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Inviscid limit
Navier-Stokes equation: u® = (uf,--- ,u;), n=2,3

d;uf + (u® - V)u® —eAu® + Vp® =0,
V-u® =0,

u®li=0 = uo,

E

Question: uf — uf as ¢ — 0 ? Here u£ solves Euler equation

duf + @Wf -Viuf +vpf =0, v-uf =0
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Question: uf — uf as ¢ — 0 ? Here u£ solves Euler equation

duf + @Wf -Viuf +vpf =0, v-uf =0

= R” or torus: well-developed

= a domain with boundary: an outstanding open problem



inviscid limit for fluid domain with boundary

Mismatched boundary conditions: Q = {x, > 0},
Navier-Stokes: u®|,,—0 = 0

Euler: uf “N|x,=0 = Mflxn=0 =0



inviscid limit for fluid domain with boundary

Mismatched boundary conditions: Q = {x, > 0},
Navier-Stokes: u®|,,—0 = 0

Euler: uf “N|x,=0 = Mflxn=0 =0
Prandtl’ postulate (1908):

uf + 0(+/e), outside boundary layer
uf + 0(JVe), inside boundary layer

uf =



Euler + Prandtl expansion of NS

Question: Euler + Prandtl expansion of Navier-Stokes?

cf. Sammartino-Caflisch, Gérard-Varet, Guo, lyer, Maekawa, Masmoudi, Nguyen, Wang,
Zhang, Yang, Xie, Xin, ---

Goal: Well-posedness for Prandtl system



Derivation of boundary layer equations

Prandtl's ansatz (2D e.g.): 7 = y//¢

ub(t,x,y) = ut,x,y) +ubt,x,7) + 0(Ve),
ve(t,x,y) = v0(t, x,y) + Veub (¢, x,7) + O(Ve),
pE(t,x,y) = p°(t,x,y) + O(Ve),

= Far from the boundary: Euler flow (12, v°, p?)

» Inside boundary layer: described by Prandtl equations (12, v?).



2D Prandtl (scalar) equation

Governing equation for boundary layer: writting y = y for short,

dru +udyu + vdyu —du +3yp =0, x €R, y >0,
axu + 8yv = 0,
Uly=0 = Vly=0 =0, limyyou = U(t,x),

Ul|s=0 = Uo,

where

U(t, x), p(t, x): givens functions, the trace at z = 0 of the tangential velocity and pressure

of the Euler flow



3D Prandtl system

(u, v, w): velocity fields

dru + (udx + v0y + wdz)u — 92U + dxp = 0,
3:v + (udx + vdy +wd;) v — 070 + dyp =0,
0xu + 0yv + 0w =0

G vaw)|z—o = (00 0);8 8- i (v = (U.v),

Ult=0 = Ug, V|t=0 = Vo.



Main difficulty for Prandtl equation

Loss of derivative coupled with nonlocal property:
0ru + (Udyx + v0y)u — 8514 4+ dxp =0,

2D : y
v(t,x,y) = —/ dxu(t,x,r)dr.
0



Main difficulty for Prandtl equation

Loss of derivative coupled with nonlocal property:
0ru + (Udyx + v0y)u — 8514 4+ dxp =0,
2D : y
v(t,x,y) = —/ dxu(t,x,r)dr.
0

du + (udx + vdy + wdz)u —2u+0dyp =0,
3D - atv—i-(uax—i-vay+waz)v—8§v+8yp:0,

z
w(t,x,y,z) = —/ (axu(t,x,y,r) +0yv(t, x, ., r))dr.
0



Outlines

Well-posedness for Prandtl equations

Well-posedness for Prandtl equations



Sobolev well-posedness

2D well-posedness under Oleinik’s monotonicity condition (d,u > 0),

= Local-in-time solutions: Oleinik, Alexandre-Wang-Xu-Yang(2015), Masmoudi-Wong
(2015)

= Global-in-time Solutions: Zhang-Xin

L



Sobolev well-posedness

2D well-posedness under Oleinik’s monotonicity condition (d,u > 0),

= Local-in-time solutions: Oleinik, Alexandre-Wang-Xu-Yang(2015), Masmoudi-Wong
(2015)

= Global-in-time Solutions: Zhang-Xin
L

Sobolev well-posedness for 3D : much less is known!

= Liu-Wang-Yang (2017): v(t,x,y,z) = k(t, x, y)u(t, x, y, z).
= weak solutions; Luo-Xin (2018)

= Global-in-time solution ?



Well-posedness for general data

Function spaces: x — f(x),

9% f(xo)
Analytic functions: Z A(X — x0)* < 400
o
0% f(x
Gevrey functions: Z A 0) (x —x0)* < 400

(a!)®

Analytic space C Gevrey class space C C*®



Gevrey (analytic) well-posedness
Without structural assumption: critical Gevrey index 2.

Gevrey ill-posedness for index > 2:

= Geérard-Vare and Dormy(2010, 2D), Liu-Wang-Yang (2016, 3D)



Gevrey (analytic) well-posedness
Without structural assumption: critical Gevrey index 2.

Gevrey ill-posedness for index > 2:

= Geérard-Vare and Dormy(2010, 2D), Liu-Wang-Yang (2016, 3D)

Gevrey well-posedness for index < 2:

Analytic space: Sammartino-Caflisch(1998), 2D & 3D ,
Sharp Gevery space: Dietert-Gérard-Vare (2019, 2D); 3D7

= Global solutions: Paicu-Zhang (analytic,2D,2020), Wang-Wang-Zhang (Gevrey, 2D,
2021); 3D7
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Outlines

Main result: Gevery well-posed for 3D Prandtl

Statement of the main result



3D Prandtl

dru + (uax + vy + waz) u— 8§u =0,

;v + (uax +voy + waz) v— 820 =0,

3D Prandtl : dxu + dyv + 9w =0

(u, v, w)|;=0 = (0,0,0), Zlirfoo(u,v) = (0,0),

Uls=0 = Ug, V|r=0 = vo,




Assumption

Suppose (1, v9) € Xpy,0 for 1 <o <2, where we say (u,v) € X, ¢ if

p|a|+j -7 bjga 9j
U, v = su u,v
“( )”P,U 0<j<5 [(lOt|+J _7)|]o. H( ) X,y z( )HLZ
lae|+j =7
L+ a(x 8]

+ sup | (z) (0, v)] .2

0</=<5

lee]+j<6

where £ > 1/2 and (z) = (1 + |Z|2)1/2



Well-poseness in Gevrey class

Theorem (L.-Masmoudi-Yang)

Suppose (1o, vo) € Xpy,0 for 1 < o < 2, compatible with boundary condtions. Then the
3D Prandtl system admits a unique solution (u, v) € L°°([O, Tl; Xp,g) for some T > 0 and
some 0 < p < po.




Outlines

Proof of the main result

Methodology



Methodology

Cancellation mechanism + Abstract Cauchy-Kowalewski (ACK) theorem



Outlines

Proof of the main result

Cancellation mechanism



Intrinsic cancellation law

Observe, applying dx to eq. (8, +udy + vy — 8%)14 =0,
(Bt + udy + vy — Bi)axu = —(0yu)dyv(t,x.y) — (0,u)?
with bad term dyv
Auxilliary function U/, inspired by Dietert and Gérard-Varet [Annals of PDE (2019)],

y
(8, + udy +voy — 8)2,)/ U, x,r)dr = —dxv(t, x,y),
0



Intrinsic cancellation law
y
(8; +udy +vdy — 85)/ U, x,r)dr = —dxv(t, x, y),
0
(0; + udx 4+ vdy — 83)dxu = —(Byu)d, v (1. x. ) — (9xu)’.

y
cancellation A= 0xu— (8yu)/ U, x,r)dr;
————= 0

9; + udy + vdy, — 32)A = Lo.t.
y y

y
Estimate on A = Estimate on d,u? [/ U(t, x,r)dr by estimating Z/{J
0




Outlines

Proof of the main result

Abstract Cauchy-Kowalewski theorem



Abstract Cauchy-Kowalewski theorem

d:h = F(t,0.h),
A toy model: { ' —

hlt=0 = ho.
A key estimate: V p < p,

‘Jis >|p(s)

o < ko3 +c [ ===

- V4 -
where [h], = supy=o Z7 9%l L2

Conclusion: The Cauchy problem (1) admits a unique local solution in L*°([0, T']; X,),
provided l;o € Xp,



ACK Theorem for Gevery space

P2h = F(t,9.h).
Model: {’ (¢, 9xk)

hli=o = ho. 8:hli=o = hi.

A key estimate: V p < p,

. . 1 |b(s)|2 ...
Ib(t)lﬁslbo|§+C/ Y s b= (h, dch)

o P(s)—p

where |b|p = SUPg>o0 (k;)z ”8 h”L2 + SUPk>o0 (k+1)|2k||8k8 h”LZ

Conclusion: The Cauchy problem (2) admits a unique local solution in L*°([0, T']; X,),

provided Ko, 1y € Xoo



Proof of ACK for Gevrey space

-

Denote § = 0;h.

) B 3E = F(t,dxh),
02h = F(t,0.h), coo
o N N = — 8th S é,
hlt=0 = ho, 0th|i=0 = h1.

(1. &)| =0 = (ho. h1).

This suggests § ~ |Dy|"2h. Recall

k . pk+1
10%h| ;2 + sup ————

—k kg ]
kn y k>0 [k + D12 0%l 22

|b|p = SUP



ACK for general model

more general

02h = F(t,0xh) =——= (3; + udx + v, — 82)%h = F(t,d:h).

Prandtl operator



Estimate on auxillary function U/

y
(8; +udy +vdy — 85)/ U, x,r)dr = —dxv(t, x, y),
0

(0; + udx 4+ vdy — 83)dxu = —(Byu)dv(t. x. y) — (9xu)’.

y
cancellation A= 0xu— (8yu)/ U, x,r)dr;
———= 0

9; + udy + vdy, — 32)A = Lo.t.
y y

y
Estimate on A = Estimate on d,u? [/ U(t, x,r)dr by estimating Z/l}
0




Estimate on auxillary function U/

y
(8; + udy + vy — ai)/ U, x,r)dr = —0dxw.
0

(0: + udx + vdy — Bi)u =0\ +lo.t.
(3; + udx + vdy — 83)0 A = terms of order < 2

— (0: + udx + vy — 85)22/{ = terms of order < 2 + [.0.1.

Conclusion: Estimate I/ in Gevrey space < 2, applying ACK theorem for (8, +udx +vdy —
02)°h = F(t,0.h)



A priori estimate

Y (p,p) withO<p<p<pgand Vrtel0T].

- 2 5
a0, 5 < ClluolZ.

t tla(s) %0
wo( [ (0, + o) ds+ [ %d)

where @ = (u,U, }) and

il = 0, Tt gy O
p,0 0<j<5 [(m +Jj - 7)1]0’ Y
m—+j>7
p" ¢ =6
+ sup ————— || VU | ;» + sup —————m|[d7 Al 2.
mZI; [(m - 6)']0 ” x HL2 mZ]% [(m — 6)']0’ || " ||L2



3D counterparts: auxilliary functions

z
(9 + udx + vy + wd, — 8?)/ U(t,x,y,2)dZ = —0xw(t,x,y,z),
0
u|t=0 =0, aZZ/{|Z=0 = z/{|z—>—',—oo = 0.
and
ZN
(0; + udx + vy + wd; — 8?)/ Ut,x,y,2)dz = —dyw(t, x,y,z2),
0

Zilt=0 == O, aza|z=0 = a|z—)+oo - O.



3D counterparts: auxialliary functions

z
A =0yu— (azu)/ Udz,
0

A= 0yu — (azu)[ Uds,
0

§ = ayv—(azu)[ Udz,
0

8§ = 0xv —(Bzv)/ Udz,
0



Thanks for your attention!
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