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We consider the L, Sobolev space of integer order on R".
W (R") = {f € L,(R") : 0°f € L,(R") (laf < m)}
with me N, 1 <p <oo.
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o [[fllp = [IFllL, (e

@ B(x, r) the ball with center x and radius r

° ¢x*f(x ) = (f, qb(x— )) for f € D'(R"), ¢ € C§°(R")

¢ F(x) = [on & f(y)dx for f € L,(R")

o p |sdef|ned byp—i—p,-lforlﬁpﬁoo

e A < B means A < CB with some constant C.

@ 0* denotes one of 0% = (2)* with |a| = k for k € N.

0 0;=2< WIthX—(Xl,...,X,,)ER"

o VMf = (0 )laj=m: V™f € X means 0°f € X for all o, |ao] = m;
IVTFlix = 2 aj=m 107Fllx

e For K(x) and t > 0 we set K;(x) := t~"K(x/t).
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Muramatu'’s integral formula

Take ¢ € Cg°(B(0,1)) with [, ¢(x)dx =1. For 0 < e < R and f € D'(R")

dt
R * F(x) — @ * f(x / {gpt*f )} dt = /Mt*f

with M(x) = Y7 9i(x;¢(x)), since Spr(x) = —t*My(x). Letting € — 0*
gives
R
0

It is convenient that M(x) can be written as a sum of derivatives of higher order.
Let p € C5°(B(0,1)) with [5, p(x) dx =1, and set, for a given N € N,

P00 = 30 0.

IBI<N
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Then

f_/ /\/It*fd——i—goR*f with M(x Z 85{x : (MO)
1Bl= N

Observe (0°K); * f = tI*IK, % (0°F) and ||¢r * flloo < R™"P||f]|,.
Theorem (Muramatu's integral formula)

For f € D'(R") and m € N there exist C* functions ¢ and K; (j =1,...,n)
supported on B(0, 1) such that [, Ki(x) dx =0 and

f= / (a'"f) — —|— R * f. (M2: two-term version)

Moreover, if f € L (]R”) with 1 < p < oo then

= / (8”’1‘) e (M1: one-term version)
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Muramatu’s approach

@ Muramatu mainly used

R t R
f=/ ﬂ/ Mt*/\"/zs*f§+/ Morgor f & 4 oruf, (1)

which is obtained by substituting the RHS of (1) into f in the integral.
@ Sobolev and Besov spaces of fractional order
@ A general domain Q2 C R” Remark. (M3) should be adjusted to €.
o f € W(Q) is characterized by t~™M,  f(x) € L,(£, L((0,1), %)).
Our approach
e (M1) and (M2) are main tools.
@ Sobolev spaces of integer order (and partly of fractional order)

@ The whole space R” (or a special Lipschitz domain)
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Differential dimension

When considering embeddings for W."(R"), the quantity m — n/p plays an
important role. We call it the differential dimension of W;"(R").

If we set f,(x) = f(Ax) for A > 0, then

IAllwy = > Ne=rejaee],

lal<m
= \mn/p Z |0“f||, + small order as A — oo.
|a|l=m
space differential dimension
W, (R") m—n/p
Lq(R") —n/q
C7(R") o

Roughly speaking, an embedding X C Y holds when the differential dimension of
X is larger than or equal to that of Y.
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List of Theorems in Sobolev spaces

W'(R") C L4(R") for m—n/p > —n/qor m—n/p=—n/q
W (R") C C7(R") for o = m —n/p >0
W' (R") for m — n/p = 0 Trudinger's inequality
W' (R") € BMO or VMO for m — n/p = 0 (omitted)
Gagliardo-Nirenberg inequality and its generalization
fel, V'fel,= Vkfel,
Breziz-Gallout-Wainger inequality
Brezis-Wainger inequality: W™ (R") for m —n/p =0
Trace theorem (omitted)
Complex interpolation [L,(R"), W' (R")]s = Wi(R") with k = m#,
0 < 6 <1 (omitted)
Real interpolation (L,(R"), W['(R"))s,q = Bof(R") with 0 < 6 < 1,
1 < g < oo (omitted)

©®@ 0000 09090
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Poofs by Muramatu's integral formula

Theorem (Sobolev inequality for simple cases)
LetmeN,1<p<qg<oo, m—n/p>—n/q. Then
WZ'(R") C Le(R")
L5 G=a) jgmpm(e—a)
1fllqg < C(n, m, p, q)l|f|, IV

Proof (Muramatu 1975). We use (M2) f = fo J" L t’”(K)t*(a’" ) tt~|—g0R* f.
Observe ||, * glly < | Kellullglly = £ K, lg], if 1 +1 =1+ 1
R
1Flla < / G, © oy RGD) e,
SRSVl + R T
Set R™ = [|£]l,/ V™1l m
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Theorem (Embeddings into Holder-Zygmund spaces)
LetmeN,1<p<oo,c=m—n/p>0. Then

W (R") C C°(R")

|flloo < C(n,m, Pl ™IV F]137

[flo < C(n, m, p)

We define the difference operator Ay, by Ayf(x) = f(x + h) — f(x), and
[flo := sup, , |Anf(x)|/[h]7 for 0 < o < 1, and [f]; := sup, , |Af(x)|/|h], etc.

Proof (Muramatu 1975). f € L (R") follows from Sobolev inequality for simple
cases.
Casel: 0 <o <1. (M1) gives

N _/ Z N (a;"f)%. (M)
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Since || ApKelly < 2||K:llr and ApKe(x fo t="(h/t) - VK(*tf2) df, we have

[(AnKe) % glloo < |AnK: I8l < mm{t‘"/”’ t=/P 5} gl
Then the change of variables t = |h|s gives

> pm—n h > ds
D] < / wminf1, g, & < 1y gl /  min{1,s™) &

Case 2: 0 = 1. The proof goes in the same as in case 1 except that we use
|A2K, || < min{1,(]h|/t)?} instead of | ApK:||, -

~

Case 3: 0 > 1. Apply the results of case 1 and case 2 to 9°f with |a] <m. [
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Theorem (Sobolev inequality for m — n/p = —n/q)
LetmeN,1<p<qg<oo, m—n/p=—n/q. Then

WI(R") C Ly(R"),
Ifllg < C(n,m, p)[IV7F]p.

Muramatu's method is to use the estimate |f(x)| < [o. [x — y|™"|V™(y)| dy
and the Hardy-Littlewood-Sobolev (HLS) inequality for the Riesz potential.

Here we give a proof of incorporating the method of Hedberg(1972) who derived
the HLS inequality. Recall that the Hardy-Littlewood maximal function Mf is
defined by

Mf( —sup’B‘/|f )| dy, (B: balls.)
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Proof. We use (M1): = [ Y7, t™(K;)e * (9"f) &
Evaluate K, * g(x fRn Ki(x — ) (y) dy with g = |me| in two ways.

|Ke* g(x)] < f"HKHoo/ lg(¥)l dy < [B(0, 1)[[[Klloc Mg (x)-

[x—y|<t

Hélder's inequality gives |K; * g(x)| < |Killpllgll, = t="P||K||»|lgll,- Then

R [e's)

dt

s [ emg S [ el § S R Mg + RV
0 R

Choosing R so that R"/? = ||g||,/ Mg, we get |f|? < ||g||P~9(Mg)P. The

theorem follows from the L, boundedness of M for 1 < p < 0.

For p = m =1 from the fact that M : L; — weak-L; it follwos that

A9 f‘f(x)|>)\ Ldx < [on [VF(X)] dx. Apply this to fi(x) = (|f(x)| — 2), A 2K with

k € Z. (the details and the case p =1, m > 2 are omitted. cf. Saloff-Coste

2002) O
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Theorem (Refined Sobolev inequality for m — n/p = —n/q)

LetmeN, 1<p<qg<oo, m—n/p=—n/q. Iff € S'(R") satisfies
VMf € L, and f € Bx9(R"), then f € Ly(R") and

Ifllq < C(n, p, @)V FIIB/9 FII=508

=

Here B 5 (R") = B~° with s > 0, which is called the homogeneous Besov space,
is defined by the heat kernel:

feB™ «— su;o)t5||Gt $ Fllos = ||f]l 55 < 00,
t>

where Gi(x) = (47t?)~"/2 exp(—|x|?/4t?).
It is easy to see that the refined Sobolelv inequality implies the standard one:

1Ge * flloe < NGellIflle = NGl I flle = [Flg-ne S Ifllg- T
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cf. Ledoux(2003) proved for 1 < p < oo and m = 1, assuming f € W*(R") in
addition to V™f € L,. Dao-Lam-Lu (2021) proved using the heat equation.
Proof of the refined Sobolev inequality: There exist functions {n*} such that

@ = an * G«
k=0

and that [|n*||; < C(N)2=*N for any N > 0 (see Stein's book, Chap Ill, Sec.
1.3). We use (M2) and

lor * Flloo < D101k Gasr * Fllao < D [0 [11]lGo-kr # Flloc
k=0

[e.e]

522 KN KR ™ F g

Then |f| < RYP=MaAM[|V™F|] + R™9||f]| g-nya- n
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Theorem (Trudinger's inequality (Ozawa 1995) (cf. Strichartz 1972))
LetmeN, 1< p<oo, m—n/p=0. Set

Pp(t) = exp(t) — D kenufoy, kep1 I

Then there exist C = C(n, p) and ¢ = c(n, p) such that for f € W"(R") with

f+0
Fx p/(p—1) P p
Jeo 5 (< (188E)" ) o < € (1)

In the same as the usual proof we use the Sobolev inequality in the embedding
WJ'(R") C Lg(R") with m — n/p =0 > —n/q. The proof given previously yields

1fllq < C(n, p)q||f||g/mq||vmf||l13_,,/mq'

We need a better estimate concerning q.
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Lemma (Sobolev inequality with optimal constant (Ozawa 1995))
LetmeN,1<p<qg<oo,m—n/p=0. Then f € W;"(]R”) satisfies

Ifllg < Cm )G IF 1529 F 72/

(cf. Kozono-Wadade 2008)
Proof of Lemma. Setting H;(x) = foR t™(K;)e(x) %, we rewrite (M2) as

T

f=> Hx*(0f)+¢r*f. (M2-b)

j=1

Since |H;(x)| < C(n, p)|x|™ " for |x| < R, and |H;(x)| =0 for |x| > R. Then
q 1/q+1/p .
IS (1+2) 7w, o
Proof. Trudinger's inequality follows by applying this lemma with g = kp’ to

evaluate > 32, L(c||f,)*". -
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Theorem (Classical Gagliardo-Nirenberg (GN) ineqaulity)
Llet ke N, meN, 1<k<ml<p<oo 1<qg<oo. Definel <r<oo by

1 k m— k . n k n k n

S=—t——, je k——=[=)[m—-=]+[1-=])[—=

r  mp mq r m p m q
If f € Ly(R") and V™f € L,(R"), then = L,(R") and

k 1-k/m mg|lk/m
IV*Fll- < Cln,m, k, p, Il ™IV Fll5/ ™.
Proof. Applying (M2) to O%f gives

R n
o — / SO KO K) e (OPF) S R OR ) n f (M)
0 o t

Observe K. * g(x) < Mg(x) with K = 0*K;, g = 0/"f.
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Hence
k . m—k m dt —k m—k m —k
10°f|] < t" M|V fHT+R Mf < RTEM[|VTF|] + R Mf.
0
Choosing R so that R™ = Mf/M[|V™f]|], we get (cf. Maz'ya-Shaposhnikova

1999)
(05F1 S M/ (Mr) .

By Holder's inequality and the L, boudedness of M we have
£l 5 [ MV mAPYme ()Y

ke /mp (m—K)r/mq
< ( M[|V™fl]P dx) (/ (MfF)9 dx)
Rn n

< IVl o
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Theorem (Gagliardo-Nirenberg inequality with BMO terms)

When p = oo or g = oo, the classical Gagliardo-Nirenberg inequality also holds if
Lo-norm is replaced by BMO-norm.

Case I: =00, 1< p<oo. |05, S IFllamar IV F 6.

Case 2: p=oo, 1< g<oo. [0l S IFI5 X IvmF |,
1—k/m k/m

Case 3 p=q=00.  [|0"F|lec S |IFIlulm|[VF||Sm .

1 1
fllovo == sup = | |F(x) — feldx,  fa=— [ f(x)d
| lBmo SléP|B‘/B| (x) — fg| dx, B |B|/B (x) dx,

where the supremum is taken over all balls B.
Meyer-Riviere(2003): case 1 for m = 2, k = 1. Strzelecki(2006): case 1 for
general m, k with the additional assumption f € W]"(R").
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Proof. We can prove these inequalities by slightly modifying the proof for the
classical GN inequality. Instead of K; * g(x) < Mg(x) we use

Kerg)] =| [ K el =) - g o S lelewo 1€ [ Kely)ay=0. O

Theorem (GN inequality with the homogeneous Besov norm (Dao et al 2021))

The GN inequality with BMO terms also holds if BMO-norm is replaced by
BO_ _.-norm. (Note that BMO C BY .)

Dao-Lam-Li (2021) proved this theorem using the heat equation.
Proof. Case 1. We can give a proof by (M2) with R™%(0%p)g  f = @g * (0f).
We have ||G; % O%f|loc S t7¥|0%F || g-x S t7¥]|f]| 0, since f € B implies
Okf € B7K,
lor * (0°F)lloo < 3 Zoll(7)R * Gamig + (0°F) |
S 202 M (ZR) I fllgo S R N Fllgo- B
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Theorem (Brezis-Gallouet-Wainger (BGW) inequality; BG 1980, BW 1980)

LetmeN, keN,1<p<oo,l1<g<oo,m—n/p>0andk—n/qg=0.If
f € WER") and V™f € L,(R"), then

Ifllee < C(n, m, k, p, @)(1 + || Flws log(e + [V F][5))Y
Proof (cf Ozawa 1995). We use (M2):
f—fo 11 )t*(ajf”f)ﬂ—l—go,q*f. For g <r < o
R
lips / t" "/Puvmfup— + R,

S RINVTEllp+ RV F| g

with o = m—n/p.
Set R = (e + ||[V™f||,)"Y° and r = glog(e + || g||,)- Then

|1 S 1+ e"97gY% (log(e + llgllp)) 7 Ifllws-
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Theorem (Brezis-Wainger (BW) inequality — almost Lipschitz; BW 1980)

LetmeN,1<p<oo, m—n/p=0.Iff e W,;"H(]R”), then
|A4f(x)] < C(n, m, p) ||l yper|I(L + log.. |A]71)Y/".

Here log, s = max{log s, 0} for s > 0.

Proof(cf. Ozawa 1995). Let p < g < co. By (M2) with m replaced by m + 1
dt
Aof = / Z B (K)) * () 5+ Balipr s )

Observe [|Ax(K))ellpr < 2[I(K))ellpr = 2~"P| Kl = 2t~"[| K; | and
[B(or* O < [V (0r * F)lloe < [Alllerllg IV Fllg S [HIR™"GHP | [l .

Then
Bf1 S (R+ [BIR™19GY%") [ .
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When |h| < e™P, setting R = |h| and g = — log |h| gives
841 S 1] (1 + (g A1 7)/%) [ Fllmsr,p
When |h| > e P, setting R = |h| and g = p gives

8o S 1h] (14 €Y7 ) [Fllmi
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Fractional Sobolev spaces

Let m>0,1<p<oo. Ff= # denotes the Fourier transform of
fesS =8R".

W (R") = {f € 8"« FH(L+ [EF)™2F(€)] € Lo(R™)}.

Recall (MO) f = [* M, x £ % + g« £ with M = 3", (vV=10)°(p°).
For f € S(R") set (—A)™2f = F-1[|¢|™F(€)] and write
Mex f(x) = F 1> (86 Fp'(2€) - F(€)] (x)
|B1=N
= t"FY T (e€) F o (£€) - [€1mF(€)] (%)
|Bl=N

= t"K, (—A)’"/2f(x)

with K = F 130 5y [€] 7P FpP(€)] € C(R™) N Li(R") N Loo(R").
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Thus we get
R dt
f= / t"K; (—A)’"/zf? + pr*f.
0

K(x) satisfies
o [on Ki(x)dx =0,
° |K(x )|<(1+|X|) ~ (=,
o IKex (— )21 < M{(—)"21],
o [Kex (—A)™2F| S 7P| K] [I(=2)™2f ],

These properties enable us to deal with fractional Sobolev spaces.
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