ every global solution of problem (1) belongs to C((0, +c0); C1[0,1]),
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OUR WORK.

We follow also the idea of Matano and show in [3]:

@ every global solution of problem (1) belongs to C((0, +c0); C1[0,1]),

@ if u is a solution of problem (1), which is bounded with values in
L2(0,1), then the set {u(t)|t > 1} is relatively compact in C[0, 1],
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OUR WORK.

We follow also the idea of Matano and show in [3]:

@ every global solution of problem (1) belongs to C((0, +c0); C1[0,1]),

@ if u is a solution of problem (1), which is bounded with values in
L2(0,1), then the set {u(t)|t > 1} is relatively compact in C[0, 1],

@ a comparison principle for solutions of problem (1) on non-cylindrical
open sets.
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THE MAIN THEOREM.

THEOREM 1 (2011)

If1 < p <2, then for every continuous function f : [0,1] x R — R,
which is Lipschitz continuous in the second variable, w.r.t. the first one,
each global solution of problem (1), which is bounded with values in

L2(0,1), converges to a solution of the stationary problem (2) in C1[0,1]
ast — +oo.
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WHYONLY1 < p<27?

For given xg € [0, 1], o, 1 € R consider the initial value problem:

—{Ipx ()P 2px(x) }x + F(x, @(x)) =0, @(x0) = @0, Px(x0) = 1.
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WHYONLY1 < p<27?

For given xg € [0, 1], o, 1 € R consider the initial value problem:

—{Ipx ()P 2px(x) }x + F(x, @(x)) =0, @(x0) = @0, Px(x0) = 1.

We transfer the ODE in a system of first order by setting

vi =@ and Vo 1= |gox|p*2q)x
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WHYONLY1 < p<27?
For given xg € [0, 1], o, 1 € R consider the initial value problem:
~{lox(3) 1P 29x () }x + F(x, 9(x)) = 0, ¢(x0) = po, Px(x0) = 1.
We transfer the ODE in a system of first order by setting

vi =@ and Vo 1= |gox|p*2q)x

and obtain
Fa ) _ (el : :
e = , vi(x0) = o, va(x0) = P1
K2 f(x,v1)
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WHYONLY1 < p<27?
For given xg € [0, 1], o, 1 € R consider the initial value problem:
~{ex ()P 2px(x)}x + F(x, 9(x) =0, 9(x0) = po, Px(x0) = 1.
We transfer the ODE in a system of first order by setting

vi =@ and Vo 1= |gox|p*2q)x

and obtain

d 2—p
-—V1 -1 . 5
if = lva|P~T vy . vi(x0) = §o, va(x0) = @1
K2 f(x,v1)
This IVP admits for every xg € [0, 1], $1, §2 € R a unique solution
o
provided s — |S|FF1’S is locally Lipschitz on RR.
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WHYONLY1 < p<27?

For given xg € [0, 1], o, 1 € R consider the initial value problem:

—{Ipx ()P 2px(x) }x + F(x, @(x)) =0, @(x0) = @0, Px(x0) = 1.

We transfer the ODE in a system of first order by setting

vi =@ and Vo 1= |gox|p*2q)x

and obtain

d 2—p
-—V1 -1 . 5
if = lva|P~T vy . vi(x0) = §o, va(x0) = @1
K2 f(x,v1)
This IVP admits for every xg € [0, 1], $1, §2 € R a unique solution
o
provided s — |S|FF1’S is locally Lipschitz on RR.

o3
s |s|P7*F1,s locally Lipschitzon R iff 1<p<2.

DANIEL HAUER CONVERGENCE OF BOUNDED SOLUTIONS OF A DEGENERATE EQUATION



EVOLUTION EQUATIONS: RANDOMNESS AND ASYMPTOTICS BAD HERRENALB, OCTOBER 10, 2011

EXISTENCE OF GLOBAL SOLUTIONS.
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EXISTENCE OF GLOBAL SOLUTIONS.

Problem (1) can be rewritten as an abstract gradient system in
L2(0,1) associated with the energy

1 i
E(u) = %/0 |ux|pdx—i—/0 F(x,u(x))dx, forallue Wol’p(O,l).
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EXISTENCE OF GLOBAL SOLUTIONS.

Problem (1) can be rewritten as an abstract gradient system in
L2(0,1) associated with the energy

1 i
Sl %/0 |ux|pdx—i—/0 F(x,u(x))dx, forallue Wol’p(O,l).

By the theory of subdifferential operators in Hilbert spaces (see
Brézis [2, Lem. 6., Prop. 7., Prop. 8.]), for every ug € L2(O, 1), there
exists a unique function

u € C(R; L2(0,1)) N WES((0, +00); L2(0, 1))
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EXISTENCE OF GLOBAL SOLUTIONS.

. such that
@ u(-,0) =up(-), and for all t > 0,

u(-,t) € WyP(0,1), and |ux(- t)[P2ux(-, t) € WH2(0,1),
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EXISTENCE OF GLOBAL SOLUTIONS.

. such that
@ u(-,0) =up(-), and for all t > 0,

u(-,t) € WyP(0,1), and |ux(- t)[P2ux(-, t) € WH2(0,1),

@ in every t > 0, u is differentiable from the right, and

S () = {lux( )P 2ux (1) b+ F (- u( £) =0 in L3(0,1),
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EXISTENCE OF GLOBAL SOLUTIONS.

. such that
@ u(-,0) =up(-), and for all t > 0,

u(-,t) € WyP(0,1), and |ux(- t)[P2ux(-, t) € WH2(0,1),

@ in every t > 0, u is differentiable from the right, and

S () = {lux( )P 2ux (1) b+ F (- u( £) =0 in L3(0,1),

o t > E(u(t)) is locally absolutely continuous on (0, +0), and

/tlt2|[ut(t)|(%2(oyl) dt+E(u(ty)) = E(u(ty))  forall 0< t; < to.
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CONTINUITY WITH VALUES IN C'[0, 1].
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CONTINUITY WITH VALUES IN C'[0, 1].

e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].
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CONTINUITY WITH VALUES IN C'[0, 1].

e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.
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CONTINUITY WITH VALUES IN C'[0, 1].
e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.

o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],
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CONTINUITY WITH VALUES IN C'[0, 1].
e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.

o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],

o For gn:=—f(-,u(:, tp)) — jT‘i(-, tn), the sequence (gn)n>1 is bdd.
in L2(0, 1), and for all n > 1,
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CONTINUITY WITH VALUES IN C'[0, 1].

e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.

o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],

o For gn:=—f(-,u(:, tp)) — jT‘i(-, tn), the sequence (gn)n>1 is bdd.
in L2(0, 1), and for all n > 1,

—{lux(- ta)|P2ux (-, tn)} = gn in D'(0,1),
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CONTINUITY WITH VALUES IN C'[0, 1].
e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.

o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],

o For gn:=—f(-,u(:, tp)) — jT‘i(-, tn), the sequence (gn)n>1 is bdd.
in L2(0, 1), and for all n > 1,

—{lux(- ta)|P2ux (-, tn)} = gn in D'(0,1),

e By Boccardo & Murat [1] = ux(x, tn) — ux(x, to) a.e. on (0,1),
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CONTINUITY WITH VALUES IN C'[0, 1].

e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.

o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],

o For gn:=—f(-,u(:, tp)) — jT‘i(-, tn), the sequence (gn)n>1 is bdd.
in L2(0, 1), and for all n > 1,

—{lux(- ta)|P2ux (-, tn)} = gn in D'(0,1),

e By Boccardo & Murat [1] = ux(x, tn) — ux(x, to) a.e. on (0,1),

o Unif. LP-integr.,
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CONTINUITY WITH VALUES IN C'[0, 1].

e Forall t > 0, we have |ux(-, t)|P~2ux(-, t) € C[0, 1], and so

s+ |s|P~2sin C(R) and bijective = u(-, t) € C}[0,1].

@ Now, let tg € (0, +00), (tn)p>1 C (0, +00) s.t. t, — tp.
o We find
u(tn) — u(to) in WyP(0,1), u(ts) — u(to) in C[0, 1],

For gn:= —f(-,u(:, tp)) — jT‘i(-, tn), the sequence (gn)n>1 is bdd.
in L2(0, 1), and for all n > 1,

—{lux(- ta)|P2ux (-, tn)} = gn in D'(0,1),

By Boccardo & Murat [1] = ux(x, ty) — ux(x, to) a.e. on (0,1),

o Unif. LP-integr., & Vitali's Thm., ux(-, tn) — ux(:, to) in LP(0, 1),

Thus (Jux (-, tn)|P~2ux (-, tn))n>1 is bounded in wt2(0,1).
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SKETCH OF THE PROOF OF THEOREM 1.
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SKETCH OF THE PROOF OF THEOREM 1.

We assume that w(u) is not discrete.

DANIEL HAUER CONVERGENCE OF BOUNDED SOLUTIONS OF A DEGENERATE EQUATION



EVOLUTION EQUATIONS: RANDOMNESS AND ASYMPTOTICS BAD HERRENALB, OCTOBER 10, 2011

SKETCH OF THE PROOF OF THEOREM 1.
We assume that w(u) is not discrete.

@ For every ¢ € w(u) there exists a tg > 0 s.t.

x — u(x,t) — ¢(x) has finite sign changes in [0, 1],
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SKETCH OF THE PROOF OF THEOREM 1.
We assume that w(u) is not discrete.

@ For every ¢ € w(u) there exists a tg > 0 s.t.

x — u(x,t) — ¢(x) has finite sign changes in [0, 1],

@ For every ¢ € w(u) there is a tp > 0 such that

t — ux(0,t) — px(0) does not change sign along [tg, +0),
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SKETCH OF THE PROOF OF THEOREM 1.
We assume that w(u) is not discrete.

@ For every ¢ € w(u) there exists a tg > 0 s.t.

x — u(x,t) — ¢(x) has finite sign changes in [0, 1],

@ For every ¢ € w(u) there is a tp > 0 such that

t — ux(0,t) — px(0) does not change sign along [tg, +0),

@ We take three distinct elements of w(u); denoted by (pl, go2, q)3.
Then,
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SKETCH OF THE PROOF OF THEOREM 1.
We assume that w(u) is not discrete.

@ For every ¢ € w(u) there exists a tg > 0 s.t.

x — u(x,t) — ¢(x) has finite sign changes in [0, 1],

@ For every ¢ € w(u) there is a tp > 0 such that

t — ux(0,t) — px(0) does not change sign along [tg, +0),

@ We take three distinct elements of w(u); denoted by (pl, go2, q)3.
Then,

9x(0) < 93(0) < ¢3(0).
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SKETCH OF THE PROOF OF THEOREM 1.
We assume that w(u) is not discrete.

@ For every ¢ € w(u) there exists a tg > 0 s.t.

x — u(x,t) — ¢(x) has finite sign changes in [0, 1],

@ For every ¢ € w(u) there is a tp > 0 such that

t — ux(0,t) — px(0) does not change sign along [tg, +0),

@ We take three distinct elements of w(u); denoted by (pl, go2, q)3.
Then,
9x(0) < 9%(0) < 932(0).
o If ux(0,t) > ¢2(0) for all t > to, then
0 < 93(0) — 9 (0) < [lux(-, t) — pxllcpo,1)-
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THE PARABOLIC BDRY. OF A NON-CYLINDRICAL SET.

@ For (xg,tp) € R2 and for o > 0, we set

Q((x0,t0). 0) 1= { (x, 1) € R?[ |x —x0| <p, to—p <t <o |.
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THE PARABOLIC BDRY. OF A NON-CYLINDRICAL SET.

@ For (xg,tp) € R2 and for o > 0, we set

Q((x0, to), p) = {(x, HeER?||x—x| <p, tg—p<t< to}.

@ For any open subset C C R?, we define by
PC:= {(x,t) € 9C| Q((x, t),p) NC # D for all p > 0}

the parabolic boundary of C,
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THE PARABOLIC BDRY. OF A NON-CYLINDRICAL SET.

@ For (xg,tp) € R2 and for o > 0, we set

Q((x0, to), p) = {(x, ) ER?| |x—xol <p, to—p <t<t }

@ For any open subset C C R?, we define by
PC:= {(x,t) € 9C| Q((x, t),p) NC # D for all p > 0}

the parabolic boundary of C,

o forevery T € R, we define C1:={(x,t) €C | t < T}, and
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THE PARABOLIC BDRY. OF A NON-CYLINDRICAL SET.

@ For (xg,tp) € R2 and for o > 0, we set

Q((x0, to), p) = {(x, ) ER?| |x—xol <p, to—p <t<t }

@ For any open subset C C R?, we define by
PC:= {(x,t) € 9C| Q((x, t),p) NC # D for all p > 0}

the parabolic boundary of C,
o forevery T € R, we define C1:={(x,t) €C | t < T}, and

@ by tp,: the infimum of all t € R for which there exists an x € R
such that (x, t) € C.

DANIEL HAUER CONVERGENCE OF BOUNDED SOLUTIONS OF A DEGENERATE EQUATION



EVOLUTION EQUATIONS: RANDOMNESS AND ASYMPTOTICS BAD HERRENALB, OCTOBER 10, 2011

A COMPARISON PRINCIPLE.

LEMMA 1

Let C C R? be an open subset such that for all T € R, Ct is bounded
and topological regular, that is, the interior int(CT) =Cr. Ifu and

v € C(C) satisfy for all bounded (ag, bg) % (tg,t1) C C,
u,v e Wl’z(to, t1; L2(ao, bo)) n C([to, tl]; Wl’p(ao, bo))

and for all non-negative & € CL(C),
/C[ut —ve] &d(x,t) —I—/C [|UX|P*2UX — |vX|P*2VX] Ex d(x,t)
+ [[F(xu) = Fx ] Ed(x ) <0,
then

sup e Lttho) (4 —v)(x,t) < sup e HlETthor) [y — v]+(x, t).
(x,t)eC (x,t)ePC
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