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Abstract

@ In this talk, we discuss the maximal regularity of the heat equation in
Besov—Morrey spaces

@ Our main tools are the Fourier multipliers, which are used instead of
interpolation.

@ As an application, the Cauchy problems for Keller-Segel system are
studied.

@ This is a joint work with Yoshihiro Sawano.
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Introduction

We cosider the following semi-linear elliptic parabolic system.
Let u(t,z) and (¢, z) : Ry x R? — R satisfy

ou—Au+V - (uVy) =0, t>0,z€R?
—AY =ku, t>0,z¢cR? (1.1)
u(0,z) = up(z), = €R?

with Kk = £1.

k =1 = Keller-Segel equation.

k = —1 = mono-polar drift-diffusion system for the semi-conductor
simulation.
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Introduction

The equation (1.1) can be reduced to the corresponding integral equations:

u = ePug — /t =) div(u(s)Vi(s))ds (¢t > 0). (1.2)
0
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Introduction

Theorem 1.2 (N., Sawano)

Let k ==41. Let 1 < g<p<2. Deflne6_2—f Write I = [0,T).
p

Then for ug € Np_q2(R ), there exists T > 0 and a unique solution

u € C(I; N, 5(R?) N LA(I; N (R?)) N L*(I; B (R?))

to (1.2). Besides u satisfies
u € C(Int(1); N2y  (R?)) N CH(Int(I); N, 5 (R?))
and the flow map
ug € No 3 (R?) = u € L¥(I; N, 5 (R?))

is Lipschitz continuous.
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Introduction

Theorem 1.3 (N.,Sawano)

Let k = 1. Then there exists eg > 0 such that for any ug € N, q2(R”)
with [lug|| y—s < €0, there exists a unique global solution
Pq2

u € C([0,00), N, 5(R?))

to (1.2) with
u € L*((0,00), Ny’ (R?)) M L*((0, 00); B3} (R?))

ool

pg2

N C((0,00), N’ (R?)) N CH((0, 00), N, 5(1[{{2)))
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Function spaces

For f € L*(R™), define its Fourier transform and its inverse Fourier
transform by

FfE) = (2m)2 - f@)e ™Az, Flf(x) = (27)7 3 - F(&)eEde.

By a well-known method, we can extend F, F~! naturally to the Schwartz
distribution space S’(R"™).
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Function spaces

Let p € C°(R™) satisfy
XB@\B@2) S ¢ < XB(8)\B(2)"

Then define ; = (277).

Definition 1.4
Let se R, 1 <p,r < oo. We define

=S =

oo

1fllg, = | Do " IF " eiFAllL)"

j=—oc0

for f € S'(R™)/P(R™). The (homogeneous) Besov space B;q(]R”) is the
set of all f € S'(R™)/P(R™) for which the norm || f| 5. is finite.
prq
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Function spaces

Remark 1.5

(1) ForseR,1<p<ooand1l<r; <ry < o0,

B (R™) — BS, (R™).

pri pr2

v
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Function spaces

Remark 1.5

(1) ForseR,1<p<ooand1l<r; <ry < o0,

B (R™) — BS, (R™).

pri pr2

(2) Forl <p< o0,

Bgl (R") < LP(R") — Bgoo(R”).

v
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Function spaces

Remark 1.5

(1) ForseR,1<p<ooand1l<r; <ry < o0,

B, (RY) < By, (RY).
(2) Forl <p< o0,
BY (R™) < LP(R™) — B (R™).
(3)
BY,(R™) —LP(R™) (2 <p<o0)
LP(R™) < B, (R") (1<p<2)
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Function spaces

Remark 1.5
(1) ForseR,1<p<ooand1l<r; <ry < o0,

B, (RY) < B, (R").

(2) Forl <p< o0,

Bgl (R") < LP(R") — Bgoo(R”).

(3)
BY%(R") > LP(R™) (2<p<o0)
LP(R™) = BD,(R") (1<p<2)

(4)
By, (R") < LP(R") 1<p<2)
LP(R") < BY,(R") (2<p <o)
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Function spaces

The role of parameters of B,

s : smoothness,

r : interpolation index, more smoothness after s determined,

p : integrability.

Proposition 1.6
Let se R and 1 < p,r < oo. Then

1£llsg, ~ NAFlges. 105152 < 17115

12 July 2021
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Classical results for Besov spaces

Theorem 1.7 (Ogawa,Shimizu (2010) [4])

Let s = +1. Then for ug € BY,(R?), there exists T > 0 and a unique
solution . .
u € C([0,T), By(R*)) N L*((0, T), Bi(R?))

to (1.1).
Besides the solution is belonging to

C([0,T), BY(R?*) N C((0,T), B},(R?*) N C*((0,T), B (R?))
and the flow map

BY%(R?) 3 ug — u € C([0,T), BY%(R?))

is Lipschitz continuous.
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Classical results for Besov spaces

Theorem 1.8 (Ogawa,Shimizu (2010) [4])

Let k = +1. Then for ug € BY%(IR?), there exists ¢g > 0 such that for
[luoll 59, < €0, there exists a unique global solution u to (1.1) such that

u € C((0,00), BYy(R?)) N L*((0, 00), B1y(R?))

NC((0,00), B(R*) N C((0,00), B (R?). |
1

!T. Ogawa and S. Shimizu, End-point maximal regularity and its application to

two-dimensional Keller-Segel system, Math. Z., 2010. 264:601-628 DOI
10.1007/s00209-009-0481-3
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

Definition 1.9 (Morrey spaces)
Let 1 < ¢ <p < . Define

1l 2 ny = sup {’Qﬁ’_; (/Q |f(9c)\qu>q : Qs a cube in R"}

for a measurable function f. The Morrey space ML(R™) is the set of all
measurable functions f for which || f[| y2(gny is finite.
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

For 1 < ¢ < p < oo, Morrey space M%(R") is Banach space.

0<q@r<g@<p<x
LP(R") = MD(R™) < MP (R") < MP (R™).
1z " € ME(R™)\ LP(R") for q < p.

Morrey space ML (IR™) is not reflexive nor separable.
C2°(R™) is not dense in MY (R").
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

Definition 1.10
Let seR, 1 <g<p<ooandl<r < oo We define

S =

o0

1, = { 3 (217 [esF Al pey)

j=—00

for f € 8'(R™)/P(R™). The homogeneous Besov—Morrey space N;qT(R")

is the set of all f € S'(R")/P(R") for which the norm || f|| . is finite.
par

v

Toru Nogayama (TMU) Maximal regularity 12 July 2021 17 /47



Introduction

Remark 1.11

(1) Forl<p<ooandseR

N (BT) = Bl (RY).

(2) Fori1<g<qg <p<oandl<r; <ry<oo,

N (R?) = N,

pq2r2

(R™).
(3) (The role of parameters)

s : smoothness,

r : interpolation index, more smoothness after s determined,
p : global integrability,
q : local integrability.

v
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

For1 <qg<p< oo,

1 20 A0 -%—n -%—n
H' — By =Npjg 9 Npys = Npa

Proposition 1.13
Let 1 < q1 <p1 <00, 1 <qga <po <00, —00< 89 < 81 < oo and
1 <r < oo satisfy

SZS]_—EZSQ—E, & _ i (1.3)
b1 P2 p1 P2
Then N1, (R") < N2, (R") < B3,
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

For the scaling,
ux(t, z) = Nu(\’t, \z),

L2 9
P

i (R2): scaling invariant function spaces
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Main theorem 1(Well-posedness on Besov—Morrey spaces)

Theorem 1.2

2
Let k =+1. Let 1 < g <p<2. Defined=2——. Write I =1[0,T).

. p
Then for ug € Np;g(R%, there exists 7" > 0 and a unique solution

u € C(I; N, 5(R?) N LA(I; N5 (R?)) N L*(I; B (R?))

o (1.2). Besides u satisfies

u € C(Int(I); N5  (R?)) N C* (Int(1); N5 (R?))

and the flow map

uy € Ny b (R?) = u € L¥(I; N, 5 (R?))

is Lipschitz continuous.

v
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Important ingredients

d(u) = ePug — /t =92 div(u(s) Vi (s))ds
0

@ Maximal regularity
@ Paraproducts

@ Banach fixed point theorem
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Paraproducts

Lemma 1.14

Suppose that 1 < g <p < 00,1 <r < oo,s>0. Then we have

1F - oll, < Ulgm gl + 17l ol

par

for all f € BZL (R™) ON;qT(R”) and g € J\'/;f(;tl (R™) N B2, (R™).
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Paraproducts

Lemma 1.15

Let1<qg<p<2andkeN. Write<552—%. Then we have

_A)1 ) < . ; . .
[0V (=2) wll s S loll g llwll s + loll s ol s

for all v € N 2" (R™) N NE2°(R™) and w € Nis® (R™) N B (R™).
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© Maximal regularity
@ Background
@ Main theorem 2 (Maximal regularity in Besov—Morrey spaces)
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Maximal regularity

We consider the following initial value problem for the abstract evolution
equation

du

E—{—Au:f (t>0), wu(0)=0. (2.1)

Here,

0 0<t<T <oo,felLP((0,7),X) (1l <p<o0)

@ A : closed linear operator densely defined on X
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Maximal regularity

Then, A has maximal LP-regularity <=

the equation (2.1) has a solution u € W1P((0,T), X) N LP((0,T), D(A))
and the following estimate holds:

du
dt

+ [ Au|| o 0,1),x) < CllfllLe(0,1),%)- (2.2)
LP((0,T),X)
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Maximal regularity

Ladyzhenskaya-Solonnikov-Ural'tseva (1964)

@ De Simon (1964) : Hilbert space

@ Sobolevskii (1975) : Banach space

Da Prato-Grisvard (1975) : operator sum method

@ Dore-Venni (1987) : UMD (unconditional martingale differences)
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Maximal regularity

Ladyzhenskaya-Solonnikov-Ural'tseva (1964)

@ De Simon (1964) : Hilbert space

@ Sobolevskii (1975) : Banach space

Da Prato-Grisvard (1975) : operator sum method

@ Dore-Venni (1987) : UMD (unconditional martingale differences)

Definition 2.1

A Banach space X called UMD (unconditional martingale differences)
space if the Hilbert transform is bounded on LP(R, X) for 1 < p < oo,
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Background

the operator A on UMD Banach space has LP maximal regularity
§iff
R-boundedness for the resolvent of A

!

boundedness of the operator-valued Fourier multiplier

= The property "UMD" is important!
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Maximal regularity

Proposition 2.2

UMD Banach space is reflexive. However, the opposite is not true.
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Maximal regularity

Proposition 2.2
UMD Banach space is reflexive. However, the opposite is not true.

@ Banach space without the property “UMD" (for example L', L™,
H') must be considered for each case.
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Maximal regularity

Proposition 2.2
UMD Banach space is reflexive. However, the opposite is not true.

@ Banach space without the property “UMD" (for example L', L™,
H') must be considered for each case.

@ The property “UMD" is not nessesary condition to hold maximal
regurality.

@ homogeneous Besov space B?p (Ogawa, Shimizu [4])
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Main theorem 2 (Maximal regularity in Besov—Morrey

spaces)

We consider the heat equation

{(‘%u —Au=f in R’}FH, (23)

u(0,-) = up on R™.
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Main theorem 2 (Maximal regularity in Besov—Morrey

spaces)

Ogawa and Shimizu proved the maximal regularity for the heat equation in
Besov spaces B?q which is not reflexive. ([4]?)

Theorem 2.3 (Ogawa, Shimizu (2010))
Let1 < gqg<ooandI=1[0,T) be an interval with T < co. For

f € LY(I, BY,(R™) and ug € B;\'™/(R™), let u be a solution of the

heat equation (2.3). Then, we have

where V? = 9,0y, for all 1 < j, k < n.

du
dt

+ ||V2u||Lq([,ng) <C (HUOHB%l—l/q) + ||f||Lq(1,B?q)) )

(2.4)

Le(1,BY,)

2T. Ogawa and S. Shimizu, End-point maximal regularity and its application to
two-dimensional Keller-Segel system, Math. Z., 2010. 264:601-628 DOI
10.1007/s00209-009-0481-3
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Main theorem 2 (Maximal regularity in Besov—Morrey
spaces)

Theorem 2.4 (N., Sawano)

Let 1 < g <p<oo, 1< p<oco.Consider the heat equation (2.3) with

f € LP([0,00); N3, (R™)) and ug € Npgy*(R™). Then

10ell oo, 001n75,,) 11Vl o 0,003,

5 ||u0HNp2q—p2/P + ||f||LP([O,oo);N19qp)’
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Main theorem 2 (Maximal regularity in Besov—Morrey
spaces)

Proposition 2.5

(1) Let 1 <g<p<ooandl<p<oo. Then

1
°e P
. P <
( /0 (19 exp(tA)uoll g ) dt) S luoll 3

pap

2

.1-2
for all ug € Npgp” (R™).
(2) Let1<g<p<ooandl<p<oco. Then

o< .
igg v eXP(tA)UOHNqu S H“OHN,}W

for all uy € Nplqp(Rn)'

v

Toru Nogayama (TMU) Maximal regularity 12 July 2021 34 /47



Main theorem 2 (Maximal regularity in Besov—Morrey
spaces)

Proposition 2.5 (cont.)
(3) For all ug € BY,(R™),

1
2

([T avesmtearuolizg 2at)” < uolse,

2
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Main theorem 2 (Maximal regularity in Besov—Morrey

spaces)

Proposition 2.6

Letl1<g<p<oandl<p<oo. Then

Hv /Ot exp((t — 5)A) f(s)ds

S £ A
Lo (0,00M,.) 170,001 Npap)

for all f € LP(0, 00; Nyh (R™).
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Main theorem 2 (Maximal regularity in Besov—Morrey

spaces)

Corollary 2.7

Letl1<g<p<ooandl<p<oo. Then we have

t
HA / =98 f(s5)ds
0

S Nl 2o o,00)ag, )

LP([0,00):M9,,)

for all f € LP(]0, oo);Ngqp(R”)).
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Main theorem 2 (Maximal regularity in Besov—Morrey

spaces)

We will use this estimate for the proof of the local existence of solution of
the equation (1.1).

Proposition 2.8

Let1§q§p<oo,1§a.§oo.
(1) For all f € L'(0, oo);/\/;?qa(R")),

/O exp((t — $)A) f(s)ds

5 ||f||L1([0,oo);Ngqg)‘

L>([0,00);N40)
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Main theorem 2 (Maximal regularity in Besov—Morrey
spaces)

Proposition 2.8 (cont.)
(2) For all f € L1([0,00); N2, (R™)),

H/olt Viexp((t —s)A) f(s)lds

L2([0,00);N2. 1)

(3) For all f € L'(]0,00); BY,(R™)),

/0 Viexp((t — $)A) f(s)]ds

S 2 o.00): 30 )
L2([0,00);B%, ) 110,000 Bc2)

S ||f||L1([0,oo);/\7£qz)'
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© Sketch of the proofs
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Sketch of the proofs

Ogawa, Shimizu [4]
@ real interpolation
o duality
=—> However, these ingredients don't work well in Morrey spaces.

= We use smoothness and vanishing moments.
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Sketch of the proofs

Proposition 2.5

oo P
W ([Tavestalyg, ) Sl , g

pap

Let ¢ € C°(R™) satisfy
XB@)\B2) =¥ = Xp(s)\B(2)-

Let @ € C°(R™) be an even function that vanishes on |z| <1 and
assumes 1 on the support of .
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Sketch of the proofs

Then, we have

o
> IVe; (D) exp(tA)ug| v = Z [V®;(D) exp(tA)p;(D)uol| sme

j=—00 g=—oo
o0

S Y Y lexp(tA)p;(D)uoll v

j=—o0

= Z 2 1®;(D) exp(tA)p; (D)uol| e

j=—o0

< Z 27 exp(—47t) || F [‘Pj}—“()]”/v(g"

j=—o0
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Sketch of the proofs

(Proof of the local well-posedness)

w

Xr = Xp(I) = {h € C(L; N5 (R?)) - 1l e 1) < 2MO}

{h € LI N (R?) N BZA(RY) -

w

||Vh||L2(]N + HVhHL?(I ;B2 = 2M}

Wl = ol ooz + IV Al o rnr=sy + VI 21522

for h € L®(I; N, 5(R?)) N LA(I; N)5° (R?)) N L2(1; B (R?)).
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Sketch of the proofs

Z(u)(t) = ePuy — /{/0 elt=9)4 [div[u(s)V(—A)_lu(s)H ds.

Proposition 3.1

Let ug € N, qQ(R2) and let 0 <T,M < 1. Then Z mapsto Xt to itself.

v

Proposition 3.2
Let ug € Nq2(R2) Then

— — 1
1Z(u1) — E(uz)||x < Z”ul —ug|x; (u1,u2 € Xr)

as long as T' and M are small enough.
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Thank you for your attentions!
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