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Representations of Sn

Follow [Okounkov and Vershik 1996].

The Jucys–Murphy elements of Sn are given by

x1 = 0, xa = (1, a) + · · ·+ (a − 1, a), a = 2, . . . , n.

Simple Sn-modules are parameterized by partitions λ ⊢ n.

Identify λ with its Young diagram; e.g. λ = (6, 3, 1) is drawn as

.
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The entries of a standard λ-tableau increase from left to right in

each row and from top to bottom in each column.

For instance,

T =
1 2 4 5 8 10

3 6 9

7

is a standard λ-tableau for λ = (6, 3, 1).

The content σa(T ) equals j − i if a occupies the box (i, j) in T .

In the example, σ6(T ) = 0, σ7(T ) = −2 and σ8(T ) = 4.
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For λ ⊢ n the module Vλ over Sn is afforded by the vector space

Vλ =
⊕

sh(T )=λ

C vT

with the basis vectors vT labelled by the standard λ-tableaux T .

The generators sa = (a, a + 1) and the JM elements xa act by

sa vT =
1

σa+1(T )− σa(T )
vT + Xa(T ) vsaT ,

xa vT = σa(T ) vT ,

where vsaT := 0 if the tableau saT is not standard, and

Xa(T ) =

√
1 − 1(

σa+1(T )− σa(T )
)2 .
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Primitive idempotents

If U is a standard λ-tableau, let V be obtained from U by

deleting the box α occupied by n. Let c be the content of α.

Define by induction,

eU = eV
(xn − a1) . . . (xn − al)

(c − a1) . . . (c − al)
,

where a1, . . . , al are the contents of all addable boxes of sh(V)

except for α.
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Theorem (Jucys 1971, Murphy 1981). The elements eU are

primitive idempotents in CSn.

They are pairwise orthogonal

and form a decomposition of the identity:

eU eV = δUV eV , 1 =
∑
λ⊢n

∑
sh(U)=λ

eU .

Moreover,

xa eU = eU xa = σa(U) eU .

Proof. Observe that the CSn-module V =
⊕

λ⊢n Vλ is faithful.

All relations follow from the action: eU vT = δUT vT .
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Intertwiners

Follow [Cherednik, 1986] to introduce the intertwining elements

ϕa = sa(xa − xa+1) + 1.

They satisfy the braid relations

ϕaϕa+1ϕa = ϕa+1ϕaϕa+1, ϕaϕb = ϕbϕa, |a − b| > 1,

and have the properties

ϕ2
a = 1 − (xa − xa+1)

2.
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For each w ∈ Sn there are well-defined elements

ϕw = ϕa1 . . . ϕar and ϕ∗
w = ϕw−1 = ϕar . . . ϕa1 ,

where w = sa1 . . . sar is a reduced decomposition.

The intertwiners act in Vλ by

ϕa vT =
(
σa(T )− σa+1(T )

)
Xa(T )vsaT .

Hence,

ϕd(T )vRλ = bT vT , bT ̸= 0,

where Rλ is the row-tableau of shape λ and T = d(T )Rλ.
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Murphy’s basis

For standard λ-tableaux T and U set

ζT U = ϕd(T ) eRλ ϕ
∗
d(U).

Using the properties

ϕa eU = esa U ϕa,

where esa U = 0 if the tableau saU is not standard, we get

ζT U = eT ϕd(T ) ϕ
∗
d(U) = ϕd(T ) ϕ

∗
d(U) eU .
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Theorem (Murphy 1992). As λ runs over the Young diagrams

with n boxes, the elements ζT U associated with standard

λ-tableaux T and U form a basis of the group algebra CSn.

Proof. The number of elements is n! by Frobenius:

n! =
∑
λ⊢n

f 2
λ ,

where fλ is the number of standard tableaux of shape λ. Let

∑
T ,U

cT U ζT U = 0 for some cT U ∈ C .

Apply the linear combination to the basis vector vW ∈ V.
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Corollary. Fix a standard λ-tableau U .

The mapping

ζT U 7→ bT vT , sh(T ) = λ,

defines an Sn-module isomorphism

CSn eU → Vλ.

Proof. Note that ζT V eU = δVU ζT U so that the vectors ζT U

form a basis of CSn eU . The generators sa act in the same way

on the corresponding basis vectors.
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Corollary. We have the direct sum decomposition

CSn =
⊕
λ⊢n

⊕
sh(U)=λ

CSn eU ,

where every left ideal CSn eU is a simple Sn-module associated

with the partition λ = sh(U).
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Fusion procedure

Take n variables u1, . . . , un and consider the rational function

with values in CSn defined by

Φ(u1, . . . , un) =
∏

1⩽a<b⩽n

(
1 − (a, b)

ua − ub

)
,

where the product is taken in the lexicographical order on the

set of pairs (a, b).

Given a standard λ-tableau U , set σa = σa(U) for a = 1, . . . , n.
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Theorem (Jucys 1966; version of M. 2008). The consecutive

evaluations are well-defined and we have

Φ(u1, . . . , un)
∣∣
u1=σ1

∣∣
u2=σ2

. . .
∣∣
un=σn

=
n!
fλ

eU .

Proof. This is essentially equivalent to the JM formula for eU .

Applications to representation theory of glN and the Yangian

Y(glN) use the fact that the factors in Φ(u1, . . . , un) are Yang

R-matrices satisfying the Yang–Baxter equation.
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Spin symmetric group algebra

This is the superalgebra CS−
n generated by odd elements

t1, . . . , tn−1 subject to the relations

t2
a = 1, tata+1ta = ta+1tata+1, tatb = −tbta, |a − b| > 1.

The transpositions are defined by

tab = (−1)b−a−1 tb−1 . . . ta+1tata+1 . . . tb−1, a < b,

and tba = −tab.

The odd Jucys–Murphy elements are

m1 = 0, ma = t1a + · · ·+ ta−1,a, a = 2, . . . , n.
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This is the superalgebra CS−
n generated by odd elements

t1, . . . , tn−1 subject to the relations
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Sergeev superalgebra

This is the tensor product with the Clifford superalgebra

Sn = CS−
n ⊗ Cln,

where Cln has odd generators c1, . . . , cn subject to

c2
a = −1, cacb = −cbca, a ̸= b.

Also, Sn = CSn ⋉ Cln with

saca = ca+1sa, saca+1 = casa, sacb = cbsa, b ̸= a, a + 1,

where

sa =
1√
2

ta(ca+1 − ca).
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Simple modules over Sn and CS−
n are parameterized by strict

partitions λ = (λ1, . . . , λℓ) of n with λ1 > · · · > λℓ > 0 and

λ1 + · · ·+ λℓ = n.

We will set ℓ(λ) = ℓ and write λ ⊩ n.

Depict λ by the shifted Young diagram: e.g. for λ = (6, 3, 1)

.
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We will use standard λ-tableaux:

1 2 4 5 8 10

3 6 9

7

The dimensions of the simple modules over Sn and CS−
n :

dimUλ = 2n−⌊ ℓ(λ)
2 ⌋ gλ and dimVλ = 2⌈

n−ℓ(λ)
2 ⌉ gλ,

where gλ is the number of standard λ-tableaux, found by

the Schur formula [1911] (see also [Morris 1965] for

hook-length formula):

gλ =
n!

λ1! . . . λℓ!

∏
1⩽i<j⩽ℓ

λi − λj

λi + λj
.
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Both superalgebras are semisimple; the Wedderburn

decompositions yield the Schur identity:

n! =
∑
λ⊩n

2n−ℓ(λ) g2
λ.

Introduce the barred tableaux by allowing any non-diagonal

entry to occur with a bar on it; cf. [Worley 1984], [Sagan 1987]:

1 2 4 5 8 10

3 6 9

7

.

Note that given a strict partition λ ⊩ n, the number of the

corresponding standard barred tableaux equals 2n−ℓ(λ)gλ.
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Given a standard barred tableaux U , the signed content κa(U)

of any barred or unbarred entry a of U is

κa(U) =


√
σa(σa + 1) if a = a is unbarred,

−
√

σa(σa + 1) if a = ā is barred,

σa = j − i is the content of the box (i, j) of λ occupied by a or ā.

The even Jucys–Murphy elements in Sn are [Nazarov 1997]:

xa =
√

2 ma ca =
√

2
(
t1a + · · ·+ ta−1,a

)
ca, a = 1, . . . , n.

Note that x2
a = 2m2

a and the xa pairwise commute.
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Idempotents in Sn

For any standard barred tableau U introduce the element eU of

Sn by induction, setting

eU = eV
(xn − b1) . . . (xn − bp)

(κ− b1) . . . (κ− bp)
,

where V is the barred tableau obtained from U by removing the

box α occupied by n (resp. n̄).

Here b1, . . . , bp are the signed contents in all addable boxes of

sh(V) (barred and unbarred), except for the entry n (resp. n̄),

while κ is the signed content of the entry n (resp. n̄).
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Example. For n = 2 we have two barred tableaux U :

1 2 , 1 2 .

The respective elements eU ∈ S3 are

x2 +
√

2
2
√

2
and

x2 −
√

2
−2

√
2
.

For

U =
1 2

3

we have

eU =

√
2 − x2

2
√

2
· (x3 −

√
6)(x3 +

√
6)

−6
=

√
2 − x2

2
√

2
·

6 − x2
3

6
.
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Proposition. All elements eU are idempotents in Sn. They are

pairwise orthogonal and form a decomposition of the identity:

eU eV = δUV eV , 1 =
∑
λ⊩n

∑
sh(U)=λ

eU .

Moreover,

xa eU = eU xa = κa(U) eU ,

for a = a or a = a.

Proof. Use the faithful Sn-module

Û =
⊕
λ⊩n

Ûλ.
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Here

Ûλ =
⊕

sh(T )=λ

Cln vT

with the basis vectors vT labelled by standard λ-tableaux T .

The generators of Sn act by

sa vT =

(
1

κa+1(T )− κa(T )
+

caca+1

κa+1(T ) + κa(T )

)
vT + Ya(T ) vsaT ,

xa vT = κa(T ) vT ,

where

Ya(T ) =

√
1 − 1(

κa(T )− κa+1(T )
)2 − 1(

κa(T ) + κa+1(T )
)2 .
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The formulas go back to

[Nazarov 1997], [Vershik and Sergeev 2008],

[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].

Corollary. We have the direct sum decomposition

Sn =
⊕
λ⊩n

⊕
sh(U)=λ

Sn eU ,

summed over standard barred tableaux U of shape λ.

Moreover,

Sn eU ∼= Ûλ and Ûλ ∼= Uλ ⊕ · · · ⊕ Uλ︸ ︷︷ ︸
2⌊

ℓ(λ)
2 ⌋

.
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Primitive idempotents

There are two orthogonal primitive idempotents in Cl2:

1 + ic1c2

2
and

1 − ic1c2

2
.

Since

Cl2m ∼= (Cl2)⊗m and Cl2m+1 ∼= (Cl2)⊗m ⊗ Cl1,

there are 2m pairwise orthogonal primitive idempotents in Cl2m

and Cl2m+1.
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Let U be a standard barred λ-tableau with diagonal entries

d1 < · · · < dℓ, then eU commutes with the Clifford generators

cd1 , . . . , cdℓ .

Consider the subalgebra ClUℓ of Cln generated by cd1 , . . . , cdℓ .

Introduce the corresponding idempotents EU
1 , . . . , EU

2m in ClUℓ ,

where m = ⌊ ℓ(λ)2 ⌋. Hence

e(r)U := EU
r eU = eU EU

r ,

with r = 1, . . . , 2m, are idempotents in Sn.
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Theorem. We have the direct sum decomposition

Sn =
⊕
λ⊩n

⊕
sh(U)=λ

2m⊕
r=1

Sn e(r)U .

Moreover, the left ideal is an irreducible Sn-module,

Sn e(r)U
∼= Uλ.

Proof. It suffices to show that the left ideal has the right

dimension. This follows from the Schur identity.
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Murphy-type basis in Sn

Nazarov’s intertwiners

ϕa = sa(x2
a − x2

a+1) + xa + xa+1 − caca+1(xa − xa+1).

They satisfy the braid relations

ϕaϕa+1ϕa = ϕa+1ϕaϕa+1, ϕaϕb = ϕbϕa, |a − b| > 1,

and have the properties

ϕ2
a = 2(x2

a + x2
a+1)− (x2

a − x2
a+1)

2

together with

ϕaca = ca+1ϕa, ϕaca+1 = caϕa, ϕacb = cbϕa, b ̸= a, a+1.
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a+1)− (x2

a − x2
a+1)

2

together with

ϕaca = ca+1ϕa, ϕaca+1 = caϕa, ϕacb = cbϕa, b ̸= a, a+1.
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Let Rλ denote the row-tableau of shape λ.

Let β be a set of non-diagonal boxes of λ. Denote by Rλ,β the

tableau obtained from Rλ by adding the bars to all entries

occupying the boxes of β.

For any two standard unbarred tableaux T and U of shape λ set

ζβT U = ϕd(T ) eRλ,β ϕ
∗
d(U),

where d(T ) ∈ Sn is such that T = d(T )Rλ.
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Theorem. As λ runs over shifted Young diagrams with n

boxes, the elements ζβT U associated with standard unbarred

tableaux T and U of shape λ and sets β of non-diagonal boxes

of λ form a basis of the Sergeev superalgebra Sn over Cln.

Proof. The number of elements is

∑
λ⊩n

2n−ℓ(λ) g2
λ = n!,

and so coincides with the rank of Sn as a Cln-module. It is

enough to show that the elements are linearly independent over

Cln by acting in Û.
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Seminormal form for Sn

Recall the Sn-module

Ûλ =
⊕

sh(T )=λ

Cln vT

with the basis vectors vT labelled by standard λ-tableaux T .

Given T , let d1 < · · · < dℓ be the diagonal entries.

Theorem. The simple module Uλ over Sn is the quotient of Ûλ

by the relations

cd2a
vT = i cd2a−1

vT , a = 1, . . . ,
⌊ℓ(λ)

2

⌋
.
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Seminormal form for CS−
n

Recall that

ta = ya sa, ya :=
ca+1 − ca√

2
.

We have

y2
a = −1, yaya+1ya = ya+1yaya+1, yayb = −ybya, |a − b| > 1.

Introduce the vectors θT ∈ Ûλ by

θT = yar . . . ya1 vT

with the use of a fixed reduced decomposition d(T ) = sa1 . . . sar .
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For all b = 1, . . . , n set bT := d(T )−1(b).

Lemma.

taθT =

√
2
(
κa(T )caT − κa+1(T )c

(a+1)T
)

κa(T )2 − κa+1(T )2 θT + εa(T )Ya(T ) θsaT ,

where εa(T ) = ±1.

Key observation: The RHS depends only on the Clifford

generators, corresponding to the non-diagonal entries of Rλ.

If bT = d(T )−1(b) is a diagonal entry of Rλ, then b = d(T )(bT )

is a diagonal entry of T , implying κb(T ) = 0.
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Let Clλn−ℓ be the subalgebra of Cln generated by cb1
, . . . , cbn−ℓ

,

where b1 < · · · < bn−ℓ are the non-diagonal entries of Rλ.

The superalgebra Clλn−ℓ has a unique right module Eλ of

dimension 2p, where p = ⌈ n−ℓ
2 ⌉. Let {Fδ} be a basis of Eλ.

Theorem. The vectors F δθT ∈ Eλ ⊗ Ûλ form a basis of the

irreducible representation of CS−
n associated with λ.

The action of the generators ta of CS−
n in the basis is

determined by the formulas of the Lemma.
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Fusion procedure

Take n variables u1, . . . , un and consider the rational function

with values in CSn defined by [Nazarov 1997],

Φ(u1, . . . , un) =
∏

1⩽a<b⩽n

(
1 − (a, b)

ua − ub
+

(a, b) cacb

ua + vb

)
,

where the product is taken in the lexicographical order on the

set of pairs (a, b).

Let U be a standard barred λ-tableau. For every a = 1, . . . , n set

κa = κa(U) if a = a or a = ā is the entry of U .
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Theorem. The consecutive evaluations are well-defined and

we have

Φ(u1, . . . , un)
∣∣
u1=κ1

∣∣
u2=κ2

. . .
∣∣
un=κn

=
n!
gλ

eU .

Proof. This is essentially equivalent to the JM formula for eU .

Expect applications to representation theory of qN and the

Yangian Y(qN). Use the fact that the factors in Φ(u1, . . . , un) are

Nazarov R-matrices satisfying the Yang–Baxter equation.
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