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0. Kobayashi—-Warren—Carter type system of grain boundary motion
0<T < o0,QCRY: bdd. domain (N € {1,2,3,4}), T = 9Q: smooth, nr: unit outer normal, @ := (0,7) x Q
KWC system: cf. [Kobayashi-Warren—Carter](2000)

8t77 _ ATI + g(n) + a/(n)lvel — u(t7 .’E), (t7 .’E) e Q’ Disoriented
oo (n)0d — div (a(n)%—l—lﬁVH) =o(t,z), (t,x) € Q,

Vn-nr =0, § =00nX:=(0,T) x T,
1n(0,z) = no(z), 6(0,z) = Oo(x), x € Q.

(t,x): orientation order (n > 1: oriented, n < 0: disoriented), : 3 : \
(t,): orientation angle of grain ©UBE Scientific Analysis Laboratory
u = u(t, x): temperature, v = v(t, z): forcing for 6

g € C?(R): Lipschitz, 3G € C*(R) s.t. G’ = gonR

0 < a € C*(R): convex o ag € W™°(R): fixed function

loc

[M0,60] = [no(x), Oo(x)]: fixed initial data of [, 0] e v > 0: fixed constant

n="n
0=20

The Gradient system of free-energy:

ol 5.0 = 3 [ (vl de+ [ Gae [ (amive+ 2 ivor) ae
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<> Sketch of history
[1] Existence and large-time behavior

(*) the case of v > 0: [Ito-Kenmochi—Yamazaki](2008-2011)
the results in active case of vAf

(%) the case of v = 0: [Moll-S.-Watanabe](2011-)
D6

the results in very singular case of —div (a() W)
[2] Uniqueness (a few, and only in the case of v > 0)
(i) 1D-case of Q: [Ito—~Kenmochi-Yamazaki](2008)
(if) m-independent case of aod:0 = o (¢, z)0:0: [Antil-Kubota—S.—Yamazaki](2020-)
€ is higher dimensional, but 0 < ap € W °°(Q) (positive, b.d.d., Lipschitz)

[3] Optimal control problem (v > 0)

(iii) continuation work of (ii): [Antil-Kubota—S.—Yamazaki](2020-)
Existence, parameter dependence of optmial controls, necessary condition of optimality

This talk: Optimal control problem under 7-dependent case of oy = time-discrete setting

Ken Shirakawa (Chiba Univ., Japan) Asia-Pacific Analysis and PDE seminar Feb. 14, 2022 2/20



1. Time-discrete Kobayashi—-Warren—Carter type system of grain boundary motion

Q C RY: b.d.d. domain (N € {1,2,3,4}), T = 9Q: smooth, nr: unit outer normal

n €N, 7 = T/n (time-step-size) X := L*(Q), X:=[X]"

State-system (S)o: cf. [Moll-S.—Watanabe](2014-)

1 .

—(ns = mi—1) = Ani + 9(0:) + &' (0:)| Vi1 = uiin Q, (Isteq)
lao(m_l)(@i —0;—1) — div (a(m)%JﬂﬂV&i) =v;in Q, (2nd.eq)
T i

Vni-nr=0, §; =0onl,i=1,2,3,...,n,
no € H(Q), 6o € H}(Q).
o n = {n;}i—, € X: orientation order

@ 0 ={6;}i—; € X: orientation angle of grain
o u = {u;}i-; € X: temperature, v = {v;}i—; € X: forcing for 6

te
far

The state system (S)o is a coupled system of two schemes of minimizing movements: (1st.eq) and (2nd.eq)

The coupled minimizing movements can be solved separately, in the order of (1st.eq) — (2nd.eq)
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2. Temperature constrained optimal control problem
QCRY, T:=0%Q: (smooth), X :=L*(Q), X:=[X]"

Problem (OP)o: find [u*, v*] = [{u}}i=q, {vi}™,] € [X]?, called optimal control, s.t.

[u*,v"] = arg-ming = J (u,v) on a constrained class Uaq,

with a cost functional J : [u,v] € [X]* — J(u,v) € [0,00), defined as

1 1
T (u,0) := 5|7, 6] = [, Baal | gz + 5 [ 0] g

In the context,
@ u = {u;}i—;: the control for n = {n; };; (temperature), v = {v; };-: the control for § = {6;};_

o [n,0] = [{ni}i=q,{0:}7=1] € [X]?: the solution to the state-system (S)o, for any [u, v] € [X]?.
@ [Nad, Oad] = [{Nad,i} 71, {0aa,i} 1] € [X]?: the admissible target profile for [, 0]
@ Uaq: aclass of admissible controls [u, v] € [X]?, which fulfill:

— box-constraint: o.,; < u; < o ae. inQ,i=1,2,3,...,n, with fixed obstacle sequences

0x = {04 }ic1, 0" ={oi i1 € [Loo( )"

t1. The time-discrete setting can be applied to the numerical scheme, directly
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3. Approximating problems

Problem (OP). with ¢ > 0: find [u*, v*] = [{u}}7" ., {v]}7_.] € [X]?, called optimal control, s.t.

[ul,vl] = arg-minJ. = J-(u, v) on a constrained class Uaq,
with a regularized cost functional Jz : [u, v] € [X]? — Jz(u,v) € [0, 00), defined as

1 1
JE(U7 U) = 5 | [776» 95] - [nad, gad} |[2X]2 ale 5 | [U7 U} |[2X]2 .

State-system (S)c: ‘

(Mesi = Nei1) = Ae,i + g(0e.i) + &' (ne,) fe(VOe,im1) = uin Q,
0(0(775,2'71)(95,1‘ = 95,1‘71) = div(a(nai)8f€(V95,i)+u2V95,,-) S wvin £,

A

Vne, -nr =0, 6., =0onT,
Ne,0(x) = no(x), Oe0(x) = Oo(x), z € Q.

o fo(w)i=vEE+wVweRY, e>0(fe = for=]|in L®(RY)ase | 0)
df: C R x R: subdifferential of f. (8fo(V0) ~ “set-valued sign function” ~ W)
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4. Main Theorems

Former part: mathematical analysis by means of calculus of variation
Theorem A. Existence and parameter-dependence of optimal controls for e > 0

Theorem B. The first order necessary condition in the case of € > 0 (regular case of the problem (OP).)
Keypoint: linearlization method for the state-system <= Gateaux differential of the cost

quasilinear diffusion in (S). diffusion in the necessary condition
T v ST (e24|V6|2)I-VORVH
dlv(a(n) 7\/W) — dlv(a(n) \/WS Vv)

(v € X: component of optimal control)

Theorem C. The limiting observation of the necessary condition as € | 0
Keypoint: limiting approach to the singular case of the problem (OP)o

singular diffusion in (S)o limiting expression as € . 0
fdiv(a(n)%) — e lZ2@Q)™ @

Latter part: precise observation under 1D-setting of @ = (0, 1)

Theorem D. Limiting necessary condition, on some neighborhood of the grain boundary
Keypoint: H?-regularity of solutions to (S)o

Decomposition property of quasilinear diffusion: —0z (c(n) \%zl + %0, 0) = —0:(a(n) ‘D—zl) —1%920in X
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Assumptions and notations.
(A0) N €{1,2,3,4}, v > 0,0, ={0s,itic1, 0" ={0o7 }ie1 € [L=(Q)]"; 045 < o0j ae.inQ,i=1,...,n,
X :=L*(Q), X:=[X]", Y :=H'(Q), Y:=[Y]", Yo := Hj (), Yo := [Yo]"
(A1) ap € W,2°(R) and arp > 0 on Q.
(A2) a € C*(R), st. &/(0) =0, a” >0, and 6, := inf a(R) U ap(R) > 0
(A3) g € C*(R): Lipschitz, having a non-negative potential 0 < G' € C*(R), and there exist constants
—00 < 1y <0< r" < oo, which satisfy:
{g(m) < —|ow,ilpoe (), forms < 7o, foranyi=1,2,3,...,n,
g(ni) > |07 |peo (), forn; > 7, forany i = 1,2,3,...,n.

(A4) [no, 6] € [Y nL*® (Q)] x Yo, and r. < mp < r*ae.in Q)

(AS) Letn € N be a large number, s.t.:

2

0<7= Z < d
n 421 49| Lo ®)) + | Lo @)

t1- The conditions colored blue are for the L°°-boundedness of the orientation order n = {n; };—; € X
t5. The assumption (AS5) is for the strict coercivity (existence and uniqueness) of (S).
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Proposition 1 (Solvability of the state-system (S).) cf. [Moll-S.—Watanabe](2013-)

Let us assume (A0)—(AS5). Then, for e > 0, and [u, v] € Uaq, the state-system (S). admits a unique solution [7, 6],
defined as follows.

(S0) [0, 0] = [{mi}izy, {6:}ima] € ((H*(Q)]" x [L=(Q)]") x [Yo]"
S (n = mi-1) = A+ g1 + o/ (0)f-(V031) = s in @

subjectto 7. <m; <r*ae.inQ, Vn;-npr =0onT, fori =1,2,3,...,n
(S2) %ao(mfl)(ﬁi —0i-1) — div(a(m)w? + I/QVGZ‘) = v; in Q,

with w; € L (Q) satisfying w; € 9f-(V0;) a.e. in €,

subjectto§; =0onT, fori=1,2,3,...,n

% fe(w) = /2 + w2, Vw €R,e >0 (fe — |- |in L°(R) ase | 0)
* the case when € = 0, w} € Sgn(V#;) a.e. in Q

* Sgn:w € RN — Sgn(w){w* € RY : w* - (z —w) < |2| — |w|, V2 € RV} set-valued sign function

.

cf. [Moll-S.-Watanabe](2015): If [u,v] = [{ui}i=1,{vi}i=1] = 0 in [X], then we further verify energy-
disspation for the following sequence of free-energy:

AU 5 2 A AVl de 4+ L el

{ZFi}ie, = {2/Q|vm\ d:r+/nG(m)dz+/ﬂa(m)|v01|dz+ 5 /ﬂ|v91| dz}

i=1
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Proposition 2 (Continuous dependence for the state-system (S)-) cf. [Kubota—S.](2020-)
Under (A0)—(AS), let us define:

Se : [u,v] € Uaa > [Ne, 0] := S:[u,v] : the solution to (S)., fore > 0
Then,

{emYor—1 C[0,1], &m — €, [Um,Vm] — [u, v] weakly in [X]?, as m — oo
= [Nm, Om] := Se,, [Um, Um] = [1, 0] := Sclu,v] in [Y]" X [Yo]™, as m — oo

Theorem A (Existence and parameter dependence of optimal contorols)
(I) Under (A0)—(AS) € > 0, the following two items holds.

The problem (OP). admits at least one optimal control [u}, v:] € Uaa
(IT) Under (A0)-(A5) g9 > 0, let {[uZ, vZ]}e>0 be a sequence optimal controls
Hem b1 C {etez0, Ju”,v*] € Upa sit.:
{Em — g0, Ul ,vi ] — [u*,v*] weakly in [X]? as m — 0,

[u*,v*]: optimal control of (OP).,,

t. Theorem A will be obtained as a consequence of the argument of minimizing sequence
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<> Adjoint of the linearlized state-system (necessary condition of optimality)

Adjoint system (A)c (¢ > 0): to find [p, 2] = [{pi}iz1, {zi}iz1] € [X]? st

bi Py _TpiH — Api + pipi + Aipi +wi - Vzi + Nizi = hi, in £, (ad.1)
Q27 GH1ZHL iy (AiVzi + vV 21 + piga @3) = ki, in Q, (ad.2)
-

Vpi-nr=2,=0, onT,
fori =mn,...,3,2,1, with [pny1, 2nt1] = [0,0] in ©
In this context,
[h, k] = [{hi}iz1, {ki}izi] € [X]? : forcing, [n.,0.] = [{ne.i}iz1, {0c.i}iz1] : sol. to (S)e

ai = ao(Ne,i—1), i = & (1e,i) fe(VOe,iz1), i = ¢’ (), wi = & (1e,i)V fe(VOe,),
Ai = a(0e) V2 fe(V8e,s), @i = & (Te,i41)V fe(VBe.), A = i (me,i) 227t

=

i=n,...,3,2,1

Keypoint: @ N € {1,2,3,4} — H'(Q) C L*(Q) = 0<p; € Xandp; € Y imply p;p; € H(Q)*
@ (ad.1)(ad.2) are backward scheme, for the time-step ¢ = n, . .., 3, 2, 1, with the zero-terminal condition
@ adjoint sytem (A). is solved separately, in the order of (ad.2)—(ad.1)
@ the time-step-size 7 is a fixed constant
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Theorem B (Necessary condition of optimality in regular problem (OP). for € > 0)
Under (A0)—(A5), lete > 0 and [uZ, vZ] € Uaq be the optimal control for (OP).. Then, it holds that:

(ul —i—p;h—u:)x >0, Vh € Unpa (04, <h;<o;) and v} + 2 =0 in X

In the context, [}, 0%] := Sc[uZ,vZ] in [X]? and [p:, 2] € [X]?is a unique solution to:

1 * * * * * * * * * *
;(psi - ps,i+1) - Aps,i + (gl(ns,i) + a”(ns,i)fﬁ(ves,i—l))ps,i + a,(ns,i)[vfs](ves,i) : vzsi
1 * * * * * .
+;046(775,i)(96,i+1 —023)% i1 = Meyi — Nad,i 0K
1 * * * * . * * *
;(050(775,1—1)25,1‘ - ao(ns,i)zs,i+1) - dlv(a(ns,i)[VQfe}(ves,i)vze,i
+12Vz2E i + & (0fi1)PE i [V )(VO2:)) = 62 — Oaas inQ,

Vpi;-nr =0, 2z, =0 onI,foranyi=mn,...,3,2,1,

5 * .
Pen+1 = Zen+1 = 07 in Q.

Keypoint:
@ the temperature v = {u; }7—; € [X]? is constrained on Uyq
— the necessary condition for the 1st component v is obtained as a variational inequality

@ there is no constraint for the component v = {v;}?—; € [X]?
—> the necessary condition for the 2nd component v is obtained as an equality
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Theorem B (Necessary condition of optimality in regular problem (OP). for € > 0)

Under (A0)—(A5), lete > 0 and [uZ, vZ] € Uaq be the optimal control for (OP).. Then, it holds that:
(uZ +pZ,h— u:)X >0, Vh € Una (04 < h; <o7)

—pti(2), if oui(z) < —pZi(x) < o (@)
U:z(x) = proj[o'*,i(z%cr:‘(z)](_p:,i(w)) =405 (x), if —pZ;(z) > o} (z)

ox,i(x), if —pZ () < 04 i()
aex €, i=mn,...,3,21

@ for —oo < a < b < oo, projy, ;; : R — [a, b] N Riis the projection on to [a,b] NR

Keypoint:

@ the temperature u = {u;}i—, € [X]2 is constrained on Uyq

—> the necessary condition for the 1st component w is obtained as a variational inequality
@ there is no constraint for the component v = {v;}7-; € [X]?

= the necessary condition for the 2nd component v is obtained as an equality
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Theorem C (Limiting observation of necessary condition for (OP). ,ase | 0)
Under (A0)-(AS), there exist an optimal control [u°,v°] € Uaq for (OP)o, [1°,6°] = So[u®,v°], and [£°,(°, w°] =
&2 oo, {C Yo, {wd ] € Xx [HH(@Q)]" x [L=(Q)]", s.t.:

(w® +po,h—uo)x >0, Vh €lUaa (04 <hi <o), v°+2°=0in X,
and w; € Sgn(V67) ae. in Q,

1 o (e] o o o o (e} o o
—(p{ — Piy1) — Ap; + (6’ () + &' (0))IVO;_1])p + o' (n7)&;

1 o o o o o .
+*0¢6(77i V(g1 — 07)2i41 =17 — Naa,e in X,
1 o *
= (ao(nz 1) - 040(771 )ZH»l) ol CL - le(V vzz + a (771+1)w1 pz+1) = 01 - ead,i in H™ (Q) YO B

Vp; -nr =0, 27 =0 onI,foranyi=mn,...,3,2,1,

o o .
Pnt1 = Znt1 = 07 in Q.

Keypoint: e £ ~ |D6° V2§, ¢~ —div(a(ng)[VSgn](V67)Vz7)
@ estimate of perturbed Poisson eq. to have strong convergence p; — p° in X (H'-boundedness )
—> we obtain the limiting necessary condition of variational inequality

@ the necessary condition of equality, and the linearity of adjoint system

— we need only weak-convergences p; — p° weakly in Y, 22 — z° weakly in Yy (H '-boundedness )
Feb. 14, 2022
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5. Precise observation in 1D case
Q:=(0,1) C R (ID-domain), T = 89 = {0,1}, X := L?*(Q), X:=[X]"

Problem (OP). (¢ > 0): to find [u*, v*] = [{u}}7_q, {v}}7=1] € [X]?, called optimal control, s.t.

[u*,v*] = arg-minJ. = J-(u,v) on [X]? (constraint-free setting),

with a cost functional 7 : [u, v] € [X]? — J(u,v) € [0, 00), defined as

1 1
j(u,v) = 5“7’]7 9} - [nadﬂead]|[2x]2 + 5“’&, U]|[2x]2‘

1 / .
= (i = mim1) — Omi + g(ms) + @ (1:)|02605-1| = u; in Q,

T

1 : .
~a0(1i-1) (05 = 0i-1) =0 ((1:)0f=(000:)+v°0:0:) 5 i in O,
0zmi =0; =00nT,i=1,2,3,...,n,

no € HY(Q), 6o € H (D).

t.  The one-dimensional embedding H'(©2) C C(f) enables to remove the constraint for the temperature
u={ui}iz; €X
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Letusfix 0 < 51 € Y and 0 < B2 € Y, and let us set the three convex functionals V3, , Wg,, and ®g, 3, defined as
follows, respectively:

z€ X — Vs (z):= sup{ / 20z dx
Q

® € YNC.(£), such that
lo] < B1onQ Q B1=zl,

1/52|amz|2dgc, ifz€y,
2 Q

oo, otherwise,

z€ X — Wa,(z) =

ze€X — &g, , (Z) =V, (Z) + WBz(z)'

Then, the subdifferential 0®s, 3, C X x X of the convex function ®4, 3, is decomposed as follows:

0®p, g, = OVp, +O0Wp, in X x X.

+,. Applying this Proposition to the case when 31 = (), B2 = V>,
0; € H*(Q), and — 8. (a(n:)w; + 120:0;) = —0x(a(ni)w)) — v*020; in X, with w] € 8f-(0,0;) a.e. in Q.

Ken Shirakawa (Chiba Univ., Japan) Asia-Pacific Analysis and PDE seminar Feb. 14, 2022 14 /20



Proposition 4 (H *-regularity of the solution 6) ‘

(I) Under (A0)—(A5), e > 0 and [u, v] € [X]?, the state-system (S). admits a unique solution [1, 8], defined as follows:
(S0) m; € H*(Q)and 0; € H*(Q),i=1,2,3,...,n
S1) 20 = mi1) = 02+ g(0) + o/ () £ (0:01) = s in
subject to 9zm; = 0on T, foranyi =1,2,3,...,n, andny € Y
(S2) %QO("ﬁ—l)(gi —0i_1)—0z (a(mi)w;) — 129%0; = v; in Q,
with w] € Y N L>° () satisfying w; € 0f-(0:0;) a.e. in Q,

subjectto§; = 0on [, foranyi =1,2,3,...,n, and 0y € Yo
(IT) Under (A0)—(AS), let us define:
S : [u,v] € [X]® — [ne, 0:] := S[u,v] : the solution to (S)., fore >0
Then,
{em}oe_1 C(0,1], €m — &, [tm,vm] — [u,v] weakly in [X]?, as m — oo
= [N, Om] 1= Sepn [um, vm] = [0,60] := Sclu, v] in ([Y]" N [CH(Q)]") x ([Yo]" N [CT(Q)]"),
and weakly in [H?(Q)]" x [H?(Q)]" (920m — 020 in C(Q)), as m — oo
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Theorem D (A precise characterization of the limiting necessary condition of optimality)

Under (A0)—(AS5), there exist an optimal control [u°,v°] € [X]? for (OP)o, [°, 6°] = So[u°,v°], and [£°,¢°, w°] =
[{€2 o=, {67 Himr, {wi Yim] € X x [HH@Q)]™ x [L2(Q)]", st

[u®,v°] = —[p°,2°]in [X]? and w{ € Sgn(d,65) a.e. in Q,

1
;(p? —pi1) — 9api + (' () + &' (09)10:05_11)p5 + o (19)€7
1 o o o o o .
+;046(77i Y0741 — 07)zi41 =15 — Naai in 2,
1 .
;(040(77571)2’? —ao(n7)zi41) + ¢ — O (V26:vzio + 04/(77$+1)wfpf+1) =07 — 0aa,; InQ,

Oxp; =27 =0 onl,foranyi=mn,...,3,2,1, phy; =2,41 =0, inQ.

Keypoints: Under 1D-setting,

@ the distribution ¢° is formally expressed by:
¢~ =0 [a(n:)0(0265)0:v7 ] in 2'(Q), and spt(; ~ {9,067 = 0}, by using Dirac’s delta 0
@ ase | 0, the limiting component 0..0° € C/(Q) is approached in the uniform topology on Q

@ the set {0,0; = 0} corresponds to a closed region of locally constant parts (crystalline facets on grains)
the set {0,607 # 0} is an open set, corresponding to a neighborhood of grain boundary
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Theorem D (A precise characterization of the limiting necessary condition of optimality)

Let us take any p € C*(R) N W"°°(R) with p(0) = p’(0) = 0. Then,

o 1 o o o o [e] o o o o o
p(0:0;) (;(Pz —Dit1) — 2ps + (g'(m )+ (0§ )|8r9i71|)pi + o' (0] )w; On 25

1 o o o o o .
+ ;046(771' V(g1 — 67)zip1 — (07 — nad,i)) =0in X,
[} 1 (o] o o o o] o o O o .
p(007) (;(D‘O(T/ifl)zi — ao(n; )Zi+1) - VQ@izi - a/("thl)WipiJrl — (6, — ead,i)) =0in X,

£ = w0,z and ¢§ = 0in 2'({0,0; # 0}), with wy € Sgn(VH;) inQ, fori =n,...,3,2,1.

Therefore,
1 o o o / o 1! o o o 8 90
;(Pi — Piy1) — agpi + (g (ni) +a (n; )|3z9i—1\)172‘ + 0/(771 ) R 00|5
1 o o ] o o . o
+;06(77i V(0741 — 67241 =17 — Nads, in {0.07 # 0}
1 o o o o [e] o 8(B0’? o o
;(040(771'71)2’1' - a0(77i )Zi+1) - V2823i - al(m+1)mpi+1 =0; — aad,iz

Asia-Pacific Analysis and PDE seminar Feb. 14, 2022
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<{> Sketch of the proof (2nd eq. of the adjoint system):
Vi€ {1,...,n},letus take ¥ € Yy, and test 2nd eq. by p(9.05)¢ € Yo (05 € H?()):

(principal part) I = / (a(ni,i)fé’(8192,1-)8122,1-) - Oy (P(azef)ﬂ’) dx
Q

= (0 (8:02)02650+ p(0:0)0:9) | g

¢
:/ Ozl ;- a(ﬁs,i)m
sptp(0207) e
(1)<

(Step1): the case when 0 ¢ K° := sptp, ie. 35° > 0 sit. K° N (—38°,6°) =0

@ uniform convergence on 2 of nZ ; — 17, and 0,07 ; — 0,05
Je® > 0 s.t. |0,07,;] > 6°/2, uniformly on sptp(9.65), Ve € (0,e°)

= |(+1)-|, < Const. —————s

=3
2 0c i |2

o 2 o
(10267 |x + [92%]x) < Const. 50 (10267 |x + [0xt|x) — 0, ase |0

= I =0, ase 0

(Step2): the case when 0 € K° := sptp (p(0) = p’(0) = 0)
This case is obtained by means of approximating argument of p in W >°(R)
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6. Future problems

(I) Optimal control problems for anisotropic Kobayashi—-Warren—Carter system

Issue: 2D state-system with crystalline anisotropy

(II) Optimal control problems for WKLC system (cf. [Warren—Kobayashi-Lobkovsky
—Carter] (2003))
Issue: state-system of “Fix—Caginalp model of phase transition” VS.

“Kobayashi—Warren—Carter system”

(III) Generalization of boundary conditions
Issue: unification of the methods for nonhomogeneous Dirichlet / Neumann / Robin B.C., and
dynamic B.C.
(IV) Issues for time-discrete state-systems in higher dimension

Issue : expression of £ and ¢}
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