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Time-periodic parabolic operators

70tp — DAp +av-Vo+cp=Ap, xe€Q,te]|0,1],
by +(1-b)Ve-n=0 x € 0Q,te[0,1],
¢(x,0) = ¢(x, 1), X €Q.

@ v: C' vector field, time-periodic with unit period
@ c: continuous, time-periodic with unit period; b € [0, 1]

@ Principal eigenvalue A = \(D, a, 7): It is real and has the smallest
real part among all eigenvalues (Hess, 1991)

@ Q. How does principal eigenvalue depend on D, o, 77
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Introduction

Principal eigenvalue for elliptic operator

{ —DAp+av-Ve+c(x)p = MNa)p inQ,

bp+(1—b)Ve-n=0 onoQ.

@ v(x): C' vector field; c(x) € C(Q); be[0,1]

@ Principal eigenvalue A\(D, «): It is real, simple and has the
smallest real part among all eigenvalues

@ Q. How does principal eigenvalue depend on D, o?

L- (SJTU/OSU ) Drift, Diffusion, Frequency 11-01-2021

4/40



Introduction

Dirichlet boundary condition

{ —Ap+av-Ve = \a)p inQ,

=0 ono.

@ Wentzell (1975):

lim @_7 lim inffoT’X/(t)+V(X(t))|2dt

a—too a2 4 Totoo X T

< 400,
where X € C'([0, T]; Q).

@ \a) = O(a?)
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Devinatz, Ellis, Friedman (1973-75)

@ v-V¢ < 0inQforsome ¢ € C'(Q): Ic > 0s.t. fora > 1,

Ma) > ca?;
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Devinatz, Ellis, Friedman (1973-75)

@ v-V¢ < 0inQforsome ¢ € C'(Q): Ic > 0s.t. fora > 1,

AMa) > ca’:

@ v=—VU(x) with [VU| > 0in Q:

lim Ale) 1 min |[VU?;
Q

N

a—00 a2
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Devinatz, Ellis, Friedman (1973-75)

@ v-V¢ < 0inQforsome ¢ € C'(Q): Ic > 0s.t. fora > 1,

Ma) > ca?;

@ v=—VU(x) with [VU| > 0in Q:

1
lim M = —min |VU|2;
Q

N

a—0o0 az

@ v vanishes at some point in Q: A\(«) = O(«)
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Devinatz, Ellis, Friedman (1973-75)

@ v-V¢ < 0inQforsome ¢ € C'(Q): Ic > 0s.t. fora > 1,

Ma) > ca?;

@ v=—VU(x) with [VU| > 0in Q:

1
lim M = —min |VU|2;
Q

N

a—0o0 az

@ v vanishes at some point in Q: A\(«) = O(«)

@ v-n<0ond: Aa) = O(ae )
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Introduction

Divergence free vector field

Theorem 1 (Berestycki-Hamel-Nadirashvili 2005)
Ifdiv(v) =0 inQ, then

V|2 + ¢(x)p?
a—0o0 pELy fQ(p

where
Ty ={p e HI(Q) : ¢ #0,v-Vyp =0ae. inQ}

@ lim MNa) = +o0oiff Zy is empty.

a—0o0
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Introduction

Neumann boundary condition

—Ap+av-Vo+c(X)p = Aa)p inQ,
Vo-n=0 onoQ,

>0 inQ.

@ For any a,
min ¢ < A(a) < maxc.
Q Q
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Introduction

Neumann boundary condition

—Ap+av-Vo+c(X)p = Aa)p inQ,
Ve-n=0 onodQ,

>0 inQ.

@ For any a,
min ¢ < A(a) < maxc.
Q Q

@ Question: limg—y00 A(av) =7
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Introduction

Divergent free drift
[Berestycki-Hamel-Nadirashvili, CMP 2005]

@ Assume div(v) =0in Qand v-n = 0 on 0%, then

lim A(a) = inf fQ(|V<p|2 * C(X)¢2)

< +00
a—00 peT fQ @2 ’

where

T={peH(Q):¢#0,v-Vp=0ae.inQ}
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Introduction

Divergent free drift
[Berestycki-Hamel-Nadirashvili, CMP 2005]

@ Assume div(v) =0in Qand v-n = 0 on 0%, then

lim A(a) = inf fQ(|V<p|2 * C(X)¢2)

< +00
a—00 peT fQ @2 ’

where

T={peH(Q):¢#0,v-Vp=0ae.inQ}

@ If Z consists of constants only,

. 1
all_)moo)\(a) = |Q|/QC
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Introduction

Potential flow

—Ap —aVm-Vo+c(X)p = AMa)p inQ,

Veo-n=0 onodQ.

L- (SJTU/OSU ) Drift, Diffusion, Frequency 11-01-2021 10/40



Potential flow

—Ap—aVm-Ve+c(X)p = AMa)p inQ,

Veo-n=0 onodQ.

Theorem 2 (Chen-L, IUMJ 2008)

Suppose that m € C?(Q) and all critical points of m are non-degenerate,
c e C(Q).Then

lim A(a) = min ¢(x),

a—o0 XeM

where M s the set of points of local maximum of m.
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Introduction

An illustration of Theorem 2

o

lim A(a) = min{c(0), ¢(x1), c(x2), c(1)}.

a—0o0
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Introduction

An illustration of Theorem 2

ma

o

lim A(a) = min{c(0), c(x1), c(x2), c(1)}.

a—0o0

@ Concentration of mass: As o — oo, principal eigenfunction ¢(«, -)
concentrates on some local maximum of m
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Large drift limit

Time-periodic parabolic operator

Pt — Pxx — amX(Xa t)QOX + C(Xv t)@ = )\(a)SO in (07 1) X [07 1]7
ox(0,1) = px(1,1) =0 on [0, 1],
o(x, 1) =p(x, t+1) on (0,1).

@ What is the limit of A(a) when oo — c0?
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Large drift limit

Time-periodic parabolic operator

ot — Exx — amy(X, Hex + c(x, e = AMa)e in (0,1) x [0,1],
(Px(o, t):(px(17t):0 on [0,1],
o(x, 1) =p(x, t+1) on (0,1).

@ What is the limit of A(a) when oo — c0?

@ The limit relies on spatially critical points of m:

{(x,t) €0,1] x [0,1] : mx(x,t) =0}
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Large drift limit

Example

Assumption on m: 3k4(t), k2(t) € (0, 1) such that
my >0, x € (0,r1(t)) U (k(t),1), t€][0,1],
my =0, x¢&{ki(t), rao(t)}, t €][0,1],
my <0, x € (ki(t),x2(t)), te]0,1]

m, <0
* m, >0

m, >0

0 x(2) (1) X
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Large drift limit

Example

Assumption on m: 3k4(t), k2(t) € (0, 1) such that
my >0, x € (0,r1(t)) U (k(t),1), t€][0,1],
my =0, x¢&{ki(t), rao(t)}, t €][0,1],
my <0, x € (ki(t),x2(t)), te]0,1]

m, <0
* m, >0

m, >0

0 (1) () 1 5 0 K (7) (1) 1

Jlim A(a) = min {/01 ¢ (k1(s), s)ds, /01 c(1,s) ds} .

L- (SJTU/OSU ) Drift, Diffusion, Frequency

X

11-01-2021

13/40



Asymptotic with large advection

Theorem 3 (Liu-L-Peng-Zhou, SIMA 2021)

Suppose that all spatially critical points of m are non-degenerate. Let

{(ri(t),t): t €[0,1],1 < i< N} be the set of points of local maximum
of m. Then

]
alem AMa) = 1r§nii§nN {/0 c (ki(s),s) ds} .
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Asymptotic with large advection

Theorem 3 (Liu-L-Peng-Zhou, SIMA 2021)

Suppose that all spatially critical points of m are non-degenerate. Let

{(ri(t),t): t €[0,1],1 < i< N} be the set of points of local maximum
of m. Then

]
alem AMa) = 1r§nii§nN {/0 c (ki(s),s) ds} .

@ Peng-Zhao, CVPDE 2015: If my > 0, (resp. my < 0), then

ali_)moo Ma) = /01 c(1,s)ds (resp. ali_)moo Ma) = /01 c(0,s) ds) .
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An example: m(x, t) = b(t)x

@ Assumption on b:

b b
et M
: 172 1
t : t A
m, >0 m, >0
1/2 1/2
m, <0 m, =0
x b2
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An example: m(x, t) = b(t)x

@ Assumption on b:

b ; b
R M
i 12 1
t : t A
m, =0 m, =0
1/2 1/2
m, <0 m, =0
o Leftfigure: lim A(a fo c(0, s)ds+f1 c(1,s)ds

@ Right figure: Jim Ma fo
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Large drift limit

Case 3: Spatial degeneracy

Assumption on m: 3k1(t), k2(t) € (0, 1) such that

my >0, x€(0,r1(1)) U (ra(t),1), t€[0,1],
mx =0, xe{r(t), ra(t)}, te][0,1],
my <0, x e (r(t),r2(t)), te]0,1].
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Large drift limit

Case 3: Spatial degeneracy

Proposition 4 (Liu-L-Peng-Zhou)

lim A(e) = MWV (51, k2)),

a— o0

where XNV ((k4, k2)) denotes the principal eigenvalue of

(1/% - wxx + C(Xv t)¢ = )\T/Ja X € (/{1(1.)7 HZ(t))v te [07 1]7

wx(/ﬁ(t)? t) - 'L/}X(HZ(t)v t) - 07 te [Oa 1] s

J/J(Xa O) = ¢(X71)v X € ["51(1’)752(1’)]'
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Large drift limit

Case 4: Spatial degeneracy
Assumption on m: 3k1(t), k2(t) € (0, 1) such that

my <0, xe(0,r1(t))U(rao(t),1), te[0,1],
mx =0, xe{r(t), ra(t)}, te][0,1],
my >0, x € (k(t),ra()), te]0,1].

m

. 0 6 &) 1
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Large drift limit

Case 4: Spatial degeneracy

Proposition 5 (Liu-L-Peng-Zhou)

1 1
aILmOOA(a):min{ADD((m,@)), /0 c(0, s)ds, /0 c(1,s)ds},

where \PP ((k1, k2)) denotes the principal eigenvalue of

Yr—thax + (X, o =Xy, x € (k(t), ra(1)), t€[0,1],

¢(’€1(t)7 t) = ¢(’€2(t)7 t) =0, te [07 1]7

L9(x,0) = ¥(x, 1), x & [ra(t), ra(1)]-
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Large drift limit

Case 5: Temporal degeneracy

¢

pr — oxx — ab(t)px + c(x, t)p = Aa)p  in (0,1) x [0,1],

ox(0,1) = px(1,1) =0 on [0, 1],

o(x,0) = ¢(x,1) on (0,1).

@ Assume b=0fort e [0, 1] and b > 0for t € (%, 1).

t b
1
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Large drift limit

Case 5: Temporal degeneracy

Proposition 6 (Liu-L-Peng-Zhou)

lim A(a) = A%,

a—0o0

where \* is the principal eigenvalue of

Pt — o + (X, ) = Xy in (0,1) x (0, 3],
br+ (1, ) = Xy on (3,1],
WYX, 3+) = v(1,3-) on (0,1),
Px(0,8) = x(1,1) =0 on [0,1],
P(x,0) =(x,1) on (0,1).
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Small diffusion limit

Small diffusion limit

—DAp + c(x)p = AX(D)p inQ,
Vo-n=0 onoQ.

@ Concentration of mass:

[ D) = mi .
DILnO)\() )rpelg_r;c(x)

@ Cooperative elliptic system: Dancer (2009); Lam-L (2016)

@ Time-periodic cooperative system: Shen et al. (2017, 2018,
2019); Liang-Zhang-Zhao (2017, 2019); Bai-He (2020)
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Small diffusion limit

Small diffusion limit

—DAp —Vm-Vo+c(X)p =AD)y inQQ,
Ve-n=0 onoQ.
Theorem 7 (Chen-L, IUMJ 2012)

Assume |V m| # 0 on 02, all critical points of m are non-degenerate.

lim (D)= _inf {c(x) + % ; (15001 + ri(x)) } ,

v
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Small diffusion limit

—DAp —Vm-Vo+c(X)p =AD)y inQQ,
Ve-n=0 onoQ.
Theorem 7 (Chen-L, IUMJ 2012)

Assume |V m| # 0 on 02, all critical points of m are non-degenerate.

lim (D)= _inf {c(x) + % ; (15001 + ri(x)) } ,

where k;(x) are eigenvalues of D>m(x), and

Z1z{xe§2:|Vm|:O},
Yo={x€dQ:|Vm =Vm-n>0}
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Small diffusion limit

Dirichlet condition

—DAp —Vm-Ve+c(x)p =AD)e inQ,
=0 onof.

Theorem 8 (Peng-Zhang-Zhou, SIMA 2019)

Assume |Vm| # 0 on 02, critical points of m are non-degenerate.

(i) If£1 =0, then lim \(D) = +oo;
D—0

(ii) IfX4 # 0, then

Jim A(D) = inf {c(x) 23 (0] + i) } .

i=1
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Small diffusion limit

Robin condition

—DAp —Vm-Vo+c(X)p =AD)y inQQ,
% 1 B(x)p =0 on dQ

Theorem 9 (Peng-Zhang-Zhou, SIMA 2019)

Assume |Vm| # 0 on 02, critical points of m are non-degenerate.

| D
Aim  A(D)

= min { X|Enf1 { Z(M, x)| + R:(X))}

n

XEYXo i1

inf {c(x) + % > (ki) + 5i(x)) + B(x)\vm(X)l}}-

v
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Small diffusion limit

Time-periodic parabolic operators

— Dipyx — mx(X; t)SOX + C(X7 t)‘P = )‘(D)(P

ox(0,1) = px(1,8) =0
¢(x,0) = p(x,1)

@ Set pi(x,t) := max{p(x,t),0}, p(x
@ Redefine Mmyx(0) and Mmyx(1) as

o

mxx«»:{;oo

Mae(1) = {+oo

— 00

on [0, 1],
n(0,1).

= Jo p(
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Small diffusion limit

Small diffusion

dP
{dt = —my (P(t),1), t>0, (ODE)

P(t) = P(t+1).
Theorem 10 (Liu-L-Peng-Zhou, TAMS 2021)
Assume m(0,t) # 0 and mx(1,t) #0 for t € [0,1].

(i) If (ODE) has finite number of periodic solutions {P;(t)}N.,,
satisfying 0 = Py < Py(t) < ... < Pn(t) < Pyyq =1, and
Myxx (Pi(t), t) # 0 for1 </<Nandte [0,1], then

D—0 0<i<N+1

1
lim A(D) = min {/0 {c(P,-(s),s)+[mxx]+(P,-(s),s)]ds}.

v
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Small diffusion limit

Small diffusion limit

% = —mx(P(2), 1), (ODE)
P(t) = P(t+1).

Theorem 11 (Liu-L-Peng-Zhou)
Assume my(0,t) # 0 and mx(1,t) #0 for t € [0,1].

(ii) If (ODE) has no periodic solutions, then

lim A(D) = min {&(0) + [ec]+ (0) &(1) + [ (1) }.
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Small diffusion limit

Special case: m = ab(t)x

ot — Dpxx — ab(t)px + c(x, t)p = A(D)¢  in (0,1) x [0,1],
ex(0,1) = x(1,£) =0 on [0,1],
o(x,0) = p(x,1) on [0,1].

Theorem 12 (Liu-L-Peng-Zhou)
(i) Ifb # 0, then for all « > 0,

im A(D) = {&(1) for b> 0,

&(0) for b<o.
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Small diffusion limit

Special case: m = ab(t)x

Theorem 13 (Liu-L-Peng-Zhou)
Gi) Ifb =0, set P(t) = — [, b(s)ds, P = max P, P = min P. Then

min c(aP(s)+y,s)ds 0<« <
ye€[—aP,1 aT’] fO ( ) Y ) - PP
lim \(D) =
D—0 1 ~ 1
Jo ¢(Pu(s), s)ds, a> =,

where B, is the unique periodic solution of P(t) = —aF (f’(t), t) with

b(t) 0<x<1, te]|0,1],
F(x,t) =< min{b(t),0}, x=0,t¢e]0,1], (1)
max{b(t),0}, x=1,te[0,1].
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Small diffusion limit

An explicit example

(*} b(t) = —7TSin (27rt), P(t) e %COS (27rt) — %7 ﬁ — 07 P — _1

T T T T

1 0 1
(@) 0<ea<l (5) =1 (c) =2 (d) a>2

() a<1: 3y, € [, 1] s.t. A(D) — f01 c(aP(S) + Ya, S)ds;
(b) a=1: \(D) = [} c(P(s) + 1, 8)ds;

(cd) a>1: (D) = [i c(Pu(s), s)ds.
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Frequency and eigenvalue

Frequency and principal eigenvalue

TOp — Ap—Vm-Vo+cp=\1)p, xeQte]0,1],
b+ (1—-b)Ve-n=0, x €9Q,te[0,1],
©(x,0) = p(x,1), x €.

@ 7 > 0: frequency; b € [0, 1].
@ m(x,t), c(x,t): periodic function in t with unit period.

@ Given any periodic function p(x, t), set p(x) := f01 p(x, s)ds.
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Asymptotics of \(7)

Theorem 14 (Liu-L-Peng-Zhou, PAMS 2019)
@ Forfixedt € [0, 1], let \°(t) be the principal eigenvalue of
—Dp—Vm(x,t)- Vo +c(x,t)p = At)p, Xx€Q,
by + (1 —b)Ve-n=0, x € 0R2.

. 1
Then lim. A7) = [y A%(s)ds.
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Asymptotics of \(7)

Theorem 14 (Liu-L-Peng-Zhou, PAMS 2019)

@ Forfixedt € [0, 1], let \°(t) be the principal eigenvalue of
—Dp—Vm(x,t)- Vo +c(x,t)p = At)p, Xx€Q,
by + (1 —b)Ve-n=0, x € 0R2.

. 1
Then lim. A7) = [y A%(s)ds.
@ Let \> be the principal eigenvalue of

—Ap —Vm(x) - Vo +e(X)p=Ap, xe€Q,
bp+(1—b)Ve-n=0, X €00,

Then lim A(1) = X*°.

T—>00
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Case Vm(x, t) = 0:

@ If Vm(x,t) =0, then

lim A(r) = /01 2O(s)ds < A = lim A7),

T—00
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Case Vm(x, t) = 0:

@ If Vm(x,t) =0, then

lim A(r) = /01 2O(s)ds < A = lim A7),

T—00

@ Hutson, Shen & Vickers (PAMS 2000)
If Vm(x,t) = Vm(x), then

A7) < lim A(7) forall 7 > 0.

T—00
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Case Vm(x, t) = 0:

@ If Vm(x,t) =0, then

lim A(r) = /01 2O(s)ds < A = lim A7),

T—00

@ Hutson, Shen & Vickers (PAMS 2000)
If Vm(x,t) = Vm(x), then

A7) < lim A(7) forall 7 > 0.

T—00

@ Conjecture: Hutson, Michaikow & Polacik (JMB 2001)

If Vm(x,t) = 0, then A\(7) is monotonic in 7.
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Case Vm(x, t) = 0:

Theorem 15 (Liu-L-Peng-Zhou)
Assume Vm = 0. Then X\(7) is non-decreasing in T > 0.
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Case Vm(x, t) = 0:

Theorem 15 (Liu-L-Peng-Zhou)
Assume Vm = 0. Then X\(7) is non-decreasing in T > 0. Furthermore,

@ Ifc(x,t) = ¢(x) + g(t), then X(7) is constant for T > 0O;

e Otherwise 22(t) > 0 for every > 0.

L- (SJTU/OSU ) Drift, Diffusion, Frequency 11-01-2021 35/40



Case Vm(x, t) = 0:

Theorem 15 (Liu-L-Peng-Zhou)
Assume Vm = 0. Then X\(7) is non-decreasing in T > 0. Furthermore,

@ Ifc(x,t) = ¢(x) + g(t), then X(7) is constant for T > 0O;

e Otherwise 22(t) > 0 for every > 0.

Example for Vm # 0:

o — a(DBp — O + e = A()p, X EQLE[0,1],
Ve-n=0, x € 0Q,te[0,1],
o(x,0) = p(x. 1), xeq.

If &(t) £ 0, then TI|_>nC1)o A1) =0<X(1).
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Case Vm(x,t) # 0:

Theorem 16 (Liu-L-Peng-Zhou)
Assume Vm(x,t) = Vim(x). Then \(t) is non-decreasing in T > 0 and

e Ifc=2¢(x)+ g(t), then \(7) is constant for r > 0O;

@ Otherwise 22(t) > 0 for every > 0.
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Case Vm(x,t) # 0:

Theorem 16 (Liu-L-Peng-Zhou)
Assume Vm(x,t) = Vim(x). Then \(t) is non-decreasing in T > 0 and

e Ifc=2¢(x)+ g(t), then \(7) is constant for r > 0O;

@ Otherwise 22(t) > 0 for every > 0.

Counterexample for Vm(x, t) # Vm(x):

TOtp — Oxxtp + sin X sin toxp + ¢(X, ) = N(7)p, X,t e (0,27),
Bx0(0, ) = Ayp(2m, 1) = 0, t € [0,2x],
o(x,0) = p(x,27), x € (0,27).

If ¢(x,t) = S cosx(sint + cos t), then lim A(7) =0 < A(1).

T—00
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Frequency and eigenvalue

Proof: Monotonicity of A(7)

Lror = 10wpr — Dpr + (X, or = ANT)pr, Xx€Q,te]0,1],
by, + (1 = b)Ve, -n=0, x € 0Q,te[0,1],

o (x,0) = p-(x,1), x € Q.
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Frequency and eigenvalue

Proof: Monotonicity of A(7)

Lror = 101pr — Dpr + (X, )or = XN(T)p-, X €Q,te][0,1],
by, + (1 = b)Ve, -n=0, x € 0Q,te[0,1],
@T(X?O):WT(Xa1)7 XGQ.

@ Adjoint operator: L* := —70; — A + ¢(x, t).

@ . : principal eigenfunction of L.
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Frequency and eigenvalue

Proof: Monotonicity of A(7)

Lror = 101pr — Dpr + (X, )or = XN(T)p-, X €Q,te][0,1],
by, + (1 = b)Ve, -n=0, x € 0Q,te[0,1],
@T(X?O):WT(Xa1)7 XEQ.

@ Adjoint operator: L* := —70; — A + ¢(x, t).
@ . : principal eigenfunction of L.

@ LetC =Q x(0,1). Introduce functional J;:

Q)= [ o <ng> axdt (¢ >0)
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Frequency and eigenvalue

Prove > 0

Lemma 17
2

Jo(pr) — () = /c ot

V log <<>
P
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Frequency and eigenvalue

Prove > 0

Lemma 17
2

Jo(pr) — () = /C ot

V log (<>
or
@ Foreach 7 >0, 22(7) > 0:

? :/ T, - ;/CwT(LT —LD)er
27 [/ ¥r Tcpf/c%wf}

= o [Urer) — )]

1 ¢
= | =
ZT/C%wT \% og((pf)

>0.
L- (SJTU/OSU ) Drift, Diffusion, Frequency 11-01-2021 38/40
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Frequency and eigenvalue

Summary

@ Large drift limit: Concentration at local spatial max

@ Small diffusion limit: Concentration at periodic solutions (stable or
unstable) of transport equation

@ Frequency: Drift rate in time

@ Level set of A(D, o, 7): topological/geometrical structure;
applications to biology and infectious disease (Liu-L, 2021)
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Frequency and eigenvalue

Thank you!
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