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Statement
Eigenvalue Problem

Q C R” bounded open.
Eigenvalue problem for clamped plate under compression x > 0

A’u+kAu= du inQ
(2.1)
u=|Vul=0 onodQ

We take k < Apuckiing Where

fﬂ |Ap|? dx _
fQ V|2 dx L4

whereby, the operator A2 + kA is uniformly elliptic and self-adjoint.
First eigenvalue A = A(€Q, k) given by the variational characterization

Abuckling = inf{ € H3(Q) \ {0}} (2.2)

Jo (|Ap]? = k|Ve]?) dx
Jo lel? dx

MQ, k) = inf{ Cp € HE(Q)\ {0}} . (23)

Mark S. Ashbaugh Dept. of Mathematics, Univ. of Missouri, Columbia, Miss A Faber-Krahn Result for the Vibrating Clamped Plate under Compression



Statement

A useful reformulation of this is

Jo IVl (fn D]

JalelPax \ Jq [Vel?

A, k) = inf{ - Iﬂl) tp € Hg(Q)\{O}} . (2.4)
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Statement

Shape Optimization Problem

Do we have
A, k) > AQ%, k),

where Q* is a ball of the same volume as Q7
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History
History

@ For the clamped plate problem (k = 0) this is one of Rayleigh's
conjectures.

o Szegd [9, 10] showed the conjecture under the assumption that first
eigenfunction u keeps same sign. Essentially by rearranging Au in Q.

o But this hypothesis is not true as follows from the works of Duffin,
Shaffer, Coffman.

e For any n, Talenti [12] showed A(£2, x = 0) > ¢, A\(Q2*, x = 0) for
some constant ¢, € (0,1]. ¢, depends on the dimension.

o For n =2, Nadirashvili [8] shows the optimal result with ¢, = 1.

e For n =3 (and n = 2), Ashbaugh and Benguria [1] showed the
optimal result with ¢ = 1.

@ For clamped plate and buckling problem in higher dimensions with
better constants, see Ashbaugh, Benguria, and Laugesen [2, 3].

@ Free plate problem under tension - see Weinstein and Chien [13],
Chasman [4].

@ Clamped plate in Gauss space and related matters - see Chasman
and Langford [5], [6].

@ Clamped plate in curved spaces - see A. Kristaly [7].
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Result

Theorem (M. S. A.; R. Benguria; R. Mahadevan)

For n =2, we have \(, k) > A(Q*, k) for k € [0, a] for some
a < Apuckling -
Q* is a ball of the same volume as Q (and whose radius we denote by L).

@ Note: The value of a is calculable but not optimal.
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Sketch of the proof

@ The idea of the proof is much the same as that in Ashbaugh and
Benguria [1].

@ Reduce to a two-ball optimization problem [1, 2, 3, 8, 12] using a
rearrangement result of Talenti [11].

@ Then study the two-ball optimization problem carefully using
properties of Bessel functions.

@ For n =2, the analysis shows us that the solution of the two-ball
problem corresponds to the situation where one ball degenerates to a
point for x € [0, a] for some value of a < Apyckiing-

Note: We don’t obtain the result for n = 3 unlike the clamped plate
problem [1].
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Sketch of the proof
Reduction to the two ball problem

We shall use the following theorem, a slight variant of a result of Talenti.

Theorem (cf. Talenti [11], Theorem 1)

Let G be a domain in R?, F € LP(QQ) for some p > 1 ifn=2. Let U be
the solution of

-AU=F inG (65)
U=0 ondG ’
and let Z be the solution of
—ANZ=F" inG* (6.6)
Z=0 ondG* '

where F* is radially symmetric decreasing and equimeasurable with F on
G*. Then, if U >0 on G, we have:

® Z>U*>0on G* and therefore, [, |Z|? dx > [, |U[* dx.
° fG* VZ|? dx > fG |VU|? dx

Note: If n > 2, the same result is true when F € Ln%(Q).
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Sketch of the proof
Reduction to the two ball problem

e Q* ball centered at the origin of radius L with volume |Q|.

@ u any first eigenfunction for (2.1) in Q. Since u may not keep the
same sign, we take
Qr={xeQ:u(x)>0}and Q_ ={x € Q:u(x) <0}

2% balls with the same volume as €2, and €2_ centered at the
origin, with a and b their radii.
We have a° + b? = 2.

o f(x) = (—Au)*(x),x € Q%; g(x) = (Au)*(x),x € Q*. Let v and

w solve
—Av=f inQ}
6.7
v=0 on0Q} } (6.7)
and
—Aw=g inQ" (68)
w=0 ondQ*. '
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Sketch of the proof

Reduction to the two-ball problem

e We have

/ |Aul? dx
Q

/ | — Aul? dx—|—/ |Aul? dx
Q. Q-
= f2 dx+/ g° dx

Q: Qr

/|Av|2 dx+/ |Aw|? dx.  (6.9)
Qx Q*

@ By Talenti's theorem, we also have

/|v\2dx2/ \u_’;\zdxand/ |w|2dx2/ u* |2 dx (6.10)
Qx Qr Q* Qr

+

and

/ IVv|? dxz/ |Vui|? dx and / IVw|? dXZ/ |Vu* |2 dx.
[o Q; Qr Qr

' (6.11)
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Sketch of the proof

Reduction to the two-ball problem

So, we conclude

Jo (1Aul? = k|Vul?) dx fm (IavP = &[Vv[?) dx + fQj (IAw|? = k[Vw]?)
>

Jo lul? dx - fQi [v|? dX+fQi

This gives

w(? dx

ANQ, ) = Jab (6.12)
for some a, b with a®> + b?> = 1 where
fgza (BVE ~ KIVVE) 6+ [ oy (WP~ sIVWP) de
n

Jap = mi
a v,w flx‘sa ‘V‘ dx + f\x|§b ‘W|2 dx
(6.13)
minimum over v € H(B,), w € H?(By) radial and a%" ’85 %‘881,
Consequently,
A, k) > inn AN, k) > mil? Jab- (6.14)
a,
We will be done if we can show
mibn Ja,b 2 J[_’o = )\(Q*, /i) (615)
a,
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Sketch of the proof

Variational equations for the two-ball problem

Before we analyze min, ; J, b, let us write the variational equations at the
minimum for J, ,, for fixed a, b.

A%y + kAv= Av in B, (6.16)
v=0 ondB,
and
A’w+ kAw = Aw  in By (6.17)
w=0 ondBy.
In addition,
2V o (6.18)
aor B, or 0B,
and
AV|§Ba + AW|é)Bb =0. (619)
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Sketch of the proof

Solution of the variational equations for the two-ball

problem

For given a, b, want to obtain radial solutions v, w in the two-balls to
(A2 + kAU = \U.

Writing this as
(A—a®)(A+BHU=0

with («, 8 > 0)
of = A+ R[4~ k)2, B2 = A+ R[4+ k)2
we get v, w to be of the form
v(r) = Ah(8r) + Bio(ar).  w(r) = Ch(Br) + Dio(ar) . (6.20)

v(a) = 0= w(b), av'(a) = bw'(b) and Av|sg, + Aw|ss, =0 lead to a
system of 4 homogeneous equations in A, B, C, D.
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Sketch of the proof

Solution of the variational equations for the two-ball

problem

The above has a non-trivial solution iff \ is a zero of

F(a, B,a) = (o, 8,a) + f(a, B, b), (22 +b*=1%) (6.21)
with
t (a0 B.2) = ap209) |, hl02) (6.22)
G 8= A (Ba) I(aa) '
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Sketch of the proof
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