WEEK 5

Summary of week 5 (lectures 13, 14 and 15)

Lectures 13 and 14 saw the conclusion of Chapter 4 of [VST]. First, Theo-
rem 3.15 was proved, then Theorem 4.18. (The proofs can be found in [VST].) It

follows from Theorem 4.18 that if vy, vo, ..., v, is a basis for the vector space V'
then
A1

)\.2 < Avr + Agva + -+ Aoy
An

gives a one-to-one correspondence between F" and V' that preserves addition and
scalar multiplication, in the following sense: if )\, p are n-tuples (elements of F")
and v, u the corresponding elements of V, then the element of V corresponding
to the n-tuple A\ + p is v 4 wu; similarly, if A € F™ corresponds to v € V' then for
any scalar o the element of V' corresponding to al € F" is av € V. Thus V is
isomorphic to F™. (See the Week 4 summary for the definition of isomorphism
and further comments. Note that the theorem stated at the end of the Week 4
summary is an immediate consequence of Theorem 4.18.)

The above process whereby a one-to-one correspondence is established be-
tween elements of V and n-tuples is totally analogous to the process by which
the Euclidean plane is identified with R? and three-dimensional Euclidean space
is identified with R3. Choosing a basis coordinatizes V: each v € V is associated
with an n-tuple of scalars, the coordinates of v, enabling us to identify V with F"™
if we wish.

Definition. Let b = (v1,vs,....v,) be a sequence of vectors that comprise a basis
of the vector space V. For each v € V' the coordinate vector of v relative to b is
the n-tuple

A1
A2

cvp(v) = e

An
such that v = A\jv1 + Agvg + -+ + Apvp.

Note that a vector space will generally have more than one basis—the only
exceptions to this are zero-dimensional vector spaces over any field and one-
dimensional vector spaces over the two-element field—and consequently can be
coordinatized in more than one way. We shall investigate relationships between
different coordinate systems for the same space in due course. For the time being,
the most important thing to be aware of is that once a basis is chosen, a finitely-
generated vector space V can be viewed as a copy of F™; the map V — F™ given
by

v — cvp(v) (for all v € V)
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and its inverse ™ — V given by

A1
A2
.| Av+ Agva -+ Apoy

An
are isomorphisms.

Having completely classified finitely generated vector spaces, the next step is
to classify linear transformations between finitely generated vector spaces. Since
every finitely generated vector space over F' is a copy of some F™, it is enough
to classify linear maps F™ — F'™, where m, n are nonnegative integers. We have
already noted that if A is any m X n matrix over F' then multiplication by A

determines a linear map from F™ to F. The classification theorem tells us that
in fact these are the only linear maps from F™ to F'™.

Proposition. Fvery linear transformation T: F™ — F™ 1is given by a formula of
the form T'(v) = Av (for all v € F™) for some A € Mat(m x n, F').

Proof. Let T:F™ — F™ be linear. Define scalars o;, for all j € {1,2,...,n}
and i € {1,2,...,m}, by the following formulas:

1 Qa1 0 Q12 0 Q1p

0 21 1 22 0 Qap
T = . , T = . , ..., T =

O Om1 O Om2 1 Omn,

In other words, if e; denotes the j-th vector in the standard basis of F™, that is,
the n-component column with 1 as its j-th entry and zeros elsewhere, then 7'(e;)
is the m-component column whose i-th entry is ay; for each ¢. By linearity of T
we now find that for all values of the scalars A;,

A1 1 0 0
A2 0 1 0
T . = T )\1 : + )\2 : +---+ )\TL :
An 0 0 1
1 0 0
0 1 0
=\T : + AT : + -+ AT
0 0 1
a1 Q12 O1n
Q21 Q22 Q2n
= )\1 + )\2 + + )\n
Om1 Om2 Omn



11 19 Ce A1n )\1
a1 929 Ce (657 )\2

ml Q2 o O, An

That is, T'(v) = Av for all v € F™, where A is the m x n matrix whose (i, j)-entry
is Q5. O
Definition. If T: F™* — F™ is a linear map then the matriz of T relative to the

standard bases of F™ and F™ is the m x n matrix A such that T'(v) = Av for all
ve .

Observe that the j-th column of the matrix of 71" is found by applying 7" to
the j-th vector of the standard basis of F™.

Corollary. Let V be an n-dimensional vector space over F and W an m-
dimensional vector space over F, and let T:V — W be a linear transformation.
If b is any basis for V and ¢ any basis for W then there is a unique m X n matrizc

A such that
Acvp(v) = cve(T(v)) (1)
forallveV.
The idea here is that since V is a copy of F'* and W a copy of F'", a linear
map from V to W is essentially the same as a linear map from F"™ to F™, and

as such corresponds to an m x n matrix A. The following diagram descibes the
situation.

T
|4 v I T(U) %%
I I I I
F* o evp(v) F————— - cve(T(v)) F™

An arbitrary v € V corresponds to an n-tuple cvp(v) € F™, and T maps
v to an element T'(v) € W, corresponding to the m-tuple cve(T'(v)). Clearly
the combined effect of cvp(v) « v — T(v) < cve(T(v)) is a linear map from
F™ toF™, corresponding to the dashed arrow in the diagram. By the proposition
proved above, this map is given by multiplication by some matrix A.

It is not hard to find how to compute the matrix A, by combining the iso-
morphisms V = F™ and W = F™ with the description of the matrix of a linear
transformation F™ — F™ given above. Indeed, suppose that the basis b of V'
consists of the vectors vy, vg, ..., v, and the basis ¢ of W consists of the vectors
wy, Wa, ..., Wy. The coordinate vectors (relative to b) of vy, va, ..., v, are pre-
cisely the standard basis vectors of F'"*; so the j-th column of A should be obtained
by applying T to the j-th of these basis vectors, and finding the corresponding
element of F. That is, the j-th column of A should be cv.(T(v))).
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It can be seen that the rule we have just given for computing A is consistent
with Eq. (1) above. Indeed, putting v = v; and making use of the fact that
cvp(v) = e, Eq. (1) gives

Ae; = cve(T(v)).

It is readily checked that Ae; equals the j-th column of A: since the k-th entry
of e; is dy;, it follows that the i-th entry of Ae; is 22:1 Airdr; = Asj, which is
the i-th entry of the j-th column of A.

The following result is Theorem 2.9 of [VST]. The proof given in [VST] is based
on the theory of row operations and elementary matrices; for variety, we give a
proof based on the results of Chapter 4.

Proposition. Let A, B € Mat(n xn,F). If AB =1 then BA=1.

Proof. Observe first that Mat(n xn, F') is a finitely generated vector space over F'.
Since an n x n matrix is essentially just an m2-tuple of scalars, we can regard
Mat(n x n, F') as a copy of F"Q, writing the elements as square arrays of scalars
instead of columns of scalars. Identifying Mat(n x n, F') and F™ in this way
is compatible with the usual definitions of addition and scalar multiplication on
both spaces. Thus Mat(n x n, F') has dimension d = n? as a vector space over F;
indeed, if for each pair of integers r, s € {1,2,...,n} we define U,; to be the
matrix with (7, s)-entry equal to 1 and all other entries 0, then the n? matrices
U,s form a basis of Mat(n x n, F).

For the purposes of the present proof, however, all that matters is that the
dimension d of Mat(n x n, F') is some finite number. The fact that d = n? is
irrelevant.

Let A, B € Mat(n x n, F') be matrices satisfying AB = I. Consider the d + 1

matrices I, A, A%, ..., A% Since d + 1 vectors in a d-dimensional vector space
cannot be linearly independent (by Proposition 4.12 (ii)), there must exist scalars
g, a1, ..., &g which are not all zero and which satisfy

aol + a1 A+ asA? + -+ agA% = 0. (2)

Choose k € {0,1,2,...,d} such that ay # 0; furthermore, choose k to be minimal
with repect to this property, so that a; = 0 for all 7 such that 0 < i < k. (Note
that k could be zero, in which case there are no such i.) We can now write Eq. (2)
as

ap A+ ag AR 4 At =0,

and using the fact that oy # 0 we can rearrange this to give

Ak = —()é];l(()ék+1Ak+1 + ak+2Ak+2 + -+ OédAd)
= (V1] + Yhy2 A+ - g ATTETH AR (3)
where v; = —a; 'a; (for each 7).



The next step is to use induction on m show that A™B™ = [ for all m > 1.
The case m = 1 is trivial since we are given that AB = I. Suppose now that
m > 1. The inductive hypothesis is that A~ 1B™~! = I, and so

A™B™ = AA™ !B 1B = AIB=AB =1,
as required. Now multiplying Eq. (3) on the right by B* gives

I — AFBF
= (Yosr D + Voo A+ - + ygATF1) AR+ BF
= (Yesr D + Voo A+ -+ yg AT F1) A AR BF
= (Va1 + g2 A+ -+ g AP A,

and multiplying on the right by B again gives

B = (’7k+1f—|—'yk+2A+..._|_,ydAd7k—1)AB
= Vsl + Vryo A+ -+ g ATETL
But this gives
BA = (V411 + Yps2A+ - - _|_,ydAd—k:—1)A
= Vi1 A+ Vg2 AZ + - g ATTF
= A(Vie41d + yi42A+ -+ ,YdAd—k—l)
= AB.
Since AB = I it follows that BA = I, as required. -

Ezxample. Define vy, v, v3 € R3 by

1 1 1
1 1 2

We shall show that the vectors vy, vs, v3 comprise a basis b of R3, and calcu-
late cvp(er1), cvp(ez) and cvp(es),the coordinate vectors relative to b of the three
vectors that comprise the standard basis of R3:

1 0 0
e1r=101], ea= 111, es=10
0 0 1

Note that this example is similar to #2 on p. 96 of [VST].
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Since R? has dimension 3 it follows 4.12 (iii) that vq, va, v3 are linearly inde-
pendent if and only if they span R?. Now the equation

A1 1 0 0
X ]l=M[0]+X|1]+A]0
A3 0 0 1

shows that every element of R3 can be expressed as a linear combination of
e1, €2, ez, and if we can express each of eq, es, e3 as linear combinations of
v1, V2, v3 then it will follow that every element of R? is expressible as a linear
combination of vy, va, v3. Thus it will follow that v, vs, v3 span R3, and hence
are linearly independent also. So if we can solve the equations

o + 5

+m

Qo + B2

+ 72

Qs + B33

+ 73

T T T = W =Gy SOy Sy S
O R RO~ R OK
NN NN = NN =
Il
—_— o0 OO OO
—~
iy
SN—

J

then it will follow that vy, v, v3 is a basis; moreover, it will also follow that

oq Qg a3
cvpler) = | B1 |, cvp(e2) = | B2 |, cvples) = | Os
Al 72 73

Now the three systems (4) can be combined into the single matrix equation

1 1 1 a1 O O3 1 0 0
10 2 Br B2 B3| =(0 1 0
11 2 o2 B 0 0 1

and so the desired coordinate vectors are the columns of the inverse of the matrix

A=

—_ =
—_ O =
N DN

(Recall that, by the proposition proved above, a matrix B satisfying AB = I will
also satisfy BA = I, and hence be the inverse of A.)
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The inverse of A is best found by the row operations method you were taught
in 1st year.

111 f1rooy, /1 1 1| 1 00
1 02|01 0|Rye=Rs—Ry |0 —1 1 | =1 1 0
1 1 2 0 0 1 0 0 1 -1 0 1
R 1 0 2 0 -1
Ry=Rs-Ry [ 0 —1 0 0o 1 -1
0 1 -1 0 1
1 0 0 2 1 -2
Bi=RitRs | 0 —1 0 0 1 -1
0 0 1 -1 0 1
1 0 0 2 1 -2
Ror=—Ra | 0 1 0 0o -1 1
0 0 1 -1 0 1
2 1 -2
Therefore cvp(er) = [ 0 |, cvp(ez) = | —1 | and cvp(es) = | 1
—1 0 1
We can apply the same reasoning to any sequence of n vectors vy, va, ..., vy
in F'™, for any positive integer n and any field F. The conclusion is that if we
let A = (vi]ve|...|vy,), the n x n matrix whose columns are the given vectors
v1, Vs, ..., Uy, then the following conditions are equivalent:

1) CS(A) = F™; that is, vy, v, ..., v, span F™.

2) For every v € F™ the equations Az = v have a solution = € F".

3) A n x n matrix X exists such that AX = I.

4) A has an inverse.

5) wv1, va, ..., v, are linearly independent.

6) RN(A) = {0}; that is, the only solution of Az =0 (with z € F™) is z = 0.
7) A n x n matrix X exists such that XA = I.

8) RS(A) = *(F™) (the space of all n-component row vectors).

9) For every v € *(F™) the equations xA = v have a solution z € *(F™).

0) LN(A) = {0}; that is, the only solution of zA = 0 (with z € *(F™)) is x = 0.
We shall add to this list later: see 8.20.1 of [VST].

(
(
(
(
(
(
(
(
(
(1

In Lecture 15 we commenced Chapter 5 of [VST], dealing with inner product
spaces. In this section of the course it is necessary to assume that the field of
scalars is either R (the real numbers) or C (the complex numbers).

We have seen how the Euclidean plane and three-dimensional Euclidean space
can be regarded as vector spaces over R; moreover, Cartesian coordinates permit
us to identify the Euclidean plane with R? and three-dimensional Euclidean space
with R3. However, the general theory of vector spaces ignores the two most

—7—



fundamental concepts of Euclidean geometry: the length of a line segment and
the angle between two lines. It is natural to attempt to also use coordinates to
analyse these concepts.

If we choose perpendicular coordinate axes, in the customary manner, then
the length of the line segment OP joining the origin O to the point P with
coordinates (3!) is given by |OP| = \/z] +x3. If Q has coordinates (!!) then

(similarly) |OQ| = \/y? +v3, and |PQ| = /(21 —y1)? + (22 — y2)2. Now an
application of the cosine rule in the triangle O PQ gives

|OP[|0Q| cos = 3(|OP|* + |0Q|* — |PQJ*) = z1y1 + z2yp,

where @ is the angle /POQ. A similar calculation works in R?; see [VST] p. 99.
Proceeding by analogy, in R™ let us define the length (also called the norm)
of a vector

U1
V2

Un

to be the scalar ||v|| given by

loll = \Jo7 + 03+ + 2.

If P and @ are points whose coordinates are *(x1,...,2,) and *(y1,...,y,) then
there will be a plane through the origin (a two-dimensional subspace of R™) con-
taining both these points, and applying the cosine rule in the triangle OPQ as
above gives

|OP[|0Q] cos§ = z1y1 + Zay2 + -+ + TnYn-

Definition. The dot product on R™ is the function R"™ x R™ — R given by

X1 't
x2 Y2

. =T1Y1 +22Y2 + -+ TnpYn.
Ln Un

Observe that the length of a vector v € R™ is given by |[v|| = /v - v; hence,
by the formulas derived above, the angle 6 between vectors u, v € R™ is given by
0 = arccos((u-v)/y/(u-u)(v-v)). So the dot product enables us to deal with
both lengths and angles in R™.

In the lecture the proofs were sketched of the three main basic properties
of the dot product (see [VST] p. 100), and the definition of a real inner product
space was given (see [VST] 5.1). It was also explained how one may define an inner
product on the space €[a, b] of all continuous real-valued functions on the closed
interval [a, b] (see [VST] p. 101). Finally, the definition of the complex dot product
on complex n-space C™ was given (see [VST] p.104).
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